Mathematica 11.3 Integration Test Results

Test results for the 471 problems in "4.5.7 (d trig)*m (a+b (c
sec)*n) p.m"

Problem 5: Result more than twice size of optimal antiderivative.

JCsc[ewa} (a+bsec[e+fx]?) dx

Optimal (type 3, 27 leaves, 3 steps):
(a+b) ArcTanh[Cos[e+fx]] bSecle+fx]

+

f f

Result (type 3, 84 leaves):
a Log[Cos[§+ %XH bLog[Cos[% (e+Fx)]]

- - +

f f
aLog[Sln[f %H . bLog[Sin[% (e+fx)]] . bSec[e + fx]
f f £

Problem 6: Result more than twice size of optimal antiderivative.

JCSC[E+'FX]3 (a+bsecle+fx]?) dx

Optimal (type 3, 53 leaves, 4 steps):

(a+3b) ArcTanh[Cos[e+fx]] (a+b) Cot[e+fx]Csc[e+fx] bSecl[e+fx]
- - +

2f 2f f

Result (type 3, 236 leaves):

aCsc[%(eﬂcxHZ bCSC[%(e-%—'FX)]Z aLog[Cos[%(ewa)” 3bLog[Cos[ (e+Fx)]]
i 8 f ) 8 f ) 2f 2f '
aLog[Sin[i(ewa)H 3bLog[Sin[§(e+fx)H aSec[i(ewa”z bSec[l(eH:x)]2
2¢ ' 2 ¢ ' 8 8 i
bSin[%(eﬂcxH bSin[%(ewaH

f (Cos[i (e+fx)] —Sin[i (e+-Fx)]) f (Cos[% (e+fx)] +Sin[§ (e+fx>])
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Problem 7: Result more than twice size of optimal antiderivative.

JCsc[ewa}s (a+bsec[e+fx]?) dx

Optimal (type 3, 81 leaves, 5steps):
3 (a+5b) ArcTanh[Cos[e+fx]] (3a+7b) Cotfe+fx] Cscle+fx]

8f 8f
(a+b) Cot[e+fx] Cscle+fx]® bSecl[e+fx]
+
af f

Result (type 3, 198 leaves):

64% -2 (3a+7b) Csc[%(entx)]zf
1 4 1
(a+b) Csc[;(eﬂcx)] +1+Tan[i(e+fx>}2(2 (—3(a+13b)+
4Cosfe+fx] [8b+3 (a+5b) Log[Cos[%(e+fx)H—3(a+5b) Log[Sin[%(eﬂcx)H])
Sec[i(e+fx)}2—(a+b) Sec[%(e+fx)]4+

(4 (a+2b) + (3a+7b) Cos[e+fx]) Sec[% (e+fx”4Tan[§ (e+fx)]2)]

Problem 18: Result more than twice size of optimal antiderivative.

2

JCsc[eﬂcx} (a+bsec[e+fx]?)"dx

Optimal (type 3, 52leaves, 4 steps):
(a+b)®ArcTanh[Cos[e+fx]] b (2a+b)Sec[e+fx] b2Secle+fx]3

+ +

f f 3f

Result (type 3, 108 leaves):

—([4 (b+aCos[e+1Cx]2)2 [—b2—3b (2a+b) Cosfe+fx]*+

3 (a+b)?Cos[e+fx]?

Log[Cos[i (e+fx)]] 7Log[sin[% (e+fx)H))

/(3f(a+2b+aCos[2 (e+fx)”2))

Secle+fx]3

Problem 19: Result more than twice size of optimal antiderivative.

2

stc[e+fx}3 (a+bsec[e+fx]?)"dx
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Optimal (type 3, 104 leaves, 5steps):
(a+b) (a+5b) ArcTanh[Cos[e+fx]] (3a’+6ab+5b?) Cot[e+fx]Cscle+fx]

- +

2f 6f
b(6a+5b)Sec[e+fx] b2Cscle+fx]2Secle+fx]3

+

3f 3f

Result (type 3, 1021 leaves):

(-a2-2ab-b?) Cos[e+fx]4Csc[§+%}2 (a+bSec[e+1Cx]2)2

2f (a+2b+aCos[2e+2fx])?

(2 (a®+6ab+5b?) Cos[e+fx}4Log[Cos[E+F—XH <a+bSec[e+fx}2)2)/
2 2

('F (a+2b+aCos[2e+2-Fx])2) +

(2 (a®>+6ab+5b?) Cos[e+-Fx}4Log[Sin[E+f—XH <a+bSec[e+fx}2>2)/
2 2

2b(12a+13b) C fx]4s bs fx]2)2
(f(a+2b+aCos[2e+2fx])2)+ 122+ ) Cosle+Fx)*Sec(e] (arbsecfe+fx)?) +

3f (a+2b+aCos(2e+2fx])?

(a®+2ab+b?) Cos[e+fx]4Sec[§+%"}z (a+bSec[e+1‘:x]2)2

N
2 f (a+2b+aCos[2e+21‘x])2

2 + 4 + + 2)2 ¢4 -fo
(Zb Cos[e+fx]* (a+bSec[e+fx]?) Sin| X ] /
2 e . € e fx e fx,)3
[3f(a+2b+aCos[2e+2fx]) (Cos[—]—Sm[—]] (Cos[—+—]—$1n[—+—] ]+
2 2 2 2 2 2

(COS[E+'FX]4 (a+bSec[e+1Cx]2)2 [bZCos[S] +bZSin[E])]/
2 2

[31‘: (a+2b+aCos[2e+21‘x])2 (Cos[g] —Sin[g]] (Cos[s+f—x] —Sin[g+f—x]
2 2

2Cos[e+fx]* (a+bSec[e+-Fx]2)2 [lzabsin[ffx] +13bzsin[3]])/
2

2
3f (a+2b+aCos[2e+2Fx])?C E75'5]c S s TR -
( (a aCos[2e x]) 05[2] 1n[2] os| ] 1n[2 2]
2 + 4 + + 2)2g4 -fo
(Zb Cos[e+fx]* (a+bSec[e+fx]?)*sin| X ]]/
) e . e e fx e fx.)\3
[3F(a+2b+aCos[2e+2fx]) (Cos{—]+$1n[—]] (Cos[—+—]+$1n{—+—] ]+
2 2 2 2 2 2

(Cos[e+-Fx]4 (a+bSec[e+1Cx]2)2 [bZCos[S] —bZSin[S])]/

[31‘: (a+2b+aCos[2e+21‘x])2 (Cos[g] +Sin[3]] (Cos[s+f—x] +Sin[g+f—x]
2 2 2 2 2 2

3

2Cos[e+fx]* (a+bSec[e+-Fx]2)2 [lzabsin[ffx] +13bZSin[B]])/

2 2
(3{ (a+2b+aCos[2e+2Fx])> (Cos[s] +Sin[5]] cos[ 2+ 2X] 1sin[ 2. EX
2 2 2 2 2 2
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Problem 21: Result more than twice size of optimal antiderivative.

J(a+bSec[e+~Fx]2)ZSin[e+-Fx}6d1x

Optimal (type 3, 148leaves, 7 steps):

5 (3a?-36ab+8b?) Cos[e+fx]Sin[e+fx]
— (a®-12ab+8b%) x- +
16 16 f

a(a-12b) Cos[e+fx]3Sin[e+fx] (a?-12ab+12b?) Tan[e +fx]

- +
24 £ 6 f
a?Sin[e+fx]®Tan[e+fx] b?*Tan[e+fx]3
+

6f 3f

Result (type 3, 499 leaves):
1

<b+aCos[e+fx}2)ZSec[e} Sec[e+fx]3
768 f (a+2b+aCos|2 (e+1°x)])2
(360 (a®-12ab+8b?) fxCos[fx] +360 (a®-12ab+8b”) fxCos[2e+fx] +

120a?fxCos[2e+3fx] -1440abfxCos[2e+3fx] +960b%>fxCos[2e+3fx] +
120a®>fxCos[4e+3fx] -1440abfxCos[4e+3fx] +960b%>fxCos[de+3Ffx] -
81a2Sin[fx] +3444absSin[fx] -3168b2Sin[fx] -81a%?Sin[2e+fx] -
1164absSin[2e+fx] +2208b%Sin[2e+fx] -109a%Sin[2e+3fx] +2076abSin[2e+3fx] -
1936b%Sin[2e+3fx] -109a®Sin[4e+3fx] +540abSin[4e+3fx] -144b%Sin[4e+3fXx] -
21a%Sin[4e+5fx] +156absSin[4e+5Ffx] -48b?Sin[4e+5Ffx] -21a2Sin[6e+5Fx] +
156abSin[6e+5fx] -48b?Sin[6e+5fx] +6a2Sin[6e+7fx] -12abSin[6e+7fx] +
6a’Sin[8e+7fx] -12abSin[8e+7fx] -a’Sin[8e+9fx] -a*Sin[10e+9fx])

Problem 24: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+fx]2)2d1x

Optimal (type 3, 40leaves, 4 steps):

b(2a+b)Tan[e+fx} b2 Tan[e + fx]3
a?x + +
f 3f

Result (type 3, 106 leaves):
(4 (b+aCos[e+-Fx]2)ZSec[e+1‘:x13
(3a®fxCos[e+fx]?+b>Sec[e] Sin[fx] +2b (3a+b) Cos[e+Ffx]*Secl[e] Sin[fx] +
b% Cos [e + f x] Tan[e]))/(}hc (a+2b+acCos|2 (e+fx)])2)

Problem 25: Result more than twice size of optimal antiderivative.

JCsc[eH‘:x}2 (a+bSec[e+Fx]2)2d1x

Optimal (type 3, 50 leaves, 3 steps):
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(a+b)2Cot[e+Fx] 2b(a+b) Tan[e+fx] b2Tan[e+fx]3
- + +

f f 3f

Result (type 3, 109 leaves):
(4 (b+aCos[e+fx]2)ZSec[e+fX}3
(bZSec[e} Sin[fx] + Cos[e + fx]2 (3 (a+b)2Cot[e+fx} Cscle] +b (6a+5Db) Sec[e])
Sin[fx] +b®Cos[e + f x] Tan[e]))/(31c (a+2b+aCos|2 <e+fx)])2)

Problem 27: Result more than twice size of optimal antiderivative.

2 dx

stc[eH:x}G(a+bSec[e+-Fx]2)

Optimal (type 3, 103 leaves, 3 steps):

(a2+6ab+6b?) Cot[e+fx] 2(a+b) (a+2b) Cotle~+fx]3
§ 3f

(a+b)2Cot[e+-Fx]5 2b (a+2b) Tan[e+fx] b2Tan[e+fx]3

+ +

5 f f 3f

Result (type 3, 353 leaves):

- Csc[e] Csc[e+fx]>Sec[e] Sec[e +fx]3
1920 f

(20a (5a+12b) Sin[2e] -32 (2a®>+9ab+12b%) Sin[2fx] -24a°Sin|2 (e+fx)] -
108absin[2 (e+fx)| -54b%Sin[2 (e+fx)| +8a?Sin[4 (e+fx)] +
36absSin([4 (e+fx)|+18b>Sin[4 (e+fx)|+8a’Sin[6 (e+fx)]|+36abSin[6 (e+fx)]+
18b?Sin |6 (e+fx)| -4a>Sin[8 (e+fx)|-18absSin[8 (e+fx)|-9b’Sin[8 (e+fx)] +
8a?sin[2 (e+2fx)| +96abSin[2 (e+2fx)] +128b*Sin[2 (e+2Fx) ] +
40 a%Sin[4e+2fx] +8a’Sin[4e+6fx] +96abSin[4e+6fx] +
128b*Sin[4e+6fx] -4a*Sin[6e+8fx] -48abSin[6e+8fx] -64b>Sin[6e+8fx])

Problem 28: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinfe+fx]°
j dx

a+bSec[e+fx]?
Optimal (type 3, 98 leaves, 4 steps):
\/F(aub)zAr‘cTan[L[*a chFeﬂcx ] <a+b>2Cos[e+'Fx] (2a+b) Cos[e+fx]> cCos[e+Fx]5
_ N _
a’/2f a*f 3a%f 5af

Result (type 3, 425leaves):
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1

<a+2b+aCos[2 (e+fx)}>
1920a7/2~/b f (a+bSec[e+fx]?)

15 (5a%+ 643’ b+ 128 a b? + 64 b?) ArcTan[i((—\/?—jm/aw \/ (cosre] —iSin[e])z)
Vb
. fx s 2 fx
Sinfe] Tan[7}+Cos[e] Va -/a+b \/<Cos[e]—1$1n[e1) Tan{T})]]+

1
Vb
Sinfe] Tan[f—x} +Cos[e] [Va ++a+b \/(COS[e] -isinfe])? Tan[ffx}) ] -
2 2
Va -+/a+b Tan[L (e« fx)] Va «Va+b Tan[L (e+fx)]

| -75a%ArcTan]| | -

Vb Vb

15 (5a° +64a*b + 128 ab? + 64 b%) ArcTan|

(-3 + 5375 [ [coste - i5nie) 7

75 a® ArcTan |
8\/a_\/FCos[e+fx]

(89a®+220ab+120b>-4a (7a+5b) Cos[2 (e+fx)|+3a’Cos[4 (e+fx)])|Sec[e+Ffx]?

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sin[e+fx]3
a+bSec[e+fx]?
Optimal (type 3, 71leaves, 4 steps):
Vb (a+b) ArcTan[ 2 Cfsmeﬂcx ] (a+b) Cos[e+fx] Cos[e+fx]3
- +
FRER: a’f 3af

Result (type 3, 376leaves):
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1
482°2~/b f (a+bSec[e+fx]?)

<a+2b+aCos[2 (e+Fx”)

[3 (a2+8ab+8b2)Ar‘cTan[%((—\/a_—i\/a+b \/(Cos[e} —JiSin[e})2 J Sin[e] Tan[f—x] +
b 2

Cos[e] |v/a -“/a+b \/(Cos[e] —JiSin[e1>2 Tan[{—x])]] +
2
1 . — 5 . f x
3 (a*+8ab+8b?) ArcTan|[—— (—\/a +i+va+b \/<Cos[e]—151n[e]) )Sln[e] Tan|[—] +
Vb 2

Cosfe] [Va ++a+b \/(Cos[e] - 1iSin[e])? Tan[F—X] ] -
2
Va -va+b Tan[2 (e+fx)] Va ++a+b Tan[t (e+fx)]
2 | -3a?ArcTan| 2

Vo Vo

3a%ArcTan|

|+

4~/a /b Cos[e+fx] (-5a-6b+aCos|2 (e+fx)”} Sec[e + f x]?

Problem 30: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinf[e + f x]

a+bSec[e+fx]?

dx

Optimal (type 3, 47 leaves, 3 steps):

r/a Cosf[e+fx
\/FAr'cTan[ = } Cos[e+fx]

a¥/2f af

Result (type 3, 329 leaves):
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1
8a*2+/b f (b+aCos[e+fx]?)

1

Vb
Va -+a+b -/ (Cose] - isinfe])? Ta”{%])]] "

[ (a+4b) ArcTan|

((—\/a_—i\/a+b \/(Cos[e} —JiSin[e})2 ) Sin[e] Tan[f—x] +
2

Cos[e]

1
Vb
Va ++/a+b \/(Cos[e] - 1iSin[e])? Tan[F—X])]] -

2

va -+/a+b Tan[2 (e+fx) ] Jva ++va+b Tan[2 (e+fx) ]
2 | -aArcTan| 2 | -

Vb Vb

(a +4 b) Ar‘cTan[

((—\/?Hi\/aer \/(Cos[e} —J‘LSin[e])z ] Sinf[e] Tan[ffx} +

2

Cos[e]

aArcTan|

4\/a_\/FCos[e+Fx]J (a+2b+acCos[2 (e+fx)])

Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle + fx]
J ax
a+bSec[e+fx]?

Optimal (type 3, 55leaves, 4 steps):

r/a Cosf[e+fx
\/FAr‘cTan[ NCY } ArcTanh[Cos[e + f x]]

Va (a+b) f (a+b) f
Result (type 3, 239 leaves):
1
<a+b)'F
[1\/FArcTan[ ! ((—\/?—Ji\/aer \/(Cos[e} - 1iSin[e])? ) Sin[e] Tan[f—x] +Cos[e]
“a Vb 2
(\/?—\/a+b \/(Cos[e] —JiSin[e])2 Tan[f—x] )} + !
2 1w
\/FAr‘cTan[L((—\/?+i\/a+b \/(Cos[e1 —J'lSin[e])2 ] Sinfe] Tan[f—x} +
o 2
Cos[e] |/a ++/a+b \/(Cos[e] - 1iSin[e])? Tan[f—x])]] -
2

Log[Cos[% (e+Fx)]] +Log[Sin[§ (e+fx>H]

Problem 32: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Csc[e+fx]3
J dx

a+bSec[e+fx]?

Optimal (type 3, 86 leaves, 5steps):

\/?\/FAr'cTan[ﬁL“WM}

(a+b)*f 2 (a+b)?f 2 (a+b) f

(a-b) ArcTanh[Cos[e+fx]] Cot[e+fx] Cscle+fx]

Result (type 3, 371 leaves):

i 1 (a+2b+acCos[2 (e+fx)])

16 (a+b)21: (a+bsecle+fx]?)

(_sﬁWArcTan[i (_\/?_j\/m\/<Cos[e] —iSin[e])z)Sin[e] Tan[f—x] +
= 2
f x )
] -
f x

Cos[e] (\/?—\/a+b \/(Cos[e] —JiSin[e])2 Tan| — |
2
SﬁﬁAPcTan[%((\E+j\/a+b \/<Cos[e] —JiSin[e])Z ) Sin[e] Tan[—] +
b 2
Cos[e] (\/?+\/a+b \/(Cos[e] -iSinfe])? Tan[f—x]]

2

}+aCsc[% (e+1°x)]2+
bCsc| (e fx)]]-

N R —

% (e+fx)]2+4aLog[Cos[§ (e+fx)]]-4bLog|Cos]|
4aLog[Sin[% (e+Fx)]] +4bLog[Sin[§ (e+fx)]] -

aSec[1 (e+1cx>]2—b5ec[1 (e+1=x”2 Sec[e + f x]?
2

N

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]?
J dx

a+bSec[e+fx]?
Optimal (type 3, 129leaves, 6 steps):
a*2+/b ArcTan| cosﬁeﬂcx ] (3a2-6ab-b?) ArcTanh[Cos[e + fx] ]
(a+b)>f 8 (a+b)’f

(3a-b) Cot{e+fx] Csc[e+fx] Cotle+fx]Cscle+fx]3
8 (a+b)*f 4 (a+b) f

Result (type 3, 903 leaves):
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a3/2\/F
ArcTan | Sec| X] 2(Cos[e+f] iva+b Cos|e- 1:X]\/Cos[Ze]ﬂiSin[Ze] +
20 2 2 2
iva+b Cos[e+1c—x] vJCos[2e] -1Sin[2e] ++a+b +/Cos[2e] -1Sin[2e]
2
Sin[efffx]—\/aer VCos[2e] -iSin[2e] Sin[e+1c—x] ]
2 2

(a+2b+aCos[2e+2fx]) Sec[e+fx]? /(2 (a+b)3-F<a+bSec[e+fx}2)) +

f £x f
a3/2\/FAr‘cTan[ Sec[—x} (2(Cos[e+—] iva+b Cos[ X}
2D 2 2 2
.F
v/Cos[2e] -1Sin[2e] -1+a+b Cos[e+—}\/Cos 2e] -iSin[2e] -+/a+b

2

v/Cos[2e] -1Sin[2e] Sin{e—f—x} ++va+b +/Cos[2e] -iSin[2e] Sin[e+f—x]]]
2 2

(a+2b+aCos[2e+2fx]) Sec[e+fx]? /(2 (a+b)3-F<a+bSec[e+fx}2)) +

(-3a+b) (a+2b+aCos[2e+21‘x])Csc[e L] Sec[e +fx]2

2
64 (a+b)21: (a+bsecle+fx]?)

(a+2b+acCos[2e+2fx]) Csc[§+f2—x]45ec[e+fx]2

+

128 (a+b) f (a+bSec[e+fx]?)

e fx
( 3a+6ab+b?) (a+2b+aCos[2e+2fx]) Log[Cos[—+—]] Sec[e+fx]

2 2

')/
')/

16<a+b (a+bSec[e+fX}2))+

2

(-

((Saz 6ab-b?) (a+2b+aCos[2e+2fx}>Log[Sin[SJrf—XHSec[ewa]
2

(16 (a+b) (a+bSec[e+Fx12))+

3

(3a-b) (a+2b+aCos[2e+2-Fx])Sec[§+%"]25ec[e+fx]2

+

64 (a+b)2f (a+bsecle+fx]?)

(a+2b+aCos[2e+2fx]) Sec[§+f2—x]45ec[e+fx]2

128 (a+b) f (a+bSec[e+fx]?)

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sin[e + fx]®

a+bSecl[e+fx]?

Optimal (type 3, 166 leaves, 7 steps):
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\/F (aer)S/ZAr,CTan[;[b Tan[e+f x ]

a+b

(5a3+30a2b+40ab2+16b3) X

16 a* at f
(11a%+18ab+8b?) Cos[e+fx] Sinf[e+ fx]
16a3f :
(3a+2b) Cos[e+fx]3Sin[e+fx] Cos[e+Ffx]3Sin[e+Fx]3
8a2f : 6af

Result (type 3, 357 leaves):
1

768 a*\/b \/a+b f (a+bSec[e+fx]?) \/b (Cosfe] -isinfe])”

(a+2b+aCos[2 (e+fx)])Secle+fx]?[31/b (9a*+136a°b+384a%b%+384ab>+128b*)

ArcTan[(Sec[fx} (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +a51n[2e+fx]))/

(2\/a+b \/b (Cos[e] ﬂiSin[e])“)] (Cos[2e] -isSin[2e]) +

\/b (Cos[e] —iSin[e1)4 [3a3 (9a+8b) Ar‘cTan{\/FTan[eJrFX} | +2+/b Va+b
Va+b

(—12a3e+60a3fx+360a2bfx+480abZ-Fx+192b3Fx—3a (15a2+32ab+16b2)

Sin[2 (e+fx)]+3a®(3a+2b)Sin[4 (e+fx)]-a*sin[6 (e+fx)])]]

Problem 35: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sin[e+fx]*

a+bSecle+fx]?

Optimal (type 3, 117 leaves, 6 steps):
\/F (a N b> 3/2 Ar‘cTanPb Tan[e+f x }

a+b

(3a2+12ab+8b2) X

8 a3 a’f

(5a+4b) Cos[e+fx]Sin[e+fx] Cos[e+fx]3Sinfe+fx]
+

8af 4af

Result (type 3, 303 leaves):
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1

64a>+/b a+b f (a+bSecle+fx]2) \/b (Cosfe] -isSinfe])*

<a+2b+aCos[2 (e+fx)}) Sec[e+fx]2[V/b (3a®+34a’b+64ab”+32b%)

ArcTan[(Sec[fx} (Cos[2e] -isin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx])>/

(2\/a+b Jb (Cosfe] -isinfe])* )] (Cos[2e] -isSin[2e]) +

\/b (Cosfe] -isinfe])* [a2 (3a+2b) Ar‘cTan[WTan[e+fx} | +vVb Ja+b (-2a%e~

a+b

12a’fx+48abfx+32b°fx-8a (a+b) Sin[2 (e+fx)| +a’Sin[4 (e+fx)])J]

Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]?
J dx

a+bSecle+fx]?

Optimal (type 3, 76 leaves, 5 steps):
(a+2b) x WmAr‘cTan[M}

a:b Cos[e+fx] Sin[e+fXx]

2a? a’ f 2af

Result (type 3, 245leaves):

(a+2b+acCos[2 (e+fx)]) Sec[e+fx]?

Ar‘cTang Tan[e+f x ]

a+b _l[_4(a+2b)x_((a2+8ab+8b2)
Vb Va+b f a?

ArcTan| (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(2\/a+b \/b (Cos[e] ﬂisin[e})“)] (Cos[2e] 7jSin[2e]))/

(\/a+b f\/b (Cosfe] -isSinfe])* ) . zaCOS[Z-F::q sin[2e]

2acCos[2e] Sin[2 fx]
.F

/(16 (a+bsecle+fx]?))
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Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
a+bSec[e+fx]?

Optimal (type 3, 45leaves, 3 steps):

+b Cotle+f
_+WAr'cTan[L[—La &e XL ]

a ava+b f
Result (type 3, 182leaves):

[(a+2b+aCos[2 (e+fx)])sSecle+Ffx]? (\/a+b fx\/b Cos[e] -iSin[e])* +

bArcTan[ (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx])}/
(2\/a+b \/b(cOs[e]-iSin[e1)4)] (Cos[Ze]—jSin[Ze]))]/
( ava+b f(a+bSecle+fx]? \/b Cos| —iSin[e])“]

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]?
J dx

a+bSecle+fx]?

Optimal (type 3, 54 leaves, 3 steps):

A/b Tan[e+f x
Vb ArcTan| e ] Cotle s fx]

<a+b>3/2f (a+b) f

Result (type 3, 189leaves):

((a+2b+aCos[2 (e+fx)])secle+Ffx]?

(bAr‘cTan[(Sec[fx] (Cos[2e] -isin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(2\/a+b \/b Cos[e] —iSin[e})“)] (Cos[2e] -iSin[2e]) +
\Va+b Cscle] Csc[e+fX] \/b Cos[ ]—Jisin[e])4 Sin[fx]))/

(2<a+b)3/2f(a+b5ec [e+fx]? \/b Cos | —JiSin[e])4)
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Problem 39: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]*4
J dx

a+bSec[e+fx]?

Optimal (type 3, 76 leaves, 4 steps):

/b Tan[e+fx
a\mAr‘cTan[ Jab ] aCot[e+fx] Cot[e+fx]3

(a+b)>f (a+b)>f 3(a+b)f

Result (type 3, 226 leaves):

[(a+2b+aCos[2 (e+fx)])sSecle+Ffx]?

(BabArcTan[(Sec[fx} (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(2\/a+b \/b (Cosfe] -isinfe])* )] (Cos[2e] -iSin[2e]) +

1\/a+b Cscle] Csc[e+fx]3\/b (Cos[e] -isSinfe])*
4

(6asin[fx] -3bSin[2e+fx] + (-2a+Db) Sin[2e+3fx])))/

(6 (a+b)*?f (a+bSec[e+fx]?) \/b (CosTe] —Jisin[e])4)

Problem 40: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Csc[e+fx]®

a+bSec[e+fx]?

dx

Optimal (type 3, 105leaves, 4 steps):

a? WAPcTan[L[—Lb Tan ':+'Fx }
Va+

(a+b)7/>f (a+b)>F 3(a+b)?f 5(a+b) f

aCot[e+fx] (2a+b)Cotle+fx]® Cotle+fx]5

Result (type 3, 318leaves):
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1

480 (a+b)"/*f (a+bSecle+fx]?) \/b (Cos[e] -isSinfe])*
(a+2b+acCos[2 (e+fx)]) Secle+fx]?

[240a2bAr‘cTan[(Sec[fx1 (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+-Fx])>/

(2x/a+b \/b (Coste] ﬂisin[e])“)] (Cos[2e] -isSin[2e]) ++a+b Csc[e] Csc[e+fx]®

\/b (Cose] —JiSin[e])4 (18 (8a%*+b?) Sin[fx] -3@b (3a+b)Sin[2e+fx] -
40 a%Sin[2e+3fx] +30absSin[2e+3fx] +10b%Sin[2e+3fx] +
15absin[4e+3fx] +8a°Sin[4e+5fx] -9abSin[4e+5fx] -2b*Sin[4e+5Fx])

Problem 41: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]°
J dx
(a+bSec[e+1‘:x]2)2

Optimal (type 3, 161 leaves, 6 steps):
Vb (a+b) (3a+7b) Ar‘cTan[M}

b (a+b) (3a+7b) Cos[e+fx]
2a%2f ) 2a%f :

(a+b) (3a+7b>Cos[e+fx]3 Cos[e+fx]° (a+b)2Cos[e+fx]5
6albf } 5a2f _2a2b-F(b+aCos[e+fx]2)

Result (type 3, 454 leaves):
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1 1
————— | ——15 (3a*+384a*b”? + 1280 a b> + 896 b*)
3840a%2 f | b3/2

Ar‘cTan[i((—\/?—jm/a+b \/(Cos[e1 -iSinfe])? | sin[e] Tan[f—x} +
/b 2

]s
Cos[e] (\/?—m\/(Cos[e] —JiSin[e])2 Tan[%]])} +L

b3/2

1
15 (3a* + 3842’ b + 1280 a b’ + 896 b*) Ar‘cTan[—([—\/;+Ji\/a+b \/(Cos[e] —JiSin[e}>2 )
Vb

Va +Va«+b | (Cos[e] -isinfe])? Tan[f—x]])] -

2

fx
Sin[e] Tan| —| + Cos[e]
2

a -\a+b Tan“—(e#x)]
W -
b3/2 b3/2
(16\/?Cos[e+fx}
(156 a* + 1436 a> b + 2960 a b” + 1680 b> + a (125a” + 688 ab + 560 b?) Cos [2 (e + x| | -

\Eanan“— (e+fx)]

45 a* ArcTan [ }
b

} 45 a* ArcTan [

2a* (11a+14b) Cos [4 <e+-Fx)] +3a’Cos[6 (e+fx>]))/(a+2b+a€os[2 <e+fx)])

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e +fx]3
J dx
(a+bSec[e+1‘:x]2)2

Optimal (type 3, 114 leaves, 5steps):

Vb (3a+5b) Ar‘cTan[L[—La C‘\’/}e*fx ]

2272 f
(a+2b)Cos[e+fx] Cos[e +fx]3 b(a+b)Cos[e+fx]
N _
a’f 3a2f 2a°f (b+aCos[e+fx]?)

Result (type 3, 403 leaves):
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1
384a7/2 f

1 1
— ;3 (33’ +192ab”+ 320 b%) ArcTan[ ——
b

\/F((—\/?—Jim\ﬂms[e] -iSinfe])? ) Sinfe]

Ja -+/a+b \/(Cos[e} - iSin[e])? Tan[f—x]

1
b3
2 b3/2

(-3 +sa7b [ [cosie - isinie) 7

fx
Tan[T] +Cos[e]

3 (3a%+192ab?+320b3) Ar~cTan[i
Vb

\/?+\/m\/(Cos[eJ - iSin[e])? Tan[z]])] -

2

fx
Sin[e] Tan| —] + Cos[e]
2

“a -a+b Tan[;— (e+‘Fx)}
Vb ] B
p3/2 b3/2

\/aiﬂmTan{%(en:x)] }
\b

9a®ArcTan| 9a®ArcTan]|

(32\/?Cos[e+fx] (9a®>+56ab+60b>+4a (2a+5b) Cos[2 (e+fx)]-a’Cos[4 (e+fx)]))/

(a+2b+aCos[2 (e+fx)])

Problem 43: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sin[e + fx] 4
X

(a+bSec[e+1‘:x]2)2

Optimal (type 3, 84 leaves, 4 steps):

+/a Cosle+fx]
3\/FAr'cTan[ NS ] 3Cos[e + fx] Cos[e+'Fx13

+
2a%2f 2a2f 2af (b+acCos[e+fx]?)

Result (type 3, 393 leaves):
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1 2

(a+2b+aCos[2 (e+-Fx>])
64 a°/2 f (a+bSec[e+1‘x]2)2

L(a2+24b2) Ar‘cTan[L[(—ﬁ—i\/a+b \/(Cos[e} —J'lSin[e])2 ) Sinfe] Tan[f—x} +

b3/2 \/? 5
Cos[e] \Ef\/m\/(Cos[e] - 1iSin[e])? Tan[%] ]+b317
1 . . . 2 . f x
(a%+ 24 b%) ArcTan[—((f\/?Hlm\/ (Cos[e] -isSinfe]) ) Sin[e] Tan|[—] +
Vb 2
Cosfe] [a +va+b +f (Cos[e] - isSinle])? Tan[‘l‘]))] .
2
32 Ar‘CTan[ﬁimTanLﬁ (EHCX)] ] 22 ArcTan [ \/aiﬂ/ﬁTan[; (e+fx)] }
Vb Vb
b3/2 B bh3/2
Sec[e+fx]*

16 /a Cos[e + f x] (a+3b+acCos[2 (e+fx)])
a+2b+aCos|2 (e+fx)]|

Problem 44: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fXx]
J dx
(a+bSec[e+1‘:x]2)2

Optimal (type 3, 99 leaves, 5 steps):

2/a Cosle+fx]
Vb (3a+b) ArcTan[ ¥E SR SR (Cos e+ £x] ] bCos[e+fx]

2a%2 (a+b)?f (a+b)?f _Za(a+b)f(b+aCos[e+fx]2)

Result (type 3, 384 leaves):
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1
8 (a+b)?f (a+bSecle+fx]?)

L e e arctan] I ([va e o eoste) - asiniel )
Vb

; (a+2b+aCos[2 (e+-Fx>]) Sec[e+fx]3

+
a 3372

f x
Sin[e] Tan| —] + Cos[e]
2

\/?,m\HCos[e] - 1iSin[e])? Tan[f—x})]]

2

12\/F(Sa+b)

<a+2b+aCos[2 (e+fx”> Sec[e+fx]+ =

Ar‘cTan[i (—\/?+Ji\/a+b \/<Cos[ - 1Sin] Sing ]Tan[f—x]+
/o 2
Cos[e] |[va +~/a+b \/(Cos[e] - 1iSin[e])? [L] | (a+2b+aCos[2 (e+fx)])
2
Sec[e+fx]—2(a+2b+aCos[2<e+-Fx)])Log[Cos[l(e+Fx)HSec[e+-Fx]+
2

2 (a+2b+aCos[2 (e+fx)]) Log[Sin[1 (e+fx)]]secre+fx]
2

Problem 45: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]3
J dx
(a+bSec[e+1‘:x]2)2

Optimal (type 3, 147 leaves, 6 steps):
(3a-b) \/FAr‘cTan[L;La Coslesfx] |

b (a-3b) ArcTanh[Cos[e + f x] ]
- +
2+/a (a+b)’f 2 (axb)’f
(a-b) Cos[e+fx] Cot[e+fx] Csc[e+fx]

2 (a+b)’>f(b+aCose+fx]2) 2(a+b)f(b+aCosfe+fx]?)

Result (type 3, 468 leaves):
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1
32 (a+b)>f (a+bSec[e+fx]2)?

(a+2b+aCos[2 (e+-FxH) Sec[e+fx]?

-8b (a+b) é4x/? (-3a+b) Ar‘cTan[%((\/?jm/a+b \/<Cos[e] 7iSin[e])2)
Sinfe] Tan[%} +Cos[e] |[va -~/a+b \/<Cos[e] - iSin[e])? Tan[%})]]

(a+2b+aCos[2 (e+fx)]) Sec[e+fx] —L4W (-3a+b)

Va
Ar‘cTan[i((fﬁ+j\/a+b \/<Cos[e] - 1iSin[e])? ) Sinfe] Tan[F—X] +
Vb 2
Cos[e] |[/a ++/a+b \/(Cos[e] - 1iSin[e])? Tan[f—x])]] (a+2b+aCos|2 (e+fx)])
2

Sec[e+fx] - (a+b) (a+2b+aCos[2 (e+fx)]) Csc| <e+fx)]25ec[e+fx] -

N |

4 (a-3b) (a+2b+aCos[2 (e+fx)]) Log[Cos|[~ (e+fx)]|]Sec[e+Ffx]+

4 (a-3b) (a+2b+aCos[2 (e+fx)]) Log[Sin[~ (e+fx)]|]|Sec[e+fx]+

(a+b) (a+2b+aCos[2 (e+fx)]) Sec[l (e+-FxHZSec[e+fx]
2

Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]>
J dx
(

a+bSec[e+1‘:x]2)2

Optimal (type 3, 197 leaves, 7 steps):
3+/a (a-b) \/FAr‘cTan[L[—La Cos [efxl |

Jo
2 (a+b)*f _
3 (a?-6ab+b?) ArcTanh[Cos[e + f x] ] 3a(a-3b) Cos[e+fx]
8(a+b)4f +8(a+b)3f(b+aCos[e+fx]2)7
(a—Sb) Cot[e+fx] Cscle+fx] Cot[e+fx] Csc[e+Ffx]?3

8 (a+b)?f (b+aCosfe+fx]2) 4 (a+b) f (b+aCosfe+fx]?)

Result (type 3, 450 leaves):
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1

(a+2b+aCos[2 <e+fx)])
256 (a+b)*f (a+bSecle+fx]?)?

96 +/a (a-b) \/FAr'cTan[L((fx/?ﬂi\/aer \/(Cos[e} -1iSin[e])? ] Sinfe] Tan[f—x} +

/o 2
Cos[e] |v/a -+/a+b \/(Cos[e] - 1iSin[e])? Tan[f—x])]] (a+2b+aCos[2 (e+fx)]) +
2
96+/a (a-b) WAPcTan[\/L (7\E+j\/a+b x/(Cos[e] —jSin[e})z)Sin[e] Tan[F—X] +
b 2
Cos[e] |a ++/a+b \/(Cos[e] —JiSin[e}>2 Tan[F—X] | (a+2b+aCos[2 (e+fx)]) -
2
2 (a+b) (11a’+43ab-4b?+4 (2a’-5ab+5b%) Cos[2 (e+fx)] -

3a(a-3b) Cos[4 (e+fx)]|) Cot[e+fx] Cscle+Ffx]>-

24 (a®-6ab+b?) (a+2b+aCos[2 (e+fx)]) Log[Cos[% (e+fx)]]+

24 (a>-6ab+b?) (a+2b+aCos|[2 (e+fx)]) Log[sin[i (e+Fx)]]

Sec[e+ fx]*

Problem 47: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
2

j Sin[e + fx]®
(a+bsecle+fx]?)
Optimal (type 3, 267 leaves, 8 steps):

(527 60a’b+120ab? +6ab?) x VP (27" (3a+8b] ArcTan[ 2 2ot

16 a° 2a°f
(33a%+82ab+48b%) Cos[e+fx]Sin[e+fx] (9a+8b)Cos[e+fx]>Sinfe+fx]

N
48 a3 f <a+b+bTan[e+-Fx]2) 24 a% f (a+b+bTan[e+fx]2)
Cos[e+fx]3Sin[e+fx]3 b (19a?+52ab+32b?) Tan[e +fx]

6af(a+b+bTan[e+fx]?) 16a*f (a+b+bTan[e+fx]?)

Result (type 3, 2987 leaves):

7([(a+2b+aCos[2e+2fx])ZSec[e+-Fx]4

16 X +

(-a’+6a’b+24ab”+16b’) ArcTan[ (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+fx]))/ (2\/a+b \/b (Cose] ﬂisin[e])“)}
/(b (a+b)3/2f\/b (Cos[e] 7jsin[e])4)+

((a*>+8ab+8b%) ((a+2b)sSin[2e] -aSin[2fx])) /

(Cos[2e] -isSin[2e])

(b(a+b) f(a+2b+aCos[2 (e+fx)]) (Cos[e] -Sin[e]) (Cose] +Sin[e])))]/

(512a2 (a+bSec[e+fx]2)2)] + (3 (a+2b+aCos[2e+21Cx])2
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Sec[e+fx]*

(—64 (a+2b) X + (a4—16a3b—144a2b2—256ab3—128b4)

Ar‘cTan[(Sec[fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

[2\/a+b Jb (Cosfe] -isinfe])* )} (Cos[2e] —iSin[Ze})]/

16aCos[2fx] Sin[2e]
"
.F

+

(b (a+b)3/2f\/b (Coste] —jSin[e])4)
16 aCos[2e] Sin[2 f x]
-F

(b(a+b)f(a+2b+aCos[2(e+fx)]) (Cos[e] -Sin[e]) (Cos[e] +Sin[e])))]/

- ((a®+18a*b+48ab>+32b%) ((a+2b)Sin[2e] -aSin[2fx])) /

(4096a3 (a+bSec[e+Fx]2)2) +|3(a+2b+aCos[2e+2fx])?

Sec[e + fx]*4

(a+2b) ArcTan|[o-tenletx | ab sin[2 (e+fx)] /

(a+b)3/2 (a+b) (a+2b+aCos[2 (e+fx)])

(2@48 b3/2 £ (a+bSec[e+fx]2)2) -
(a+2b+aCos[2e+21‘:x])ZSec[eH‘:x}4

aArcTan[ﬂ) 3;—:“] \/F(a+2b) Sin[2 (e+fx) | /

- +

(a+b)*? (a+b) (a+2b+acCos[2 (e+Fx)])

(2048 b*2f (a+bSec[e +fx]2)2) N
1

256 (a+bSec[e+1‘x}2)2

(a+2b+aCos(2e+2fx])?
Secle+fx]*

1
( (-a®>+30a*b+480a%b”+ 1600 a° b + 1920 a b* + 768 b°)

ArcTan [Sec [fx]
a+b

Cos[2e] isSin[2e] J
2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

i ArcTan|[Sec[f x]

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(8a4b\/a+b fbCos[de] -ibSin|de] )—

Cos[2e] 1 Sin[2e]

2+/a+b \/bCos[4e] -1bSin[4e] 2+/a+b \/bCos[4e]-1ibSin[4de]
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(-asin[fx] -2bSin[fx] +aSin[2e+fx])] Sin[2e]

/(Sa“bmf

1
8a*b (a+b) f(a+2b+aCos[2e+2fx])

Sec[2e] (16@a*bfxCos[2e] +1248a° b* fxCos[2e] +3392a’b> fxCos[2e] +
3840 ab*fxCos[2e] +1536b° fxCos[2e] +80a*bfxCos[2fx] +
464 a3 b2 fxCos[2fx] +768a%b>fxCos[2Ffx] +384ab*fxCos[2Ffx] +
80a*bfxCos[4e+2fx] +464a°b2fxCos[de+2Ffx] +768a%b>fxCos[4e+2Ffx]+
384ab*fxCos[4e+2fx] +a°Sin[2e] +34a*bSin[2e] +224a>b?Sin[2e] +
576 a> b3 Sin[2e] +640ab*Sin[2e] +256b°Sin[2e] -a°Sin[2fx] -62a*bsSin[2fx] -
318> b%2Ssin[2fx] -512a’b®>Sin[2fx] - 256ab*Sin[2fx] -30a*bSin[4e+2Ffx] -
158 a®>b?Sin[4e+2fx] -256a°b3>Sin[4e+2fx] -128ab*Sin[d4e+2fx] -
12a*bSin[2e+4fx] -36a>b?Sin[2e+4fx] -24a%b3Sin[2e+4fx] -
12a*bSin[6e+4fx] -36a>b?Sin[6e+4fx] -24a%b3Sin[6e+4fx] +2a*bSin]

+

VbCos[4e] -ibSin[4e] )

4e+6fx] +2a’b*Sin[4e+6Ffx] +2a*bSin[8e+6Ffx] +2a’b*Sin[8e+6Ffx]) | +

1

(a+2b+aCos[2e+21Cx])2
512 (a+bSec[e+fx]2)?

Sec[e+fx]*

(- (a®-48a° b - 1200 a* b® - 6400 a* b> - 13440 a* b* - 12288 a b° - 4096 b®)
a+b

Cos[2e]

ArcTan[Sec[f x]

2+/a+b \/bCos[4e] -ibSin[4de]
iSin[2e]

(-asin[fx] -2bSin[fx] +

2+v/a+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])] Cos[2e] /(8a5b\/a+b f/bCos[4e] -ibSin[4e] | -

Cos[2e]

i ArcTan[Sec [f X]

2+va+b \/bCos[4e] -1bSin[4e]
iSin[2e]

(-asin[fx] -2bsSin[fx] +

2+v/a+b \/bCos[4e] -1bSin[4e]

aSin[2e+fx]HSin[2e] /(Sasb\/a+b f\/bCos[4e}—ijin[4e]) -

1
24a°b (a+b) f(a+2b+aCos[2e+2fx])

10944 a* b2 fxCos[2e] -44544a% b3 fxCos[2e] -83712a%b*fxCos[2e] -
73728 ab’ fxCos[2e] -24576b® fxCos[2e] -480a°bfxCos[2fx] -

4512 a* b fx Cos[2fx] -13248 a>b> fxCos[2fx] -15360a%b* fxCos[2fXx] -

6144 ab® f xCos[2fx] -480a°bfxCos[d4e+2fx] -4512a*b?>fxCos[4e+2fx]-13248
a’b>fxCos[4e+2Ffx] -15360a%b*fxCos[de+2fx] -6144ab’>fxCos[de+2Ffx] -
3a®Sin[2e] -156a°bSin[2e] -1500 a*b%2Sin[2e] - 5760 ab>Sin[2e] -

10560 a’ b* Sin[2e] - 9216 ab°Sin[2e] -3072b%Sin[2e] +3a%Sin[2fx] +

366 a° bSin[2f x] + 3000 a* b2 Sin[2f x] + 8400 a® b> Sin[2f x] + 9600 a2 b* Sin[2 f x] +
3840ab’Sin[2fx] +216a°bSin[4e+2fx] +1800a*b?Sin[de+2fx] +

Sec[2e] (-960a°bfxCos[2e] -
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5040 a3 b3 Sin[4e+2fx] +5760a2b*Sin[4e+2fx] +2304ab’>Sin[de+2fXx] +
76 a°bSin[2e+4fx] +460a*b?Sin[2e+4fx] +768a°b>Sin[2e+4fx] +
384a%b*Sin[2e+4fx] +76a°bSin[6e+4fx] +460a*b’>Sin[6e+4fx] +
768 a>b3Sin[6e+4fx] +384a%b*Sin[6e+4fx] -16a°bSin[de+6Fx] -

48 a*b?Sin[4e+6fx] -32a°>b3Sin[4e+6fx] -16a°bSin[8e+6fx] -

48 a*b?Sin[8e+6fx] -32a°b>Sin[8e+6fx] +4a°bSin[6e+8Fx] +

4a*b’>Sin[6e+8fx] +4a°bSin[10e+8fx] +4a*b*Sin[10e+8Fx])

Problem 48: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
2

J Sinfe+fx]*
(a+bsSec[e+fx]?)
Optimal (type 3, 191 leaves, 7 steps):

3(a+8abrgb?) x 3Vb Varb (a+2b) ArcTan [ /b Tane=fx |

a+b

8 a* 2a%f
(5a+6b) Cos[e+fx]Sin[e+fx] Cos[e+fx]3Sin[e+fx] 3b(3a+4b) Tan[e + fx]

N _
8a’f (a+b+bTanl[e+fx]?) 4af(a+b+bTan[e+fx]?) 8a’f(a+b+bTanle+fx]?)

Result (type 3, 1354 leaves):

—([(a+2b+aCos[2e+2-Fx])ZSec[e+-Fx]4

16x+ | (-a*+6a’b+24ab’+16b%) ArcTan| (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+fx]))/ (2\/a+b \/b (Cose] ﬂisin[e])“)}
/(b (a+b)3/2f\/b (Cos[e] 7]'lSin[E]>4)+

((a*>+8ab+8b*) ((a+2b)sSin[2e] -aSin[2fx])) /

(Cos[2e] -isSin[2e])

(b(a+b) f(a+2b+aCos[2 (e+fx)]) (Cos[e] -Sin[e]) (Cose] +Sin[e]))))/

(256a2 (a+bSec[e+fx]2)2)] +3 (a+2b+aCos[2e+21‘:x])2

Sec[e + fx]*4

(a+2b)Ar‘cTan[@2sL”L] i aVb sin[2 (e+fx)] /
oo 2b] (2 20-acos[z (e )]

(1024b3/2-F (a+bSec[e+fx]2)2) +
1

128 <a+bSec[e+-Fx}2)2

(a+2b+aCos[2e+2-Fx])2
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Sec[e+fx]*

1
( (-a®>+30a%b+480a°b? + 1600 a> b + 1920 a b* + 768 b>) | |ArcTan|Sec[f x]

a+b

Cos[2e] iSin[2e]

2+/a+b \/bCos[4e] -1bSin[4e] 2+/a+b +/bCos[4e] -ibSin[4de]

/

1 ArcTan [Sec [fXx]

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]H Cos[2e]

(8a4b\/a+b f/bCos[4e] -ibSin[4e] )—

Cos[2e] iSin[2e]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b VbCos[4e]-1ibSin[4e]

/(Sa“bmf

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

1
+8a4b (a+b) f(a+2b+aCos[2e+2fx])

Sec[2e] (16@a*bfxCos[2e] +1248a°b* fxCos[2e] +3392a°b> fxCos[2e] +
3840 ab*fxCos[2e] +1536b° fxCos[2e] +80a*bfxCos[2fx] +
464 2> b2 fxCos[2fx] +768a%b>fxCos[2fx] +384ab*fxCos[2fx] +
80a*bfxCos[4e+2fx] +464a>b’>fxCos[4e+2Ffx] +768a%b>fxCos[de+2fx] +
384ab*fxCos[4e+2Ffx] +a°Sin[2e] +34a*bsSin[2e] +224a3b%Sin[2e] +

VbCos[4e] -ibsSin[de] )

| 25

576 a2 b>Sin[2e] +640ab*Sin[2e] +256b°Sin[2e] -a°Sin[2fx] -62a*bsSin[2fx] -

318 a° b2 Sin[2fx] -512a%b3Sin[2fx] -256ab*Sin[2fx] -30a*bSin[4e+2fX] -
158 a>b2Sin[4e+2fx] -256a%b3Sin[4e+2fx] -128ab*Sin[4e+2Ffx] -
12a*bsSin[2e+4fx] -36a°b?Sin[2e+4fx] -24a2b3>Sin[2e+4fx] -
12a*bsSin[6e+4fx] -36a°b?Sin[6e+4fx] -24a2b3Sin[6e+4fx] +2a*b

Sin[4e+6fx] +2a’b>Sin[4e+6Ffx] +2a’bSin[8e+6fx] +2a’b’>Sin[8e+6Fx])

Problem 49: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e +fx]?
J dx
(a+bSec[e+fx]?)?

Optimal (type 3, 130 leaves, 6steps):
Vb (3a+4b) ArcTan|/b-Teniesfxl |

(a+4b)x 276
223 2a3+a+b f
Cos[e+fx] Sin[e + fx] bTan[e + f Xx]

2af(a+b+bTan[e+fx]?) a?f (a+b+bTanle+fx]?)

Result (type 3, 825leaves):
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7(((a+2b+aCos[2e+2Fx])ZSec[e+fx]4

(16x+ ((—a3+6a2b+24ab2+16b3) ArcTan| (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+-Fx]))/ (2x/a+b \/b (Cose] —jSin[e])“)}
/(b (a+b)3/2fJb (Cos[e] —JiSin[e])4)+

((a*>+8ab+8b*) ((a+2b)sSin[2e] -aSin[2fx])) /

(Cos[2e] -isSin[2e])

(b(a+b) f(a+2b+aCos[2 (e+fx)]) (Cos[e] -Sin[e]) (Cos|[e] +Sin[e]))))/

(128a2 (a+bSec[e+fx]2)2)] - ((a+2b+aCos[2e+2fx})2
Sec[e+fx]*

(_64 (a+2b) X + (a4-16a3b-144a2b2-256ab3-128b4)

ArcTan| (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+Fx]))/

(2\/a+b \Jb (Cose] - i sinfe])* )} (Cos[2e] —iSin[Ze])]/

16aCos[2fx] Sin[2e]
.

(b (a+b)3/2fJb(Cos[e1—iSin[e])“) .

+
16aCos[2e] Sin[2 fx]
.F
(b(a+b) f(a+2b+aCos[2 (e+fx)]) (Cos[e] -Sin[e]) (Cos[e] +Sin[e])))]/

- ((a®*+18a*b+48ab’+32b%) ((a+2b)Sin[2e] -asSin[2fx])) /

(256a3 (a+bSec[e+fx12)2) +|(a+2b+aCos[2e+2fx])?

Secle + fx]*

(a+2b)ArcTan[%‘§*ﬁL]i ab sin[2 (e+fx)] /
(a+b)*? (a+b) (a+2b+acCos[2 (e+Fx)])

(128b3/2'F (a+bSec[e+-Fx}2)2) +

(a+2b+aCos[2e+2-Fx])ZSec[e+-Fx]4

_aArcTan[%jL“L] Vb (a+2b)sin[2 (e+fx)] /
)])

(a+b)3/2 <a+b) (a+2b+aCos[2(e+-Fx

256 b3/2 £ (a+bSec[e+fx}2)2)
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Problem 50: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bSec[e+1‘=x]2)2

Optimal (type 3, 92 leaves, 5 steps):

x Vb (3a+2b) Ar‘cTan[lL[—Lb Ta:j*fx ] bTan[e + ]

a2 2 a2 <a+b>3/2f 2a(a+b)f(a+b+bTanle+fx]2?)
Result (type 3, 240leaves):

[(a+2b+aCos[2 (e+fx)]) secle+fx]*

2x (a+2b+acCos[2 (e+fx)]) + [b (3a+2b) ArcTan[ (Sec[fx] (Cos[2e] - iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+fX]))/ (2\/a+b \/b (Cose] —JiSin[e1)4 )]

(a+2b+aCos[2 (e+fx)]) (Cos[2e] ﬂlsin[Ze]))/

((a+b)3/2f\/b(Cos[e]—iSin[e1)4)+
b ((a+2b)sin[2e] -asSin[2fx]) 5
8 a2 +bS +Fx]?
(a+b) f (Cos[e] -Sin[e]) (Cos[e] +Sin[e]) )]/( @ (a ecle £x1%) )

Problem 51: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle +f x]?
J dx
(a+bSec[e+-Fx]2)2

Optimal (type 3, 91 leaves, 4 steps):

Vb Tanfe+fx
3\/FAr'cTan[ Vaib ] 3Cot[e+ fx] Cot[e + fx]

2 (a+b)>*f 2 (a+b)?f ' 2(a+b) f(a+b+bTan[e+fx]?)

Result (type 3, 242 leaves):
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[(a+2b+aCos[2 (e+fx)])secle+fx]*

([BbAr‘cTan[(Sec[fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx}))/

(2\/a+b \/b (Cos[e] -isSinfe])* )] (a+2b+acCos[2 (e+fx)])
(Cos[2e] —iSin[Ze})]/ (\/a+b \/b (Cosfe] -isinfe])* ) +

2 (a+2b+aCos|2 (e+fx)]) Cscle] Cscle+fx]Sin[fx] +
b((a+2b)Sin[2e] -asSin[2fx]) ]/

a (Cos[e] -Sin[e]) (Cos[e] +Sin[e])
(8 <a+b)2f (a+bSec[e+Fx}2>2)

Problem 52: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csc[e+fx]*
J( dx

a+bSec[e+1cx]2)2

Optimal (type 3, 123 leaves, 5steps):

(3a-2b) \mAr‘cTan[L[—Lb Tj;f:“cx ]

2 (a+b)’/*f
(a—b)Cot[e+Fx] Cot[e+fx]3 abTan[e + fx]

(a+b)>f 3(a+b)?f 2(a+b)’f(a+b+bTan[e+fx]?)

Result (type 3, 637 leaves):
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(a+2b+aCos[Ze+2fx])ZCot[e] Cscle+fx]2Sec[e+fx]*
- +

12 (a+b)2-F (a+bSec[e+Fx]2)2

((Ba—zb) <a+2b+aCos[2e+21°x]>ZSec[e+1°x]4 bArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b /bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(8\/a+b f/bCos[4e] -ibsSin[de] )_ i bArcTan|

Cos[2e] iSin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

/(<a+b)3 <a+bSec[e+fX}2>2> )

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

(8\/a+b f/bCos[4e] -1bSin[4e] )

((a+2b+aCos[2e+2-Fx])ZCsc[e] Cscle+fx]>Sec[e+fx]*
Sin[fx])/
(12 <a+b>2-F (a+bSec[e+-Fx}2)2> +
((a+2b+aCos[2e+2fx])ZCsc[e] Cscle + f x]
Sec[e+fx]* (asin[fx] —2bSin[-Fx]))/
(6 (a+b)3-F (a+bSec[e+fx]2)2) +
((a+2b+aCos[2e+2fx]) Sec[e+fx]*
(absin[2e] +2b*Sin[2e] 7abSin[2fx}))/
(8 (a+b)3f (a+bSec[e+1‘:x]2)2 (Cos[e] -sin[e]) (Cos[e] +Sin[e]))

Problem 53: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csc[e+fx]®
J dx

(a+bSec[e+fx]2)2

Optimal (type 3, 188 leaves, 6 steps):
a(3a-4b) WAr‘cTan[M}

b (5a2-10ab-b?) Cot[e+fx] (l@a+3b) Cot[e+fx]>
2 (a+b)?*f 5(a+b)*f 15 (a+b)> f
Cot[e+fx]° b (5a%+2b?) Tan[e + fx]

5(a+b)f(a+b+bTan[e+fx]2) 10 (a+b)4-F (a+b+bTan[e+fx]?)

Result (type 3, 777 leaves):
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1

7680 (a+b)*f (a+bSecle+fx]2)?

(a+2b+acCos[2 (e+fx)]|) Sec[e+Ffx]*

(96@a (3a-4b) bArcTan|

(Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b)Sin[fx] +aSin[2e+fx]))/

(2\/a+b \/b (Cose] ﬂisin[e])“)} (a+2b+acCos[2 (e+fx)])
(Cos[2e] —iSin[Ze]))/(\/a+b Jb (Cose] —JiSin[e])“)_

Cscle] Cscle+fx]°Sec[2e] (10a (16a%+34ab+123b?) Sin[fx] -
a(16a®-223ab+1336b*) Sin[3fx] +240a’Sin[2e-fx] +640a°bSin[2e-fx] -
1460 ab%Sin[2e-fx] +240b3Sin[2e-fx] -240a>Sin[2e+fx] -715a%’bSin[2e+fx] +
860 ab’Sin[2e+fx] -240b3>Sin[2e+fx] +160aSin[4e+fx] +415a’bSin[de+fx] +
1830 ab?Sin[4e+fx] +165a’bsSin[2e+3fx] -30ab?Sin[2e+3fx] +
120b3sin[2e+3fx] -16a>Sin[4e+3fx] +208a’bSin[4e+3fx] -
1036 ab?Sin[4e+3fx] +180a’bSin[6e+3fx] -330ab?Sin[6e+3fx] +
120b3Sin[6e+3fx] +48a%Sin[2e+5Ffx] -268a’bSin[2e+5Fx] +
290 ab?Sin[2e+5Ffx] -24b3Sin[2e+5fx] +48a>Sin[6e+5Ffx] -
223a’bsSin[6e+5fx] +230ab?Sin[6e+5Ffx] -24b>Sin[6e+5Ffx] -
453°bSin[8e+5fx] +60ab®Sin[8e+5Ffx] -16a>Sin[4e+7fx] +
83a’bSin[4e+7fx] -6ab?Sin[4e+7fx] -15a’bSin[6e+7Ffx] -

16a*sin[8e+7fx] +68a’bSin[8e+7fx] -6ab>Sin[8e+7fx])

Problem 54: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]°
J dx
(a+bsecle+fx]?)’

Optimal (type 3, 214 leaves, 6 steps):
Vb (15a%+70ab + 63 b?) ArcTan |2 Coslexfxl |

W —
8a11/2.F
(3a?+14ab+13b?) Cos[e+fx] (a+3b) (3a+5b) Cosfe+fx]?
2a°f ’ 12a*bf )
Cos[e+fx]° (a+b)*Cos[e+Fx]’ b(a+b) (3a+11b) Cos[e+fx]
5af 74a2bf<b+aCos[e+-Fx}2)27 8a°f (b+aCosle+fx]?)

Result (type 3, 1641 leaves):
1

(a+2b+aCos[2 (e+fx)])
491520 all/2p5/2 £ (a+bSec[e+1‘:x]2)3

Sec[e+fx]® |-900a''2b3/2Cos[e +fx] -109000 a°/2b>/2Cos[e+fx] -

936000 a’/2 b’/ Cos[e+fx] - 2803072 a°/2b°/?2Cos[e+fx] -3763200a%2b/2Cos[e+fx] -
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1935360/ a b'3/2 Cés[eﬂc-x} - 900 all/2 p3/2 Cos[e-+-Fx] éos[z (e+fx)]+
900 a°/2b*2 Cos[e+fx] (a+2b+aCos[2 (e+fx)])+24000a’/>b>?Cos[e+fx]
<a+2b+aCos[2 (e+fx)])+43200a°2b7/2Cos[e+fx] (a+2b+aCos[2 (e+Ffx)])+

225a° Ar‘cTan[ ( Va -i+va+b \/ Cos|[ —jSin[e])z)Sin[e] Tan[3}+
/b 2
Cos[e] |[va -~/a+b x/(Cos[e] - iSin[e])? Tan[F—X])]] (a+2b+aCos|2 (e+fx”)2+
2
115200 a* b* ArcTan | —— (( Va -iva+b \/ Cos| wiSin[e})z)Sin[e] Tan[f—x]+
/b 2
f x

Cos[e] |v/a -~/a+b \/(Cos[e] -1iSin[e])? Tan| | (a+2b+acCos|2 (e+fx”)2+

]

2

2

537600ab4Ar‘cTan[\/_(( Ja -i+Ja+b \/ Cos| —iSin[e])z]Sin[e]Tan[f—X}+
b

Cos[e] |vVa -vVa+b \/(Cos[e] —jSin[e]>2 Tan[ffx] ]] (a+2b+aCos[2 (e+-FxH)2+
2
483840 b> ArcTan|[ —— [( Va -i+va+b \/ Cos [ —iSin[e])ZJSin[e} Tan[f—x}+
Vb 2
Cos[e] |v/a -+/a+b \/(Cos[e]fjsin[ 2Tan )] a+2b+aCos[2(e+FxH)2+

\/—+1\/a+b\/Cos -1Sin[ 2

£ x
225 a° ArcTan | Sin[e] Tan| } +

—I[- 17
\/?+\/m\/(Cos[e]—iSin[ Tan| )] a+2b+aCos[2(e+fo)2+

Cos|e]

115200 a* b® ArcTan [ —— ([ Va +i+/a+b J Cos|[ —jSin[e})z)Sin[e] Tan[3]+
Vb 2

2

Cos[e] | (a+2b+aCos[2 (e+fx)])"+

Va +/a+b Cos[e] -1iSin[e] 2 Tan f_x
2

537600 a b* ArcTan| —— (( Va +iva+b +f(Cost —jSin[e]>2)sin[eJTan[f7X}+
Vb 2

Cos[e] |[va ++/a+b \/(Cos[e] - iSin[e])? Tan[ffx] ]] (a+2b+aCos|2 (e+FxH)2+
2
483840 b® ArcTan| —— [( Va +ia+b \/ Cos | —J‘LSin[e])ZJSin[e} Tan[-F—X}Jr
Vb 2
Cos[e] |[va +~/a+b x/(Cos[e] - iSin[e])? Tan[F—X])]] (a+2b+aCos|2 (e+fx”)27
2
va -va+b Tan[2 (e+fx)]
225 a® ArcTan | 2 ] (a+2b+acCos|2 (e+fx)”2—
Vb
va ++v/a+b Tan[l(e+-Fx)]
225 a® ArcTan | 2 ]<a+2b+aCos[2 (e+FxH>2+
W
19200 a>/> b2 Cos [e] Cos[fx] (a+2b+aCos|2 (e+fx”)2—

20352a9/2b5/2Cos[e+fx 5[4 (e+fx)] -
115712a’/?b’/? Cos[e + fx] Cos [4 (e + fx) ] -
129024 a°/2b%2 Cos[e + fx] Cos[4 (e+fx) | +20482a%2b°2Cos[e+fx] Cos[6 (e+Ffx)]| +
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4608 a’’2 b”/? Cos [e + f x] Cos [6 (e;fx) ] 384 3%/2 p5/2 Cos[e+fx] Cos[8 (é+\-FxH -
19200 a°2b*2 (a+2b+aCos|2 (e+fx)])251n[e] Sin[fx] -
32496 a°/2 b2 Csc[e+fx] Sin[4 (e+fx)| -252680a’/2 b’/ Csc[e+fx] Sin[4 (e+fx) ]| -

577024 a2 b%? Csce+fx] Sin[4 (e+fx) | -403200a>2b'/>Cscle+fx] Sin[4 (e+fx)]

Problem 55: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e +fx]3
J dx
(a+bSec[e+1‘:x]2)3

Optimal (type 3, 154 leaves, 6 steps):
5+/b (3a+7b) ArcTan| 2 Coslesfxl |

Jo (a+3b) Cos[e+fx]
8a’?f ) a* f :
Cos[e+fx]3 b? (a+b) Cos[e+fx] b (9a+13b) Cos[e+fx]
3a3f +4a4-F (b+aCos[e+-Fx]2)2 8atf (b+aCos[e+fx}2)

Result (type 3, 1392 leaves):

! 1
3 ArcTan [ \/?f\/WTaan (E#XW ] 3 ArcTan [ H*mTanL— (e+fx)w ]
3 |- Vb B Jb
Va Ne

2+/b Cos[e+fx] (3a+16b+3aCos[2 (e+fx)])

3
(a+2b+aC05{2(e+fX)]>z (a+2b+aCos[2e+2Fx])

1
Sec[e+fx]® /(8192b5/2f(a+bSec[e+1cx]2 3)+
2048a3/2b5/21"(a+bSec[e+-Fx]2)3

[(3a4b) ArcTan|[ ——

[(7\/?71'm/a+b \/(Cos[e] -1iSinfe])? ) Sin[e] Tan[F—X} +

Vb 2
Cos [e] (ﬁ—x/aw \/ (Cosre] - isinfe])? Tan[‘c_x] B
2
(3a-4b) ArCTan[i((—\/?+i\/m\/(Cos[e]—J'lSin[e])z)Sin[e] Tan[-F—X]+
Vb 5
Cos[e] (\/?+\/a+b \/(Cos[e]—JiSin[e])2 Tan[f_x]] }Jr
2

(Z\EWCos[eﬂcx] (3a>+6ab+8b’+a (3a-4b) Cos |2 (e+fx”>)/

(a+2b+aCos|2 (e+fx)])2) (a+2b+aCos[2e+2fx])’>Sec[e+fx]°-
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1

[-3 (3a*-40a’b+720a%b® + 6720 ab> + 8960 b*)
9/2 p5/2 2\3
49152 a%2b%2 f (a+bSec[e+fx]?)

Ar‘cTan[L((—ﬁ—i\/a+b \/(Cos[e] - iSinfe])? ] Sinfe] Tan[f—x} +

Vb 2
Cos [e] (\/?—m\/(Cos[e] “isintel)? Tan[TX)))] -
2
3 (3a*-40a’b+720a’ b’ +6720a b’ + 8960 b*) ArcTan[i
b

f x

((7\/?+i\/a+b \/(Cos[e} - 1iSin[e])? ] Sinfe] Tan|[—] +

2
Cos[e] (\/?+x/a+b \/(Cos[e] —JiSin[e])Z Tan[f_x]]J} _

2

(2\/?\/FcOs[e+fx] (9a°-90a*b-10144 2% b? - 48672 a> b - 85120 a b* -
53760b° +a (9a*-120a°b-12432a%b’ - 47936 a b’ - 44800 b*) Cos [2 (e +fx)] -
128 a’b” (15a+ 28 b) Cos[4 (e+-FxH +128 a%b? Cos [6 (e+fx>]))/

(a+2b+acCos|2 (e+fx)])2J (a+2b+aCos[2e+2fx1)3Sec[e+1=x]5_

1

3(a+2b+aCos[2e+2fx])>
16384 a7/2 f (a+bSec[e+-Fx]2)3

Sec[e+fx]®

L3<a3—8a2b+80ab2+320b3)
b5/2
Ar‘cTan[L((—\/?—i\/a+b \/(Cos[e1 —iSin[e])ZJSin[ﬂ Tan[f—x} +
75 2
c Va -+a+b 4/ (c i Si 2 qan[ X 1
os[e}( a -vVa+ (Cos[e] - isSinfe]) an[z]])}ers/z
3(a3—8a2b+80ab2+320b3)Ar‘cTan[%((—\/?+i\/a+b \/(Cos[e}—iSin[e])zj
b
Sinfe] Tan[ffx] +Cos[e] |[vVa +Va+b \/(Cos[e} —J‘lSin[e])z Tan[ffx] | -
2 2

8+/a (a®>+24a%b+80ab?+64b%) Cosle+fx]
512+/a Cos[e] Cos[fx] + +

b (a+2b+aCos[2 (e+'FXH>2

2+/a (3a®-24a’b-400ab?-576b%) Cos[e + fx]
+512+/a Sinfe] Sin[fx]

b2 (a+2b+aCOS[2 (eJr'FX)])

Problem 56: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinfe + f x] dx
(

a+bSec[e+1Cx]2)3
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Optimal (type 3, 116 leaves, 5steps):

ra Cosfe+fx
15\mAr‘cTan[ = } 15 Cos [e + f X]

8a’2f ga’f
Cos[e+fx]° 5Cos[e+fx]3

+

N
4af (b+aCose+fx]2)? 8a’f (b+aCos[e+fx]?)

Result (type 3, 656 leaves):
1

(a+2b+aCos|2 (e+Fx)”3Sec[e+Fx]6
4096 a’/2b°/2 f (aerSec[eMCx]z)3

15 (a® + 64 b?) Ar‘cTan[i((fﬁfj\/a+b \/<Cos[e] - 1iSin[e])? ) Sinfe] Tan[F—X] +

Vb 2
— ) f x
Cos[e] |vVa -vVa+b \/(Cos[e]—ﬂsln[ew Tan[—]||] +
2
1 ) — 3 . f x
15 (a®+ 64 b?) Ar‘cTan[F[(—ﬁ+1\/a+b \/(Cos[e] -isinfe]) )Sln[e] Tan|—] +
b 2
Cosfe] |vVa +Va+b \/(Cos[e]fjsin[e})2 Tan[F—X])]]+
2

1

Va

24a*~/b Cos[e+fx] -24a3b32Cos[e+fx] -

(a+2b+aCos|2 (e+fx”)2

144 2’ b>/? Cos[e + fx] +512b%? Cos[e + fx] - 72a>b*2 Cos[e + fx] Cos[2 (e+fX) ]| -
24a%+/b Cos[e +fx] (a+2b+aCos[2 (e+-Fx)]) +72a%b3%2Cosfe+fx]
(a+2b+acCos[2 (e+fx)])-1152b">Cos[e+fx] (a+2b+aCos[2 (e+fx)]) -

\/?—mTan[i (e+Fx)]
Vb

Va +va+b Tan[L (e+fx)]
Vb

512 b*/? Cos[e] Cos[fx] (a+2b+aCos|2 (e+-FxH)2+512b5/2

15 a%? ArcTan|

| (a+2b+acCos|2 (e+fx)])2—

15a>2 ArcTan|

| (a+2b+acCos|2 (e+fx)])2—

<a+2b+aCos[2 (e+Fx”>ZSin[e] Sin[fx] +6a*+/b Csc[e +fx] Sin[4 (e+-Fx)]

Problem 57: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscl[e +fx]
J dx
(

a+bSec[e+1‘x]2)3

Optimal (type 3, 154 leaves, 6 steps):
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2 2 y/a Cos[e+fx
Vb (152 +10ab +3b?) ArcTan | b ] ArcTanh[Cos[e + f x] ]

8a*2 (a+b)’f (a+b)*f

bCos[e+fx]3 b(7a+3b) Cos[e+fx]

4a(a+b)f(braCos[e+fx]2)? 8a%(a+b)’f (b+aCosle+fx]?

Result (type 3, 447 leaves):
1

(a+2b+acCos[2 (e+fx)])secle+fx]®
64 (a+b)’f (a+bSecle+fx]2)>

8 b2 (a+b)2 2b (a+b) (9a+5b) (a+2b+aCos[2 (e+-Fx)]) 1
322 N 22 +a5/2

(V2 -1 avb |[(cosle) ~ssinle])7 |

Vb (15a2+10ab + 3 b?) ArcTan[i
Vb

Va -/a+b \/<Cos[e] - iSin[e])? Tan{ffx})
2

. f x
Sinfe] Tan[—] + Cos[e]
2

]

(a+2b+aCos|2 (e+fx)”2$ec[e+fx]+ ! \/F<15a2+10ab+3b2)

35/2
Ar‘cTan[i (—\E+J‘1\/a+b \/<Cos[e] —JiSin[e])z ) Sin[e] Tan[z] +
/o 2
Cos[e] |/a ++/a+b \/(Cos[e] -isinfe])? Tan[f—x])]] (a+2b+aCos|2 (e“CXH)Z
2

Sec[e+fx] -8 (a+2b+aCos|2 (eJr-Fx)])zLog[Cos[l (e+fx)]]|secle+fx]+
2

8 (a+2b+aCos|2 (e+1:x)])2Log[Sin[l (e+fx)]]secle+fx]
2

Problem 58: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]3
J dx
(

a+bSec[e+-Fx]2)3

Optimal (type 3, 213 leaves, 7 steps):
Vb (15a2-10ab - b2) ArcTan [ ¥2Cosle=fx |

S
8a*2 (a+b)*f i
(a-5b) ArcTanh[Cos[e + f x] ] (2a-b) bCos[e+fx]
2 (a+b)*f _4a(a+b)2f(b+aCos[e+fx]2)2+
(4a®-9ab-b?) Cos[e+fx] Cos[e+fx] Cot[e+Ffx]?

8a (a+b)3f(b+aCos[e+fx]2) 2 (a+b) f (b+aCos[e+1‘x]2)2

Result (type 3, 532 leaves):
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1

(a+2b+aCos[2 (e+-FxH)
64 (a+b)*f (a+bSec[e+fx]2)>

Secie s £x15 8b2(a+b)2 2b(a+b) (9a+b) (a+2b+acCos[2 (e+Fx)]) 1
ecle+fx - -

a a a3/2
Vb (—15a2+10ab+b2)Ar‘cTan[%[(—\/?—i\/a+b \/(Cos[e] —JiSin[e])Z)
b
sinfe] Tan[f—x} +Cosfe] [va -a+b \/<Cos[e] -1iSin[e])? Tan[f—x}))]
2 2

(a+2b+acCos[2 (e+fx)])*sec[e+fx] BN (-15a%+10ab + b?)
a3/?

Ar‘cTan[i (7\/a +1i+va+b \/<Cos[e] - 1iSin[e])? ) Sinfe] Tan[f—x] +
/b 2
Cosle] |vVa +Va+b x/(Cos[e] - 1iSin[e])? Tan[f—x] | (a+2b+acCos|2 (e+fx)})2
2

Sec[e+fx] - (a+b) (a+2b+aCos[2 (eJr-FxH)zCsc[1 (e+fx)]25ec[e+fx] -
2

4 (a-5b) (a+2b+aCos|2 (e+fx”)2Log[Cos[§ (e+fx)]]sece+fx]+

4 (a-5b) (a+2b+aCos|2 (e+-FxH)2Log[Sin[§ (e+fx)]]sece+fx]+

(a+b) (a+2b+aCos|2 <e+1"x)])25ec[l (e+-FxHZSec[e+fx]
2

Problem 59: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]°>
J( dx

a+bSec[e+fx]2)3
Optimal (type 3, 257 leaves, 8 steps):

~/ 2 2 y/a Cosle+fx]
3Vb (5a*-10ab+b?) ArcTan| b ] 3 (a2-1@ab+5b?) ArcTanh[Cos [e + f x] ]
- +

8a (a+b)°f 8(arb)’f
(a2-9ab+2b?) Cos[e+fx] 3 (a?-6ab+b?) Cos[e+fx]
+

8 (a+b)3f (b+aCos[e+1‘:x12)2 8 (a+b)*f (b+acCosfe+fx]?)
(a—7b> Cot[e+fx] Cscle+fx] Cotle+fx]3Cscle+fx]

2 4 (a+b) f (b+aCos[e+fx]2)2

8 (a+b)?f (b+acCosfe+fx]?)

Result (type 3, 549 leaves):
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1

<a+2b+aCos[2 (e+Fx”)
1024 (a+b)°f (a+bSecle+fx]?)>

[é%x/? (5a®-10ab +b?) Ar‘cTan[%[(\/?im\/(Cos[e] 7JiSin[e])2)

Va -a+b \/<Cos[e] - iSin[e])? Tan[f—x}

2

f x
Sin[e] Tan| —] + Cos[e]
2

]

(a+2b+aCos|2 (e+fx”>2+ 1 48\5(5a2—10ab+b2)

Va
Ar‘cTan[i((fﬁ+j\/a+b \/<Cos[e] - 1iSin[e])? ) Sin[e] Tan[F—X] +
Vb 2
Cos[e] |[/a ++/a+b \/(Cos[e] - 1iSin[e])? Tan[f—x])]] (a+2b+acCos|2 (e“cXH)z_
2

2 (a+b) (36a®+112a’b+182ab*-140b° + (35a>+78a’b-93ab? +224b%) Cos[2 (e+fx) | +
2 (a®>-8a’b+53ab>-10b%) Cos[4 (e+fx)]-3a’Cos[6 (e+Ffx)]+
18a’bCos[6 (e+fx)|-3ab’Cos[6 (e+fx)]) Cot[e+fx] Cscle+Ffx]?-

48 (a®-10ab+5b?) (a+2b+aCos|2 (e+fx)])2Log[Cos[§ (e+fx)]]+

48 (a®-10ab+5b%) (a+2b+aCos|2 (e+1cx)])2Log[Sin[1 (e+fx)]]|secre+fx]®
2

Problem 60: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sin[e+fx]°®

(a+bSec[e+1‘x]2)3

dx

Optimal (type 3, 314 leaves, 9steps):
5 (a+2b) (a2+16ab+16b2) x 5/b Varb (a+4b] (3a+4b) ArcTan [P Tenietxl]

a+b

16 a® 8a%f
(33a%+11@ab+88b?) Cos[e+fx] Sin[e+fx]

+

48 a3 f (a+b+bTan[e+1‘:x}2>2

(9a+10b) Cos[e+fx]3Sin[e+fx] Cosf[e+fx]3Sinfe + fx]3

+ —

2422 f (a+b+bTan[e+fx]2)? 6af(arbrbTanfe+fx]?)?

5b(9a’+32ab+24b%) Tan[e+fx] 5b (5a*+20ab+16b?) Tan[e +fx]

48 a* f (a+b+bTan[e+-Fx}2)2 16a°f <a+b+bTan[e+-Fx]2)

Result (type 3, 2057 leaves):

(3a2+8ab+8b?) Ar‘c:Tan[L‘—Lb Tan[e+f x ]

5(a+2b+aCos[2e+21‘x])3Sec[e+1‘:x]6 a:b -
<a+b>5/2

(a\/F (3a>+16ab+16b*+3a (a+2b) Cos[2 (e+fx)]) Sin|2 (e+FxH)/
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((a+b)2 (a+2b+aCos|2 (e+Fx)])2) /(65536b5/2f (a+bSec[e+fX12)3) -

1

<a+2b+aCos[2e+2-Fx})3Sec[e+fx]6
2048 (a+bSec[e+1Cx]2)3

32 (7a®+54a*b+120ab?+80b°) x

a® i
1
S (-3a%+642a’b-22402a°b* - 53760 a° b* - 313600 a* b" - 802816 a° b° - 10321922 b° -
(a+b)

Cos[2e]

655360 ab’ - 163840 b®) | |ArcTan [Sec[fx]

2+v/a+b \/bCos[4e] -1bSin[4e]
1Sin[2e]

(-asin[fx] -2bsSin[fx] +
2+va+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])] Cos[2e] /(64a6b2\/a+b f+/bCos[4e] -1bSin[4e] | -

Cos[2e]

i ArcTan[Sec[f x]

2+/a+b \/bCos[4e] -1bSin[4e]
1Sin[2e]

(-asin[fx] -2bsSin[fx] +
2+va+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])]sin[2e] /(64a6b2\/a+b f/bCos[4e] -ibSin[4e] ) -

1

Sec[2e] (a’sin[2e] +74a°bSin[2e] +
16a°b (a+b) f (a+2b+aCos[2e+2fx])?
984 a° b2 Sin[2e] + 5264 a*b3Sin[2e] + 14080 a3 b*Sin[2e] +
19968 a2 b°>Sin[2e] +14336ab®Sin[2e] +4096 b’ Sin[2e] -a’ Sin[2 fx] -
72a%bsSin[2fx] -840a°b%Sin[2fx] - 3584 a*b3Sin[2 fx] -
6912 a®> b* Sin[2 f x] - 6144 a° b> Sin[2 f x] - 2048 ab®Sin[2fx]) -
1

Sec[2e]
64a°b? (a+b)*f (a+2b+aCos[2e+2fx])

(3a®sin[2e] -64a’bSin[2e] - 4480a°b*>Sin[2e] - 45696 a° b’ Sin[2e] -
196928 a* b*Sin[2e] - 438272 a>b>Sin[2e] - 528384 a2b®Sin[2e] -
327680 ab’ Sin[2e] -81920b%Sin[2e] -3 a®Sin[2fx] +66a’bSin[2fx] +
4056 a®b?Sin[2 fx] +33936a° b3Sin[2fx] +111360a* b*Sin[2fx] +
173568 @ b> Sin[2 f x] + 129024 a*b®Sin[2fx] + 36864 ab’ Sin[2fx] ) -

61Cos[2e+2fx] . 6Sin[2e+2 fXx]

a° f a’ f
61Cos[2e+2fx] 6Sin[2e+2fX] J

(7a®+32ab+32b?) (

+

(7a®+32ab+32b?)
a’f a’f

61Cos[4e+4fx] 6Sin[de+4fX]
<a+2b)(f -

a*f a* f
(a+2b)(

6iCos[4e+4fx] 6Sin[de+4fx]

at f atf
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4Sin[6e+6fX]
3a3f

(15 (a+2b+aCos[2e+2fx])>Secle+fx]®
(—((GazAr‘cTan[(Sec[-Fx] (Cos[2e] -isin[2e]) (- (a+2b) Sin[fx] +aSin[2e+-Fx]))/
[Zm\/b(Cos[e]—jSin[e])“)}
(Cos[Ze]—jSin[Ze]))/(m\/b(Cos[e]—jSin[e])4))+

(asec[2e] ((-9a*-16a’b+48a’b”>+128ab’+64b*) Sin[2fx] +a (-3a’+2a’b+24a
b>+16b%) Sin[2 (e+2fx) ] + (3a*-64a2b?-128ab’-64b*) Sin[de+2Ffx]) +
(9a®>+18a*b-64a>b>-256a° b’ - 320ab* - 128b°) Tan[2e]>/

(az <a+2b+aCOS[2 (e+-FxH>2)])/

(26214462 (a+b)* f (a+bSec[e+fx]2)’) +
1

65536 a* (a+bSec[e+1cx}2>3

3
(a+2b+aCos[2e+2fx])>
Sec[e+fx]®

(1536 <a+2b)x—
(3 (a*’tsa5 b+120a%*b%+1280 a3 b> + 3200 a% b* + 3072 a b® + 1024 b6)
ArcTan| (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(2\/a+b \/b(Cos[e]ijin[eH“)]

(Cos[2e] —iSin[Ze}))/ (bz (a+b)5/2fJb (Cosfe] -isinfe])* ) +

(4 (a*+32a’b+160a°b® + 256 ab’ + 128 b*) Sec[2e] ((a+2b) Sin[2e] —aSin[Z-Fx]))/

» 256asSin[2 (e+fx) |
(b(a+b)f(a+2b+aCos[2(e+-Fx)]))+ . +

(a(-3a°+26a*b+736a>b>+2624a%b> + 3200 ab* + 1280 b°) Sec[2e] Sin[2fx] +
(3a°-24a°b-920a"b® - 4864 a° b’ - 10112 a° b* - 9216 a b° - 3072 b®) Tan[2e]>/

(67 (a+b)*f (a+2bracos[2 (e fx)])]

Problem 61: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Sin[e + fx]*
(

a+bSecle+fx]?)
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Optimal (type 3, 238 leaves, 8steps):

3 (a2+12ab+16b2> X 3+/b (5a2+203b+16b2) ArcTan[w}

A/ a+b
8a’ 8a’+/a+b f
(Sa+8b) Cos[e+fx] Sin[e + fx] Cos[e+fx]3Sin[e+fx]

N
8a’f (a+b+bTan[e+fx]2)? 4af (a+b+bTan[e+fx]?)?
b (7a+12b) Tan[e + fx] 3b(a+2b) Tan[e + fx]

8a’f (a+b+bTane+fx]2)? 2a'f(arb+bTan[e+fx]?)

Result (type 3, 3109 leaves):

(3a2+8ab+8b?) Ar‘cTan[L‘—Lb Tanfe:fx] |

3(a+2b+aCos[2e+2'FX])3Sec[e+-Fx]6 Vab )

(a+b)®?

(a\/F (3a>+16ab+16b>+3a (a+2b) Cos|[2 (e+-FxH) Sin|2 (e+FxH)/

((a+b)2 (a+2b+aCos|2 (e+fx)])2) /(16384b5/2f <a+bSec[e+fx}2>3) +

3a(a+2b) Ar*cTan[L;Lb Tj‘”ﬁj*fx ]
a+

(a+2b+aCos[2e+2fx])>Sec[e+fx]® |-
(a+b)5/2

(\/F (3a®>+14a’b+24ab”>+16b%+a (3a2+4ab+4b2)Cos{2 (e+-FxH) Sin|2 (e+Fx)])/

((a+b)2(a+2b+aCos[2(e+fX)])z) /

1

(16384b5/2-F (a+bSec[e+fx12)3) -
512 (a+bSec[e+-Fx]2)3

3(a+2b+aCos[2e+2fx])’>Sec(e+fx]®

(3a°-10a*b+80a’ b +480a>b* + 640 ab* + 256 b*) | |ArcTan|Sec[f x]

((a+b)2

Cos[2e] 1Sin[2e]

2+/a+b \/bCos[4e] -1bSin[4e] 2+/a+b +/bCos[4e] -1ibSin[4de]

/

i ArcTan[Sec[f x]

(-asin[fx] -2bSin[fx] +aSin[2e+fx])] Cos[2e]

(64a3b2\/a+b f+/bCos[4e] -1bSin[4e] )7

Cos[2e] iSin[2e]

2+/a+b \/bCos[4e] -ibSin[4e] 2+a+b VbCos[4e]-1ibSin[4e]

/(64a3b2x/a+b f

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]
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1

VbCos[4e] -ibSin[4e] )

+

128a%b? (a+b)?f (a+2b+aCos[2e+2fx])?

Sec[2e] (768a*b*fxCos[2e] +3584a’b’>fxCos[2e] +6912a°b* fxCos[2e] +
6144 ab®> f xCos[2e] +2048b® fxCos[2e] +512a*b? fx Cos[2fx] +
2048 a® b3 f x Cos[2 f x] + 2560 a2 b* fx Cos[2fx] +1024 ab®> f xCos[2 fx] +
512 a*b?fxCos[4e+2Ffx] +2048a° b3 fxCos[d4e+2fx] +2560a%b*fxCos[de+2fx]+
1024 ab’ fxCos[de+2fx] +128a*b?fxCos[2e+4Ffx] +256a>b>fxCos[2e+4fx] +
128 a’b*fxCos[2e+4fx] +128a*b2fxCos[6e+4fx] +256a°b>fxCos[6e+4fx] +
128 a’b*fxCos[6e+4fx] -9a°Sin[2e] +12a°bSin[2e] +684a*b2Sin[2e] +
2880 a>b3Sin[2e] +5280a%b*Sin[2e] +4608 ab’ Sin[2e] + 1536 b® Sin[2e] +
9a%Sin[2fx] -14a°bSin[2fx] -608a*b2Sin[2fx] - 2112a3b3Sin[2fx] -
2560 a2 b*Sin[2fx] -1024ab®Sin[2fx] -3a%Sin[4e+2fx] +10a°bSin[4e+2fx] +
304a*b%Sin[4e+2fx] +1056a>b3Sin[4e+2Ffx] +1280a%b*Sin[4e+2fx] +
512ab°Sin[4e+2fx] +3a®Sin[2e+4fx] -12a°bSin[2e+4fx] -

204a*b®Sin[2e+4fx] -384a’b>Sin[2e+4fx] -192a’b*Sin[2e+4fx]) | +

1

(a+2b+aCos[2e+2fx])3
512 (a+bSecle+fx]?)>

Sec[e+fx]®
(12 <7a2+32ab+32b2) X

+

ad

- (a’-142°b +336a°b” + 5600 a* b* + 22400 a° b + 37632 2 b® + 28672 a b° + 8192 b
(a+b)

Cos[2e]

3 ArcTan [Sec [fXx]

2+va+b \/bCos[4e] -1bSin[4e]
1Sin[2e]

(-asin[fx] -2bsin[fx] +

2+va+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])] Cos[2e] /(64a5b2\/a+b f+/bCos[4e] -1bSin[4e] | -

. Cos[2e]
3 i ArcTan|Sec[fx] -

2+/a+b \/bCos[4e] -1bSin[4e]
1Sin[2e]

(-asin[fx] -2bsin[fx] +

2+va+b \/bCos[4e] -1bSin[4e]

aSin[2e+-Fx])]Sin[2e] +

/(64a5b2\/a+b f/bCos[4e] -ibsSin[de] )

(Sec[2e] (-a®Sin[2e] -52a°bSin[2e] -500a*b®>Sin[2e] - 1920 a> b’ Sin[2e] - 3520
a?b*Sin[2e] -3072ab’Sin[2e] -1024b°Sin[2e] +a%Sin[2fx] +50a° bSin[2fx] +
400 a* b2 Sin[2 fx] +1120a> b3 Sin[2 fx] + 1280 a2 b*Sin[2 fx] + 512 ab’ Sin[zfx1))/
(16a5b (a+b) f (a+2b+aCos[2e+2fx])2) +
1

64a°b? (a+b)*f (a+2b+aCos[2e+2fx])
Sec[2e] (-3a’Sin[2e] +42a%bsSin[2e] +2192a°b?Sin[2e] + 16480 a*b>Sin[2e] +
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51200 a3b*Sin[2e] + 77824 a’b>Sin[2e] +57344ab®Sin[2e] +16384 b’ Sin[2e] +
3a’Sin[2fx] -44a°bsSin[2fx] -1900 a°b%Sin[2 fx] - 10880 a* b3 Sin[2fx] -
23360 a°b* Sin[2fx] - 21504 a*b°>Sin[2fx] - 7168 ab®Sin[2fx] ) +

12iCos[2e+2fx] 12Sin[2e+2fX]
(a+2b) ( - )
atf atf
121 Cos[2e+2fx] 12Sin[2e+2fX]
(a+2b)( - .
atf a* f
2Sin[4e+4fx]
a’f

((a+2b+aCos[2e+2-Fx])3Sec[e+-Fx}6
(—((GazArcTan[(Sec[Fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(ZW\/b(Cos[e]—jSin[e])‘l)}
(cOs[ze]-lein[ze]))/(m\/b(ms[e]-1Sin[e])“)]+

(asec[2e] ((-9a*-16a’b+48a’b®>+128ab’+64b*) Sin[2fx] +a (-3a’+2a’b+24a
b>+16b%) Sin[2 (e+2fx) ] + (3a*-64a’b?-128ab’-64b*) Sin[de+2Fx]) +
(9a° +18a%b - 642> b - 256 a2 b* - 320 ab* - 128 b%) Tan[2e]) /

(az (a+2b+acCos|2 (e“cx>”2)])/

(8192b2 (a+b)*f (a+bSec[e+fx]2)3) +

1

16 384 a* (a+bSec[e+1‘:x]2)3

(a+2b+aCos[Ze+21Cx])3
Sec[e+fx]®

(—1536 (a+2b) X -
(3 (a6 -8a’b+120a*b%+1280a3b3+3200a%b*+3072ab’ + 1024 b6)

ArcTan| (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(2\/a+b \/b(Cos[e]—iSin[e])4)]

(Cos[2e] —jSin[ZeHJ/ (bz (a+b)5/2f\/b (Cosfe] -isSinfe])” ) +

(4 (a*+32a°b+160a°b® + 256 ab’ + 128 b*) Sec[2e] ((a+2b) Sin[2e] —aSin[fo}))/

» 256asSin[2 (e+fx) |
(b(a+b) f(a+2b+acCos[2(e+Fx)])?)+ ; v

(a(-3a°+26a%b+736a%b*+2624a°b> + 3200 ab* + 1280 b°) Sec[2e] Sin[2fx] +
(3a°-24a°b-920a%b® - 4864 a° b’ - 10112 a° b* - 9216 a b> - 3072 b°) Tan[Ze})/

[ 0017 (320 scon(a e )]

Problem 62: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Sinfe+fx]?2
J dx

(a+b5ec[e+1cx]2)3
Optimal (type 3, 184 leaves, 7 steps):

b T +f
(a+6b) x \/F(15a2+40ab+24b2)Ar‘cTan[L‘—L"";‘me L] Cos e+ fx] Sinfe + fx]

2a* 8a4<a+b)3/2f 2a-F(a+b+bTan[e+-Fx]2)2

3bTan[e + fx] b (11a+12b) Tan[e + fx]

432f (a+b+bTan[e+fx12)2 843 (a+b) f(a+b+bTan[e+fx]?)

Result (type 3, 25151eaves):
(3a2+8ab+8b?) Ar‘cTan[M]

a+b

5(a+2b+aCos[2e+2-Fx])3Sec[e+1‘:x]6 -
(a+b)>?

(a\/F (3a>+16ab+16b>+3a (a+2b) Cos|[2 (e+fx)” Sin|2 (e+FxH)/

((a+b)2 (a+2b+acCos|2 (e+fx)])2) /(8192b5/zf (a+bSec[e+fx}2)3) +

3a(a+2b) Ar*cTan[Lf—Lb Tj‘“ﬁ;*fx ]
a+

(a+2b+aCos(2e+2fx])>Sec[e+fx]® |-
(a+b)5/2

(\/F (3a®>+14a’b+24ab”>+16b%+a (3a2+4ab+4b2)Cos{2 (e+FxH) Sin|2 (e+Fx)])/

((a+b)2(a+2b+aCos[2(e+fX)])z) /

1

(2048b5/21c (a+bSec[e+fx]2)3) +
128 (a+bSec[e+fx]2)?

(a+2b+aCos[2e+2fx])>Sec[e+fx]®

24 (a+2b) x 1
- (a®-8a°b+120a*b? + 1280 a* b> + 3200 a® b* + 3072 a b> + 1024 b°)

a* (a+b)2

Cos[2e]

3 ArcTan [Sec[f X]

2+/a+b \/bCos[4e] -1bSin[4e]
iSin[2e]

(-asin[fx] -2bSin[fx] +

2+v/a+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])] Cos[2e] /(64a4b2\/a+b f\/bCos[4e}—ibSin[4e}) +

Cos[2e]

3 i ArcTan|[Sec[f X]

2+va+b \/bCos[4e] -1bSin[4e]
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iSin[2e]

(-asin[fx] -2bsSin[fx] +a

2+va+b \/bCos[4e] -1bSin[4e]

Sin[2e+fx])] sin[2e] /(64a4b2\/a+b f/bCos[4e] —ibSin[de] )

(Ssec[2e] (a®sin[2e] +34a*bSin[2e] +224a’b>Sin[2e] +576a° b’ Sin[2e] +
640 ab*Sin[2e] +256b°Sin[2e] -a°Sin[2fx] -32a*bsSin[2fx] -
160 a3 b2 Sin[2 fx] - 256 a® b> Sin[2 f x] —128ab4Sin[2-Fx}))/

(16a4b (a+b) f (a+2b+aCos[2e+2fx])2) -

(Sec[2e] (3a°Sin[2e] -24a°bSin[2e] -920a*b’>Sin[2e] -4864 a° b’ Sin[2e] -
10112 a’b*Sin[2e] -9216ab°Sin[2e] - 3072b%Sin[2e] -
3a%Sin[2fx] +26a°bSin[2fx] +736a*b?Sin[2fx] +
2624 a°b3Sin[2fx] +3200a%b*Sin[2 fx] +1280ab’ Sin[zfx1))/

4Sin[2e+2fx]

(64a4b2(a+b)2f<a+2b+aCos[2e+2fx}))— +
a’f

1

(a+2b+aCos[2e+2fx])>
2\3
32 (a+bsSecle+fx]?)

Sec[e+fx]®

(3a°-10a*b+80a’b®+ 480 a* b> + 640 a b* + 256 b°)

o

Cos[2e]
ArcTan[Sec [ X]

2+/a+b \/bCos[de] -1 bSin[4e]
iSin[2e]

(-asin[fx] -2bsSin[fx] +

2+va+b \VbCos[4e] -1bSin[4e]

asin[2e+fx])]| Cos[2e] /(64a3b2\/a+b f+/bCos[4e] -i1bSin[4e] | -

Cos[2e]

i ArcTan [Sec [f x]

2+va+b \/bCos[4e] -1 bSin[4e]
isin[2e]

(-asin[fx] -2bsin[fx] +

2+/a+b /bCos[4e] -1 bSin[4e]

asin[2e+fx])] Sin[2e] /(64a3b2\/a+b f/bCos[4e] —ibSin[de] )

1

Sec[2e] (768a%b®>fxCos[2e] +

128a%b? (a+b)*f (a+2b+aCos[2e+2fx])?
3584 ab>fxCos[2e] +6912a%b*fxCos[2e] +6144ab°>fxCos[2e] +
2048 b% fxCos[2e] +512a*b?>fxCos[2fx] +2048a°b> fxCos[2Ffx] +
2560 a2 b* f x Cos[2fx] +1024ab° fxCos[2fx] +512a*b>fxCos[de+2Ffx] +
2048 a® b3 fxCos[4e+2fx] +2560ab* fxCos[4e+2fx] +1024ab>fxCos[de+2Ffx] +
128 a*b>fxCos[2e+4fx] +256a°b>fxCos[2e+4fx] +128a’b*fxCos[2e+4fx] +
128 a*b>fxCos[6e+4fx] +256a°b>fxCos[6e+4fx] +128a’b*fxCos[6e+4fx] -
9aSin[2e] +12a°bSin[2e] +684a*b%>Sin[2e] + 2880 a°b3>Sin[2e] +
5280 a2 b*Sin[2e] +4608 ab>Sin[2e] +1536b®Sin[2e] +9a%Sin[2fx] -
14a°bSin[2fx] -608a*b2Sin[2fx] - 2112 a3b3Sin[2 fx] - 2560 a? b*Sin[2 f x] -
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1024 ab’Sin[2fx] -3a®Sin[4e+2fx] +10a°bSin[de+2fx] +
304 a*b?Sin[4e+2fx] +1056ab3>Sin[4e+2fx] +1280a2b*Sin[de+2fx] +
512ab’°Sin[4e+2fx] +3a®Sin[2e+4Ffx] -12a°bSin[2e+4fXx] -

204a*b’>Sin[2e+4fx] -384a*b>Sin[2e+4fx] -192a’b*Sin[2e+4fx])

((a+2b+aCos[2e+21‘:x])3Sec[e+1‘x}6

(—[(6a2ArcTan[(Sec[Fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
[2\/a+b \/b(Cos[e]ijin[e])“)}
(Cos[2e]—1Sin[2e]))/(\/a+b \/b(Cos[e]—iSin[e])4)J+

(asec[2e] ((-9a%*-16a’b+48a’b*+128ab®+64b%) Sin[2fx] +a (-3a’+2a’b+24a
b>+16b%) Sin[2 (e+2fx) ] + (3a*-64a’b?-128ab’-64b*) Sin[4e+2fx]) +
(9a° +18a%b - 642> b - 256 a2 b* - 320 ab* - 128 b%) Tan[2e]) /

(az (a+2b+aCos|2 (e+1‘x)”2)])/ (4096b2 (a+b)*f (a+bSec[e+fx}2>3)

Problem 63: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bSec[e+fx]?)?

Optimal (type 3, 144 leaves, 6 steps):
Vb (15a%+20ab +8b?) ArcTan | b Tanlefxl ]

- a+b

a’ 8 a3 (a+b)5/21:

bTan[e + f x] b (7a+4b) Tan[e + f x]
4a(a+b)f (a+b+bTan[e+1Cx]2)2 8a’? (a+b)*f (a+b+bTan[e+fx]?)

Result (type 3, 627 leaves):



46 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb

X (a+2b+aCos[2e+21‘x])3Sec[e+-Fx]6

+
8 a3 (aerSec[eercx]Z)3

((15a2+20ab+8b2) (a+2b+aCos[2e+2Fx])3Sec[e+fx]6 b ArcTan |

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b /bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(64a3\/a+b f+/bCos[4e] -1bSin[4e] )— ibArcTan|

Cos[2e] iSin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

]/ (<a+b)2 <a+bSec[e+.FX}2>3) .

((a+2b+aCos[2e+2-Fx])ZSec[eJr-Fx}6 (9a®bsin[2e] +28ab’Sin[2e] +

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

(64a3\/a+b f/bCos[4e] -1bSin[4e] )

16 b>Sin[2e] -9a2bSin[2 fx] —6abZSin[2fx]))/
(64a3 (a+b)2-F (aerSec[eJr-Fx]Z)3 (Cos[e] -sinfe])
(Coste] +Sin[e])) +
((a+2b+aCos[2e+2fx]) Sec[e+fx]® (-ab*Sin[2e] -2b’Sin[2e] +abZSin[2fx]))/
(16a3 (a+b) f (aerSec[eercx]z)3
(Cos[e] -Sin[e]) (Cos[e] +Sin[e]))

Problem 64: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]?
J dx
(a+bSec[e+1‘:x]2)3

Optimal (type 3, 124 leaves, 5steps):
15 \/FArcTan[M]

arb 15 Cot [e + f Xx]
- - +
8 (a+b)”/*f 8 (a+b)’f
Cot[e+ fXx] 5Cot[e+ fx]

+

4(a+b)f(a+b+bTan[e+fx]2)? 8 (a+b)’f (a+b+bTan[e+fx]?)

Result (type 3, 987 leaves):
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[(a+2b+aCos[2e+21‘:x]):"Sec[eﬂ‘:x]6 15 b ArcTan|

Cos[2e] iSinf[2e]

Sec[f x]

2+vVa+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx}H Cos[2e]

(64\/a+b f+/bCos[4e] -ibSin[4e] )— [151’1bAr‘cTan[

Cos[2e] iSin[2e]

Sec[f x]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]” Sin[2e]

/

512 a2 (a+b)3-F (a+b5ec[e+fx}2)3

(64\/a+b f/bCos[4e] -1bSin[4e] )

1

((a+b)3 (a+bSec[e+Fx]2)3) +

(a+2b+aCos[2e+2fx])
Csc|

e] Csc|

e+ fx] Sec]
2e] Sec[e+fx
(-32a*sin[fx] -64a*bSin[fx] +22a’b>Sin[fx] +88ab’Sin[fx] +

16 b*Sin[fx] +32a*Sin[3fx] +46a>bsSin[3fx] -54a2b2Sin[3fx] -

8ab3sin[3fx] -48a*Sin[2e-fx] -128a3bsSin[2e-fx] -

106 a2 b?Sin[2e-fx] +80ab3>Sin[2e-fx] +16b*Sin[2e-fx] +

48 a*sin[2e+fx] +146a*bSin[2e+fx] +182a%b2Sin[2e+fx] +

80ab>Sin[2e+fx] +16b*Sin[2e+fx] -32a*Sin[4e+fx] -

82a*bSin[4e+fx]-54a’b?Sin[4e+fx] -80ab3Sin[4e+fx] -

16b*Sin[4e+fx] -8a%*Sin[2e+3fx] +18a*>bSin[2e+3fx] +

54a?b?Sin[2e+3fx] +8ab3Sin[2e+3fx] +32a*Sin[4e+3Ffx] +

73a*bSin[4e+3fx] +24a%b%>Sin[4e+3fx] +8ab3>Sin[4e+3Ffx] -

8a*Sin[6e+3fx] -9a’bSin[6e+3fx] -24a%b?Sin[6e+3fx] -

8ab3*Sin[6e+3fx] +8a*Sin[2e+5fx] -9a’bsSin[2e+5fx] -2a’b?Sin[2e+5fx] +

9a’bsin[4e+5fx] +2a’b’Sin[4e+5Ffx] +8a*Sin[6e+5Fx])

}6

Problem 65: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

j Csc[e+fx]*
(

a+bSecle+fx]?)

Optimal (type 3, 164 leaves, 6 steps):
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5(3a-4b) \/FArcTan[M}

b (a-2b) Cot[e+fx] Cot[e+fx]3
8 (a+b)®?f (a+b)*f 3(a+b)’f
abTan[e + fx] (7a-4b) bTan[e+ fx]

4 (a+b)3-F (a+b+bTan[e+-Fx]2)2 8 (a+b)4-F (a+b+bTan[e+fx]?)

Result (type 3, 1234 leaves):
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[(3a—4b) (a+2b+aCos[2e+21‘x])3Sec[e+1‘:x]6 5bArcTan|

Cos[2e] iSinf[2e]

Sec[f x]

2+vVa+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx}H Cos[2e]

(64\/a+b f+/bCos[4e] -ibSin[4e] )— [Sijr‘cTan[

Cos[2e] iSin[2e]

Sec[f x]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]” Sin[2e]

/

6144a (a+b)*f (a+bSec(e+fx]2)>

(64\/a+b f/bCos[4e] -1bSin[4e] )

1

((a+b)4 (a+bSec[e+Fx]2)3) +

(a+2b+aCos[2e+2fx])

Csc|

e] Csc[e+fx]3Sec]

2e] Sec[e+fx]®

(-176 a* sin[fx] -488a*bSin[fx] - 252a*b*>Sin[fx] - 504 ab>Sin[fx] -
144 b* sin[fx] +96 a*Sin[3fx] +71a’bsSin[3fx] -
344 2% b2 Sin[3 fx] +1208 ab>Sin[3 fx] - 48b*Sin[3 fx] -
224 a*Sin[2e-fx] -576a*bsSin[2e-fx] -124a%b%?Sin[2e-fx] +
2184 ab3Sin[2e-fx] -144b*Sin[2e-fx] +224a*Sin[2e+fx] +
657a>bsSin[2e+fx] +538a2b?Sin[2e+fx] -984ab3Sin[2e+fx] -
144b*Sin[2e+fx] -176a*Sin[4e+fx] -569a*bSin[4e+fx] -
666 a>b%Sin[4e+fx] -1764ab3Sin[4e+fx] +144b*Sin[de + fx] -
48 a*Sin[2e+3fx] -111a*bsSin[2e+3fx] -360a%b?Sin[2e+3fx] -
312ab3Sin[2e+3fx] +48b*Sin[2e+3fx] +96a*Sin[4e+3fx] +
152a*bsSin[4e+3fx] -146a%b?Sin[4e+3fx] +728ab3>Sin[4e+3fx] +
48b*Sin[4e+3fx] -48a*Sin[6e+3fx] -192a*bSin[6e+3fx] -
558 a2 b’ Sin[6e+3fx] +168ab3>Sin[6e+3fx] -48b*Sin[6e+3fx] -
16 a*Sin[2e+5fx] +598a’b?Sin[2e+5fx] -48ab3>Sin[2e+5Ffx] -
72a*bSin[4e+5fx] -150a2b?Sin[4e+5fx] +48ab>Sin[d4e+5Ffx] -
16a*Sin[6e+5fx] -27a*bSin[6e+5fx] +388a%b?Sin[6e+5Ffx] -
45a°bSin[8e+5fx] +60a’b?Sin[8e+5fx] -16a*Sin[de+7Ffx] +
83a’bsSin[4e+7fx] -6a’b?Sin[4e+7fx] -27a’bsSin[6e+7fx] +
6a’b’Sin[6e+7fx] -16a*Sin[8e+7fx] +56a’bSin[8e+7 fx])
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Problem 66: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx]®
J dx
(a+bSec[e+Fx]2)3

Optimal (type 3, 242 leaves, 7 steps):
Vb (15a2-40ab + 8 b?) Aman[m}

a+b

(5a%-20ab+2b?) Cotle+fx]

8 (a+b)'?f 5(a+b)°f
(16a+b) Cot[e+fx]3 Cot[e+fx]®
15 (a+b)*f _5(a+b)f<a+b+bTan[e+Fx]2)2_
b (5a?+4b?) Tan[e + fx] b (35a®-40ab+24b%) Tan[e + fx]

20 (a+b)*f (a+b+bTan[e+fx]2)? 0 (a+b)°f (a+b+bTan[e+fx]?)

Result (type 3, 908 leaves):



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 51

((—4aCos[e] +11bCos[e]) (a+2b+aCos[2e+2fx})3Csc[e} Csc[e+fx}25ec[e+fx]6)/
(120 (a+b)4f (a+bSec[e+fx]2)3) -

(a+2b+aCos[2e+2fx])3Cot[e] Cscle+fx]*Sec[e+fx]®

+

40 (a+b)>f (a+bSecle+fx]?)>

((15a2—40ab+8b2) (a+2b+aCos[2e+2-|:x])3Sec[e+1‘:x]6 b ArcTan|

Cos[2e] 1Sin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])] Cos[2e]

(64\/a+b f+/bCos[4e] -ibSin[4e] )— J'ler‘cTan[

Cos[2e] iSin[2e]

Sec[f x]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e] -ibSin[4e]

/

/((a+b>5 (a+bSec[e+fX]2>3) .

(-asin[fx] -2bsSin[fx] +aSin[2e+-Fx]” Sin[2e]

(64\/a+b f/bCos[4e] -1bSin[4e] )

((a+2b+aCos[2e+2fx])3Csc[e] Csc[e+-Fx15Sec[e+Fx1GSin[-Fx])/
(46 (a+b)>f (a+bSec[e+fx}2)3) +
a+2b+aCos[2e+2fx])3Csc[e] Csc[e+fx]?3
(( )
Sec[e+fx]® (4asin[fx] —11bSin[Fx1))/
(120 (a+b)*f (a+bSec[e+fx]2)3) +
((a+2b+aCos[2e+2fx])3Csc[e] Csc[e+fx] Sec[e+fx]®
(8a2sin[fx] -59abSin[fx] +23b251n[fx1))/
(120 (a+b)>f (a+bSec[e+fx]2)3) +
a+2b+aCos[2e+2fx]) Sec[2e] Sec[e+fx]®
(( )
(-ab*sin[2e] -2b’Sin[2e] +abZSin[2fx]))/
(16 (a+b)*f (a+bsecle+fx]2)’) +
((a+2b+aCos[2e+2-Fx])ZSec[Ze] Sec[e+fx]®
(9a®bsin[2e] +16ab*Sin[2e] -8b>Sin[2e] -9a’bSin[2fx] +6ab251n[2fx]))/

(64 <a+b>5-F (a+bSec[e+-Fx}2)3)

Problem 67: Unable to integrate problem.

J\/a+b5ec[e+fx]2 Sinf[e +f x]°dx

Optimal (type 3, 139leaves, 6 steps):
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\/FAr'cTanh[—\Lf—]—b Secle+fx
arb Sec[e+f x]? Cos[e+fx] \/a+bSec[e+1Cx]2

f f
2 (5a+b) Cos[e+fx]? (a+bSec[e+1‘x]2)3/2

+

Cos[e+fx]° (a+bSecle+fx]?)*?

15a2f 5af

Result (type 8, 27 leaves):

J\/a+b5ec[e+fx]2 Sin[e +fx]°dx

Problem 68: Unable to integrate problem.

J\/a+b5ec[e+fx]2 Sin[e+fx]3dx

Optimal (type 3, 100 leaves, 5 steps):
WArcTanh[M]

a+bSecle+fx]?

.F

Cos[e + f x] \/a+bSec[e+-Fx]2 Cos[e+fx]? (a+bSecle+fx]2)*?

+

f 3af

Result (type 8, 27 leaves):

J\/aerSec[ewa]2 Sinfe + fx]3dx

Problem 69: Unable to integrate problem.

J\/aerSec[ewa]2 Sin[e + f x] dx

Optimal (type 3, 66 leaves, 4 steps):

/b Ar‘cTanh[—\Lf—‘—b Secle+fx
arb Sec[e+f x]? Cos[e+f x] \/a+bSec[e+1:x]2

f f

Result (type 8, 25leaves):

J\/a+b5ec[e+fx]2 Sinfe + f x] dx

Problem 71: Unable to integrate problem.

JCsc[eﬂcxP\/a+bSec[e+fx]2 dx

Optimal (type 3, 124 leaves, 7 steps):
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\/FAr‘cTanh[M] (a+2b) Ar‘cTanh[M}

a+bSecle+fx]? \/ a+b Sec[e+fx]?
f 2+/a+b f
Cot[e+fx] Cscle+fx] JaerSec[eJr-Fx]2
2f

Result (type 8, 27 leaves):

JCsc[e+-Fx]3\/a+bSec[e+-Fx]2 dx

Problem 72: Unable to integrate problem.

JCsc[eﬂcx]S\/a+bSec[e+-Fx]2 dx

Optimal (type 3, 183 leaves, 8steps):

N /b seclesfx] Jaib Secle:fx]
b Ar'cTanh[ b Secle+fx ] (3a2+12ab+8b2)Ar‘cTanh[ a+b Sec[e+fx }
a+bSecle+fx]? \/m

f 8 (a+b)>?*f

(3a+4b) Cot[e+fx] Csc[e+fx] \/a+bSec[e+1Cx]2
8 (a+b) f

Cot[e +f x] Csc[e+fx]3\/a+b5ec[e+fx]2
4 f

Result (type 8, 27 leaves):

stc[eﬂcx]s\/a+bSec[e+-Fx]2 dx

Problem 73: Unable to integrate problem.

j\/aerSec[eﬂ‘:x]2 Sin[e + f x]®dx

Optimal (type 3, 240 leaves, 9steps):
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+ +
(5.‘33715a2b75ab27b3)Ar‘cTan[—*L[—‘—a fenfefxl 1 /b Ar‘cTanh[JL;]—b e
a+b+b Tan[e+f x]? \/ a+b+b Tan[e+f x]?

+ —

16a%2 f f

(a-b) (5a+b) Cos[e+fx]Sinfe+fx] \/a+b+bTan[e+1‘:x]2

16 a2 f

(5a-b) Cos[e+fx] Sin[e+-Fx]3\/aererTan[eJr-Fx}2

24af

Cos[e +fx] Sin[e+-Fx}5\/a+b+bTan[e+-Fx}2
6f

Result (type 8, 27 leaves):

j\/a+b5ec[e+1‘:x]2 Sin[e +fx]®dx

Problem 74: Unable to integrate problem.

J\/a+b5ec[e+1‘:x]2 Sin[e +fx]*dx

Optimal (type 3, 181 leaves, 8steps):

(3a2—6ab—b2)ArcTan[M] \/FArcTanh[M]
a+b+b Tan[e+f x]? \/m

+ —

8a3/2f f

(3a-b) Cos[e+fx]Sin[e+fx] \/a+b+bTan[e+1‘:x12
8af

Cos[e+fx] Sin[e+-Fx}3\/a+b+bTan[e+1‘:x}2
af

Result (type 8, 27 leaves):

J\/a+b5ec[e+1‘:x]2 Sin[e + fx]*dx

Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+b5ec[e+1‘:x]2 Sin[e +fx]?dx

Optimal (type 3, 123 leaves, 7 steps):
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(a-b) Ar‘cTan[m] \/FAr‘cTanh[—\@M—]

\/ a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
i _
2+a f f
Cos[e+fx] Sin[e + fx] Ja+b+bTan[e+-Fx}2
2f

Result (type 3, 432leaves):

1
4+/2 f-/a+2b+acCos

e—j (e+f x) \/4b+a e—ZJ‘l (e+f x) (1+e2j1 (e+~Fx))2
[2e+2fXx]

222 F0 12afx-2bfx-

Cos[e+fx] |1 <71+e21(e+fx)) +

i (afb) Log[a+2b+ae“(e+”’ +\E\/4be2i(e+fx) +a (1+e2j‘(e+fx))2 } +

i (a—b) Log[a+a621(e+fx) +2beZi(e+fX) +\/?\/4b(€2i(e+fx) +a (1+62]‘L(e+fx)>2 ] _

/

4~/a Vb Log|

<2b(1+e2j(e+~Fx))>]J]/

{\/?J4be“(e“cx) +a <1+e“(e*fx)>2 ]] \/a+bSec[e+-FX]2

_W (_1+e2ﬁ(e+fx)) +]-l\/4bezjl(e+fx)+a <1+e2j1(e+'Fx))2 f

Problem 76: Unable to integrate problem.

J\/a+b5ec[e+fx]2 dx

Optimal (type 3, 79 leaves, 6 steps):
\/?Ar‘cTan[M‘M—] \/FAchanh[_\@LfXI_]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]2

f f

Result (type 8, 18 leaves):
J\/a+b5ec[e+1‘:x]2 dx

Problem 77: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsc[eJA:x}Z\/a+bSec[e+1‘:x]2 dx
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Optimal (type 3, 68 leaves, 4 steps):

\/FAr'cTanh[JM Ton e-fx
a+b+b Tan [e+f x] 2 Cot[e + fx] \/a+b+bTan[e+fx]2

f f

Result (type 3, 285leaves):

(1+e“ (ean)) \/4b+ae21 (e+f x) <1+e“ (e+fx)>2

j\/4be2i(e+fx)+a(1+e2j1(e+fx))2 +\/F(71+e2j1(e+fx)>

Log[1+e

]

-4+/b (-1+e2t (e F+4j\/4be2ﬂ(e*f") va (1+e2tefx)2 f

/

fifar2b+acos[2 (e+fx)] ]]

21 (e+fx)

Ja+bsecle+fx? V2 (-1+e2tefo) \/4be“(e*fx) va (1+e?i(efx)?

Problem 78: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsc[e+fx14\/a+b5ec[e+fx]2 dx

Optimal (type 3, 105leaves, 5 steps):
\/FAr'cTanh[M[e*—fX]—}

a+b+b Tan[e+f x]2

.F

Cot[e + f X] \/a+b+bTan[e+1Cx]2 Cot[e+fx]3 (a+b+bTan[e+fx]2)*?
f 3(a+b) f

Result (type 3, 309 leaves):
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V2 el (e \/4b+ae-“<e+“> (1+e?®(®F)2 Cos[e+fx]

7((]-1 (Za (174621(e+fx) +e4j(e+~Fx)) +b (3710e2j1(e+~Fx) +3e4]'l(e+‘FX))>)/

Ny (_1%21 (e+fx>) f+4jj4belm (e+fx) , 5 (1+eu (eﬂcx))z £

21 (e+fx) }

3/b Log|

l+e

\/4b62j1(e+fx) +a (1+621(e+fx))2

((a +b) (-1+e? (e+'Fx))3)

\/aerSec[eJr-Fx]2 /(3-Fx/a+2b+aCos[2e+2-Fx] )

Problem 79: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsc[eﬂcx}G\/a+bSec[e+fx]2 dx

Optimal (type 3, 149leaves, 6 steps):
\/FArcTanh[—\@fe*—“]—

a+bib Tan[e+f x]2 Cot[e +f x] \/a+b+bTan[e+1Cx}2
¢ _ £ _
2 (5a+4b) Cot[e+fx]? (a+b+bTan[e+1‘x]2)3/2 Cot[e+fx]° <a+b+bTan[e+-Fx]2)3/2
15 (a+b)*f i 5(a+b) f

Result (type 3, 422 leaves):
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1

A2 et (erfx) \/4b+ae”(e*‘cx) (1+(e2j‘(e“cx))2 Cos[e + fx]

15f+a+2b+aCos[2e+2fx]
—((]l <8a2 (1_662j(e+fx) +16‘e4i(e+fx) _6661'1(6+‘FX) +e8]i(e+‘FX)> +b2 (15_8062j(e+‘Fx) +

178 e41‘1 (e+f x) _ 80 eai (e+f x) +15 eSJ‘l (e+~Fx)) +ab (257136 ezi (e+f x) "
318 et (e+FX) _ 135 @61 (e+FX) | 95 81 (e+fx)>)>/((a+b)2 (_1+ezi (e+fx)>5>) B

-4+/b (—1+e2"‘ fef”>) frdi JAbe“ (e+fx) 44 (1+e“ (e+fX))z f

15/b Log|

1121 (e+fx)

\/4be2j(e+fx) +a <1+@2j (e+‘FX))2

\/a+bSec[e+-Fx]2

Problem 80: Unable to integrate problem.

J(a+bSec[e+~Fx]2)3/zsin[e+fx]5dlx

Optimal (type 3, 196 leaves, 7 steps):
(3a-4b) /b ArcTanh [—\@M—}

a+bSecle+fx]?

2f

(3a-4b) bsecfe+fx] \/a+bSec[e+fx}2 (3a-4b) Cos[e +fx] (a+bSec[e+fx]2)3/2
- +

2af 3af

2Cos[e+fx]3 (a+bSec[e+fx]2)”? Cos[e+fx]® (a+bSecle+fx]2)>?

3af 5af

Result (type 8, 27 leaves):

J(a+bSec[e+~Fx]2)3/zsin[e+fx]5dlx

Problem 81: Unable to integrate problem.

J(a+bSec[e+fx]2)3/zsin[e+fo3dlx

Optimal (type 3, 162 leaves, 6 steps):
(3a-2b) VFAr‘cTanh[—\Lf—‘—b sec.e fx

a+b Sec [e+f x]2 (3a72b) b Sec[e+ fx] \/a+bSec[e+fx}2
N _
2f 2af
(3a-2b) Cos[e+fx] (a+bSec[e+fx]2)*? Cos[e+fx]® (a+bSecle+Ffx]2)>?
+

3af 3af
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Result (type 8, 27 leaves):

J(a+bSec[e+Fx]2)3/zsin[e+1‘x]3dlx

Problem 82: Unable to integrate problem.

J(a+bSec[e+~Fx]2)3/ZSin[e+-Fx] dx

Optimal (type 3, 100leaves, 5steps):

_/b secle+fx]
3a+/b ArcTanh| b Sec[e+fx ]
\/ a+b Sec[e+fx]?

2f

+

3bSecle + fx] \/a+bSec[e+1cx}2 Cos[e+fx] (a+bSecle+fx]2)>?
2f £

Result (type 8, 25leaves):

j(a+bSec[e+-Fx]2)3/ZSin[e+fx] dx

Problem 83: Unable to integrate problem.

JCsc[eﬂcx} (a+bSec[e+fx}2)3/2d1x

Optimal (type 3, 122leaves, 7 steps):
Vb (3a+2b) Ar‘cTanh[M}

a+b Sec[e+fx]?

2f

(a N b>3/2 Ar‘cTanh[ /a+b Secle+fx
a+b Sec[e+f x]? b Sec[e + f x] \/aerSec[eercx]2
+

f 2f

Result (type 8, 25leaves):

JCSC[E-%—'FX} (a+bSec[e+fx}2)3/2dlx

Problem 84: Unable to integrate problem.

stc[e+fx}3 (a+bsecle+fx]?)*?dx

Optimal (type 3, 161 leaves, 8steps):
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Vb (3a+4b) Ar‘cTanh[M} Ja+b (a+4b) ArcTanh| Jarb_Sec[e+f x] ]

a+bSecle+fx]? a+b Sec[e+fx]?
- +

2f 2f

bSec[e +f x] \/aerSec[eH‘:x}2 Cot[e+fx] Cscle+fx] (a+bSecle+fx]2)>?

f 2 f

Result (type 8, 27 leaves):

jCSC[e+'FX}3 (a+bsecle+fx]?)>?dx

Problem 85: Unable to integrate problem.

JCsc[emcx}5 (a+bSec[e+Fx]2)3/2d1x

Optimal (type 3, 218 leaves, 9steps):
3/b (a+2b) Ar‘cTanh[—\L;]—b seclerfxl ]

a+bSecle+fx]?

2f

3 (a2+8ab+8b?) Ar‘cTanh[—\Lg—EHb secle-fx
arb Sec[e+f x]2 3 (a+4b) Sec[e + f x] \/a+bSec[e+fx]2
N

8Va+b f 8 f

3 (a+2b) Cscle+fx]2Sec[e+fx] \/a+bSec[e+1‘:x]2
8 f
Cot[e+fx] Cscle+fx]? (a+bSecle+fx]2)*?
4 f

Result (type 8, 27 leaves):

JCSC[E-%—'FX}S (a+bSec[e+fx]2)3/2d1x

Problem 86: Unable to integrate problem.

j(a+bSec[e+fx]2)3/zsin[e+fx]6dlx

Optimal (type 3, 298 leaves, 10 steps):
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(5a®>-45a%b+15ab?+b?) Ar‘cTan[JLf—]—a fanfefxl 1 (33-5b) \/FAr'cTanh[—*Lf—]—b e

\/ a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
+ _
16 a3/2 2f
(5a2—26ab+b2)Tan[eJr-Fx]\/a+b+bTan[e+1Cx}2 1
4
16af 48 a f

(5a®-46ab+3b?) Sin[e+fx]*Tan[e+fx] \/a+b+bTan[e+1‘:x]2 +

(5a—3b) Sin[e+fx]%Tan[e + f x] \/a+b+bTan[e+-Fx]2

24 f
Cos[e+fx]Sin[e+fx]® (a+b+bTan[e+fx]?)

6f

3/2

Result (type 8, 27 leaves):

J(a+bSec[e+fx]2)3/ZSin[e+fx]6d1x

Problem 87: Unable to integrate problem.

J(a+bSec[e+-Fx]2)3/ZSin[e+Fx]4d1x

Optimal (type 3, 217 leaves, 9 steps):
3 (a®2-6ab+b?) ArcTan[m]

a+b+b Tan[e+f x]2

8+/a f
3 (a—b) \mArcTanh[M
arb+b Tan [e+f x]2 3 (a—Bb) Tan[e + f x] \/a+b+bTan[e+1Cx]2
- +
2f 8 f

3 (a-b)sin[e+fx]?Tan[e +fx] \/a+b+bTan[e+1:x}2
8 f
Cos[e+fx] Sin[e+fx]? (a+b+bTan[e+fx]?)

4f

3/2

Result (type 8, 27 leaves):

J(a+bSec[e+-Fx]2)3/2Sin[e+1°x]4d1x

Problem 88: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(a+bSec[e+fx]2)3/zsin[e+fx]2d1x

Optimal (type 3, 161 leaves, 8steps):



62 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb

Va (a-3b) Ar‘cTan[m] (3a-b) \/FAr‘cTanh[—\@M—]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?

2f 2f

bTane+fx]\/a+b+bTan[e+fx]2 Cos[e+fx]Sin[e+fx] (a+b+bTanle+fx]2)>>
£ 2f

Result (type 3, 493 leaves):

1
2\/7F(a+2b+aCos

e 1 (exfx) \/4b+a(82i (e+f x) (1+62j (e+‘Fx))2
[2e+2Fx])3?

i <71+e2ﬁ(e+fx)) (74bezi(e+fx) +a (1+ezi(e+fx))2)

Cos[e+fx]3 +

(1 +eZJ'L (e+f x) >2

2 ez 1 (e+fx)

2+/a (a-3b) fx-i+a (a-3b)

Log[a+2b+ae?l (&0 +\/?J4be“<e*“) +a (1+ezj(e*fx)>2 |+iva (a-3b)

Log[a+a(82j1(e+fx) +2be2li(erfx) /g \/4bezi(e+fx) +a <1+e21'1(e+'Fx))2 ] +

2\/?(—3a+b) Log| f

/

\/F (_1+62i<E+1‘X)) _i\/4bezj<e+fx) +a <1+ezj(e+fx))2

(b(-3a+b) (1+e21<e+fx>))]]]/

\/4bezj(e*’cx) +a <1+e“(e*’cx)>2 ]] (a+bSec[e+fx]2)3/2

Problem 89: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+b$ec[e+1°x]2)3/2dlx

Optimal (type 3, 118leaves, 7 steps):
a3/2 ArcTan [ M}

a+b+bTan[e+f x]?

.F

Vb (3a+b) Ar‘cTanh[JL‘—]—b Tan[e+fx
a+beb Tan[e+f x] bTan[e + f x] \/a+b+bTan[e+1Cx]2
.

2f 2f

Result (type 3, 527 leaves):
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1

\/?ei (e+f x) \/4b+aezi(e+fx) (1+e21(e+fx)>2
f(a+2b+aCos[2e+2fx])>?

jb(71+e2i(e*fx)> 1
Cos[e+fx]3 |- +

(1+<e“<e“°x))2 \/4bezjl(e+fx)+a (1+62j1(e+1'-x)>2

{2a3/2fx—ia3/2 Log[a+2b+ae“(e”cx) +vVa \/4beu(e*fx) +a (1+ezj(e*‘cx))2 ] +

ia3’2 Log[a+ae21(e+fx) L 2be2l(erfx) (/g \/4be21(e+fx) +a (1+‘821(e+fx)>2 } _

/

3a+/b Log[|-2Vb (-1+e?! e*”)f+21\/4be“<9+”>+a(1+<e“<e+”>)2f

(b(3a+b) (1+e2t&F))] -

b3/2Log[ \/—( 1+eie”cx))'f:+21'1\/4bzeu<e*fx>+a(1+eZi(e*fX>>2f

/

(b (3a+b) (1+e2j(e*‘c">)”] (a+bsecle+fx]?)>?

Problem 90: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

stc[e+fx}2 (a+bsecle+fx]?)>?dx

Optimal (type 3, 105leaves, 5steps):
34/b (a+b) Ar‘cTanh[—\L[—]—b Tan[e:fx ]

a+b+b Tan[e+f x]2

2f

3bTanfe + fx] \/a+b+bTan[e+1=x]2 Cot[e+fx] (a+b+bTan[e+fx]2)*?
2 ¢ f

Result (type 3, 310leaves):

| 63
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,/2 e]‘l (e+f x) \/4b+ae—21(e+fx) <1+e2j1(e+~Fx))2

; 1 (Za (1+e21<e+fx>>2+b (3+zezj(e+fx) +3e4j1(e+1cx)))
Cos[e+fx]° |- <_1+en(e+fx)) (1+e21(e+”))2 _

~4/b (-1+e2t ) £y

/

/(f (a+2b+aCos[2e+2fx}>3/2)

{BW (a+b) Log[1

4 ez i (e+fXx)

4i\/4be21(e+fx) +a (1+<e“(e*fx)>2 f

]

\/4be2j(e+1"x) +a <1+e2jl(e+fx))2 ]]

(a+bSec[e+1‘:x}2>3/2

Problem 91: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsc[eﬂcx}“ (a+bSec[e+fx]2)3/2d1x

Optimal (type 3, 172leaves, 6 steps):

Vb (3a+5b) Ar‘cTanh[m
JarbibTan e fx]2 b <3a + Sb) Tan[e + f x] \/a +b+bTan[e +fx]?2

+

2f 2 (a+b) f

(3a+5b) Cot[e+fx] (a+b+bTan[e+fx]2)*? Cotle+fx]> (a+b+bTan[e+fx]2)?
3(a+b)f 3(a+b)f

Result (type 3, 369 leaves):
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[2 el (e+fXx) \/4b+ae21(e+fx) <1+62j(e+fx))2

Cos[e+fx]3 {—((J'L (4a (1+e2j(e”cx))2 (1—4ezi<e*fx) +ce4j‘(e”cx)) +
b (15—20 @21 (e+FX) _ 9o ghi(esfX) _9g o6 (e+fx) | 15 81 (e+fx)>))/

((~1+e2t @ f0)3 (1428 @f0)2)) - 134/b (3a+5b) Log]

1+ eZJ'L (e+f x)

/

]

-4+/b (—1+e2j‘(e+fx)) 'F+4Ji\/4b<e21(e+fx) +a (1+e21(e+fx)>2 f

\/4be21(e+fx) +a (1+e2j‘(e+fx>)2 ]J (a+bSec[e+fx]2)3/2]/

(B'F (a+2b+aCos[2e+2-Fx}>3/2)

Problem 92: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

stc[e+Fx}6 (a+bsecle+fx]?)>?dx

Optimal (type 3, 209 leaves, 7 steps):

/b (3a+7b) ArcTanh[—\@M—}
Jarbib Tan erfx)? b (3a+7b) Tan[e + f x] \/a+b+bTan[e+1‘:x]2
. _

2f 2(a+b)f

(3a+7b) Cot[e+fx] (a+b+bTan[e+fx]2)>?
3 (a+b) f

2Cot[e+fx]3 (a+b+bTan[e+-Fx]2)5/2 Cot[e+fx]° (a+b+bTan[e+-Fx]2)5/2

3(a+b)f 5(a+b)f

Result (type 3, 512leaves):



66 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb

1 2 ej (e+f x)

15'F(a+2b+aCos[2 (e+-FxH)3/2

1
(a+b) <_1+ezj'1 (e+1cx))5 (1+e” (e+fx)>2
i (16 a? (1+e?i(ef)2 (1 ge2l (@Fx) L qpetl (eFX) _gebl(erfx) o8l (erf)) |

bz (195 _ 359 (esz (e+f x) +231 e4jL (e+f x) + 412 661'1 (e+f x) 1231 eSJi (e+fx) _ 359 elaj (e+f x) +
105 €' (¢FX)) L ab (115-402e*' (7 1317 %1 (#FX) , 708 81 (erFX)

\/4b+a<e”<e*“> (1+e“(e*”))2 Cos[e+fx]3

317 €81 (e+FX) _ g9 el0i (e+fx) | 115 121 <e+fx))) - [15\/F (3a+7b)

Log|

~44b (-1+e2i(ef0) f+4j\/4be21(e*fx) va (1+e?t (e f0)2 f
l+e

]

/

21 (e+fx)

J4be“<e*“> +a (1+e“(e*“))2 ]] (aerSec[eJrFX]2)3/2

Problem 96: Unable to integrate problem.

Cscle+fXx]

dx

\/a+bSec[e+1‘:x]2

Optimal (type 3, 43 leaves, 3 steps):

arb secrerfx]
Ar‘cTanh[ a+b Secle+fx ]
\/ a+b Sec[e+f x]?

Vva+b f
Result (type 8, 25leaves):

Cscle + f x]

dx

\/a+bSec[e+Fx]2

Problem 97: Unable to integrate problem.

Cscle+fx]3

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 87 leaves, 5steps):

aAr‘cTanh[ \/a+b Secle+fx
a+bsece+fx]? Cot[e+fx] Cscle+fx] \/a+ bSec[e+fx]?

2 (a+b)>*f 2 (a+b)f

Result (type 8, 27 leaves):
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Cscle+fx]3

dx

\/a+bSec[e+1‘:x]2

Problem 98: Unable to integrate problem.

Cscle+fx]®

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 138 leaves, 6 steps):

362 Ar‘cTanh[ a+b Secle+fx
arbSec(efx)? (5a+2b) Cot[e+fx] Cscle+fx] \/a+bSec[e+-Fx]2

8 (a+b)*?f 8 (a+b)*f

Cot[e+fx]3Csc[e+fx] \/a+bSec[e+1‘:x]2
4 (a+b) f

Result (type 8, 27 leaves):

Cscle+fx]>

dx

\/a+bSec[e+1‘:x]2

Problem 99: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]®

dx

\/a+bSec[e+1‘:x]2

Optimal (type 3, 193 leaves, 7 steps):
5 (a+b)’ArcTan| —a Tanje+fx1

a+b+b Tan[e+f x]?2 1

16a’/2 f 48 a3 f

(33a*>+40ab+15b%) Cos[e+fx] Sin[e + fx] \/a+b+bTan[e+1cx]2 +

(9a+5b) Cos[e+fx]3Sinfe+fx] \/a+b+bTan[e+1°x]2
24 a%f

+

Cos[e+fx]3sin[e+Fx]3\/a+b+bTan[e+1‘x]2
6af

Result (type 3, 2258 leaves):

5ArcTan | —2asinfefxd 1 /3. 9b+aCos[2e+2fx] Secle+fx]
\/a+2 b+aCos[2 (e+fXx)]

64\/7\/?-F\/a+b5ec[e+fx]2
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1 e—j (13 e+5f x) J4b+ae—2j(e+~Fx) (1+e21(e+1’-x)>2
2

1536\/?a7/2f\/a+b5ec[e+fx]

(1+el4ie) J'l'\/;<*60b2e4jfx (—e121e+e2HX>+

Ja+r2b+aCos[2e+2fx]

10 a beZifx (—eleje—6e4i’cx+6e” (6 e+f x) +e21‘1 (e+3 fx) +

a2 (2(881'16711 (e61'l‘f:x+11 e4]'L (3 e+fx) *5@21 (5 e+fx) +5(e2]1 (e+4 fx) *2@2]1 (2e+5fx))> _

6 (a®>+12a°b+30ab’+20b%) e® ¥ |-ilogle?'®|a+2b+ae?’ (=T 4

Va \/4be21<e*fx>+a(1+e21(e*fx>)2 ]+e14“ 2-FX+1'LLog[<e‘2jle a+

ani(e+-Fx> +2beZJ‘L(e+-Fx) +,/a \/4be2i(e+fx) +a (1+621(e+fx)>2 ] /

J4bezj(e+Fx)+a<1+e211(e+fx)>2 +(71+e14ie> 71\5

<60b2 e4i‘FX <e12je+e2ilfx> _1eabe2jfx (eleje_6e4ifx_6e21(Ge+fx) +@2]l (e+3~Fx)) 4
a2 (2681'Le+11 e6]’1fx+11 <e41‘L (3 e+fx) _5‘821'1 (5 e+fx) _5(821'1 (e+4 fx) +2@2j (2e+5fx))> N

6 (a®>+12a’b+30ab?+20b%) e®** |iLlogle?i® |a+2brae’! (¢ FX

\/?\/4be21<e“cx>+a(1+e21(e*‘cx>)2 ]+e1”e 2'I:X+J'1Log{<e’2]'le a+

ae2i(efx) | o p e2i (erfx) /a \/4bezﬂ(e+1:x) +a (1+eu<e+fx>>2 ] /

\/4be“<e*”>+a(1+e“<e*”))2 Sec[e+fx] +

1

128\Ea3/2\/4be“<e*fx> va (1+e2i(efo)? -F\/a+bSec[e+Fx}2
9
1

e—]’l (e+f x)

\/4b+a62i(e+fx) <1+62j (e+fx)>2

va+2b+aCos[2e+2fx]

\E\/4bezue+fx) +a (1+e2j1(e+fx)>2 N

/a 21 (e+fx) \/4bezi(e+fx) +a (1+ezi(e+fx))2
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2iae?t (e £y
4ibe?t (&FX £x -

(a+2b) 21 (e+fx) Log[e—zie a+2b+ael(efx) /a \/4b62ﬁ(e+fx) +a <1+ezi(e+fx)>2 }_'_

<a +2b) eZJi (e+f x)

Log[e—Zje a+ae2]’1(e+fx) +2be21‘1(e+fx) +,/a J4b621(e+fx) +a (1+e21(e+fx)>2 ]

1

Sec[e+fx] +

256 /2 a5/2\/4b<e”(e“cx> +a (1+e“(e*fx>)2 f\/a+bSec[e+fx}2

5

(e—3 1 (e+fx)

J4b+ae21 (e+f x) (1+(€2i (e+fx)>2

va+2b+aCos[2e+2fx]

{ia3/2\/4ben<e+fx) +a <1+ezi(e+fx)>2 _

3]-la3/2 (esz (e+f x) \/4beZi (e+f x) +a (1+6211 (e+-Fx)>2 _

6i+a be2l(erfx) \/4b62j(e+fx) +a <1+ezﬁ(e+fx))2 N

34 g3/2 41 (exfx) \/4be21 (e+fx) | g (1+e“ (e+fx)>2 n

6]'1‘/3 be41‘1(e+fx) \/4be2j(e+1‘x) +a <1+e2j1(e+fx))2 _

i a3/2 eGJ‘L (e+f x) \/4be21 (e+f x) +a (1+(EZJ'1 (e+fx)>2 +4a2 (241'1 (e+f x) fx+

24abe®’ (T fxi24p? et T £x 21 (a®+6ab+6b’) e (TN

Log[ne’“le a+2b+ae?iefx /3 \/4be21(e*“>+a(1+e“<e*“))2 ]+

2i (a®+6ab+6b%) e** (=F¥) Log|

efzje a+ani(e+fx)+2be2jL(e+fx)+ /a \/4bez]i(e+fx)+a (1+ezi(e+fx)>2 ] Sec[e+'FX]

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Sin[e + fx]*

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 135leaves, 6 steps):

3 (a+b)2ArcTan[M
arbib Tan e f x]2 (5a+3b) Cos[e+fx]Sin[e+fx] \/a+b+ bTan[e + f x]?2

- +

8a%2f 8af

Cos[e+fx]3Sin[e+fx] \/a+b+bTan[e+1:x}2
4af

Result (type 3, 1286 leaves):
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ArcTan| —2asinlesfxl 1 ./3,2b+aCos[2e+2fx] Sec[e+fx]
Ja+2 b+aCos[2 (e+fXx)]

82 Va fi/a+bsece+fx]?

1

32\/7a3/2\/4b<e“(e”cx> +a <1+<e”(e“cx))2 -F\/a+bSec[e+-Fx]2

3ie’t <e+fX>J4b+ae“<e+fX> (1+«e”<e+‘”>)2 vJa+2b+aCos[2e+2fx]

_ /a \/4be21(e+fx)+a (1+eu(e+fx)>2 N /a ezi(e+fx)J4bezi(e+fx)+a (1+e2j1(e+fx))2

2iae?t@FO fx_4ibe?t #FO fx- (a+2b) et (¢ FY Log|

e—Zje a+2b+ani(e+fx) +,/a Jll_beZi(erFx) ta (1+e2j1(e+fx))2 ]Jr (a+2b) eZJi(e+'Fx)

Log[e—Zje a+ani(e+fx) +2beZi(e+fx) +,/a J4b621(e+fx) +a (1+621(e+fx)>2 ]

1

Sec[e+fx] +

642 a2 [abe?t (X 1 a (14621 F0)2 £ [a1bsecle fx]2

e3i<e*fX)J4b+ae“<e*fX> (1+<e“<e*“>)2 va+2b+aCos[2e+2fx]

ia3/2\/4beu(e+fx) +a <1+ezi(e+fx)>2 _ 3 a3/2 21 (e+fx) \/4bezﬁ(e+fx) +a <1+ezi(e+fx)>2 _

61’1‘/a be2j(e++x) J4bez]i(e+fx) +a <1+ez]'1(e+fx))2 +3]-la3/2e41'1(e+1:x)

J‘lbeu(e#x) +a <1+(e2i(e+fx)>2 +61 /a b g4t (e+fx) J4be21(e+fx) +a (1+e21(e+fx))2

i a3/2 <e61‘L (e+f x) \/4be21 (e+f x) +a (1+e21'1 (e+fx)>2 +4a2 (e4jl (e+f x) fx+

24abe®’ (T fxi2ap? et T £x-21 (a®+6ab+6b’) et (4T

LOg[te’Zjle a+2b+ae?iefx /3 \/4be21(e*‘cx)+a(1+e2j(e*’cx))2 ]+

2i (a®+6ab+6b%) e* (¢F¥) Log|

e2ie g ge2l(erfx) L ope2i(erfx) | (/g \/4b<e2]i<e“cx)+a(1+eZi(eﬂcx)>2 } Sec[e + f x]
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Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]?

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 85leaves, 5steps):

(a + b) Ar‘cTan[L;w Tan[e+f x
a+b+b Tan[e+f x]? Cos[e+fx]Sin[e +fx] \/a+b+bTan[e+ij2

2a%2f 2af

Result (type 3, 558 leaves):

ArcTan| —2asinlefxd | ./3,2b+aCos[2e+2fx] Sec[e+fx]
\/a+2 b+aCos[2 (e+fXx)]

4~/2 \/a f-Ja+bsec[e x>

1

8\/7a3/2\/4be“(e+fx) +a (1+ze“(e+fx>)2 1‘\/a+bSec[e+1=x12

Jlei(e*‘cx)\/4b+ae2“e“cx) (1+e“(e*“>)2 Ja+2b+aCos[2e+2fx]

[_ /a \/4be21(e+fx)+a (1+ezjl(e+fx))2 i /a 21 (e+fx) \/4be21(e+fx)+a (1+e2j1(e+fx))2 _

2iae2i(ex) £y gipe2t(e+fX) £y (a+2b) 21 (exfx) Log[e—zie

[a+2b+acezjl (e+fx) +\/;\/4be21(e“cx> +a (1+e”<e”€x))2 J] + <a+2b) @2t (exfx) Log[

]

e 2te [a+a921<e+fx) +2be2t(erfx) (/g \/4b<e”<e*fx) +a (1+<ezjk<e*’cx))2 Sec[e + fx]

Problem 102: Unable to integrate problem.

J a+bse( e+'F>(2
dx

Optimal (type 3, 39leaves, 3 steps):
Ar‘cTan{ v/ a Tan[e+fx ]

a+b+b Tan[e+f x]?

Va f
Result (type 8, 18 leaves):



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 73

1
J dx
\/a+bSec[e+1Cx]2

Problem 109: Unable to integrate problem.

Cscle + fX]
J dx
(a+bsSecle+fx]2)>?

Optimal (type 3, 80leaves, 4 steps):
Ar‘cTanh[ \/a+b Secle+fx ]

a+bSec[e+fx]? b Sec[e + f x]

(a+b)?2f a(a+b)f\/a+b5ec[e+1‘x]2

Result (type 8, 25leaves):
Cscle + fx]
J dx
(

a+bSecle+fx]2)*?

Problem 110: Unable to integrate problem.

dx

J Cscle+fx]3
(a+bsSec[e+fx]2)*?

Optimal (type 3, 126 leaves, 6 steps):

N a+ +
(a-2b) Ar‘cTanh[ atb Secle+fx
\/ a+b Sec[e+f x]?

2 (a+b)>*f

Cot[e + fx] Csc[e + fX] 3bSec[e +fXx]

2 (a+b>f\/a+b5ec[e+fx}2 2 <a+b>2-F\/a+bSec[e+1=x]2

Result (type 8, 27 leaves):

Cscle+fx]3
J dx
(

a+bSecle+fx]2)*?

Problem 111: Unable to integrate problem.

Cscle+fx]°>
J dx
(

a+bSecle+fx]?)*?

Optimal (type 3, 177 leaves, 7 steps):
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3a(a-4b) Ar‘cTanh[iLm s fx
a+b Sec[e+f x]2 5acCot[e+fx] Csc[e+fX]

8 (a+b)”/*f _

8 (a+b)2-F\/a+bSec[e+Fx}2

Cotle+fx]3Cscle+fx] (13a-2b) bsec[e+fx]

4 (a+b)f\/a+b5ec[e+fx}2 8 (a+b)3f\/a+b5ec[e+fx]2

Result (type 8, 27 leaves):

Cscle+fx]?
J dx
(a+bsSecle+fx]2)>?

Problem 112: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3/2

J Sin[e+fx]°®
(

a+bSec[e+fx]2)

Optimal (type 3, 242 leaves, 8steps):
5 (a+b)2 (a+7b) ArcTan[m_]

a+b+b Tan[e+f x]2

16292 f
(a+b) (33a+35b) Cos[e+fx] Sin[e+fx] (9a+7b)Cos[e+fx]3>Sin[e+fx]
+ +
48a31c\/a+b+bTan[e+1‘:x}2 24a21‘:\/a+b+bTan[e+1Cx]2

Cos[e+fx]3Sinfe +fx]3 b (81a?+190ab +105b?) Tan[e + f X]

6a-FJa+b+bTan[e+Fx}2 48a4-F\/a+b+bTan[e+-Fx]2

Result (type 3, 3051 leaves):

331 (erfx) \/4b+ae21(e*“> (1+e2%(©F0)2 (a.2b+aCos[2e+2Ffx])>?

[]-l a7/2 . 1235%2p_517 37221 (e+FX) _ 154 35/2 p 21 (e+FX) _ 19 1 g3/2 h2 21 (e+FX) _

13 i a7/2 e4fL (e+fx) _ 104 i a5/2 b @41 (e+fx) _ 210 i a3/2 b2 e4i (e+fx) _ 120 1 ./a b3 e4]'1 (e+f x) +

13 i a7/2 eGiL (e+f x) +104 1 aS/Z b eG]'L (e+f x) +210 1 a3/2 b2 eG]'L (e+f x) +120 1 /a b3 e6]'1 (e+f x) +
51 a7/2 e81‘1 (e+f x) +151 a5/2 b eSJi (e+f x) +10 i a3/2 b2 eSJ‘l (e+fx) _ i a7/2 elej (e+fx) _

jaS/Zbelaj (e+f x) +24a3 e4]‘1 (e+f x) \/4be21 (e+f x) +a (1+e211 (e+fx)>2 X+

144a2be41'1(e+'FX) \/4b62]'1(e+‘FX) +a <1+62]i(e++'x)>2 £x+
240ab2e4j(e*”)J

4be2j (e+F x) +a <1+e21'1(e+*Fx)>2 £x+
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120 b3 41t (exfx) \/4b(ezfl(e+fx) +3 <1+ezi(e+fx)>2 fx_

121 (a®+6a’b+10ab® +5b3) et (& FX \/4be2i(e*”> +a (1+e“<e+”>)2

LOg{e’“'3 a+2b+ae?t et /3 \/4be2“e”¢x)+a(1+eu<e+fx)>2 }+

12 i (a3+6a2b+10ab2+5b3> e4]i(e+fX) \/4b621(e+fx) +a (1+92j(e+1‘:x))2

Log[e—Zjle a+ae2]i(e+'Fx) +2be21‘1(e+fx) +\/?J4be2j(e+wcx) +a <1+ezj(e+fx)>2 }

Sec[e+'Fx}3 / (512\/?37/2 <a+b> (4b‘82j1(e+fx) +a (1+e21'1(8+1:x))2)

f (a+bSec[e+fx]2)3/2) +

ie >t (erfx) J4b+aen(e+fx) (1+ezj(e+fx))2 (<'=\+2b+aCOS[2e+2‘FX])3/2

23%2_9a7/2 7 3%2 @21 (e+FX) | 27 7/2 p 21 (e+FX) | 14 35/2 p2 24 (e+FX) _

27 39/2 @41 (e+FX) _ 157 37/2 p 41 (e+TX) _ 280 35/2 p2 41 (e+FX) _ 149 33/2 p3 41 (e+Fx) _
63 3%/2 ¢61 (e+FX) _ 799 37/2 p b1 (e+FX) _ 2839 35/2 p2 61 (e+FX) _ 3780 33/2 p3 61 (e+Fx) _
1680 \/; b4 eGJL (e+f x) +63 a9/2 (e81'1 (e+f x) +790 a7/2 b e8]’1 (e+f x) + 2830 aS/Z b2 e81 (e+f x) +
3780 a3/2 b3 eSj (e+f x) + 1680 \/; b4 (e8i1 (e+f x) +27 a9/2 (elei (e+f x) +

167 37/2 b el@i (e+FfX) | 289 35/2 h2 101 (e+FX) , 149 33/2 p3 101 (e+FX) _
7 39/2 @121 (e+FX) _ 91 g7/2 p o121 (e+FfX) _ 14 35/2 p2 @121 (e+FX) | 5 39/2 (141 (e+fx)

2a7/2bel41'1 (e+f x) —129]134 eSJ'L(e+'FX) \/4b(821(e+fx) +a (1+ezj(e+{x))2 fx-

1200 i a3 b bt (e+fX) \/4be21(e+fx) +a <1+621'L(e+fx)>2 £x-

3600 1 a? b2 b1 (e fX) J4be2j (e+fx) | g <1+e2ﬂ<e+fx>>2 fx_

4200 1 a b3 b1t (e+fx) \/4bezﬂ(e+fx) +3 <1+e21<e+fx)>2 fx-

16891'lb4e61'1(e+fx) \/4b®21(e+fx> +a (1+621(e+fx)>2 fx-—

60 (a4+10a3b+36a2 b2+353b3+14b4) e6]’1(e+fx) \/4b621'1(e+'Fx) +a <1+ezjl (e+‘Fx))2

Log[e?'® la+2b+ae?’ (¢F¥ 1 +/a \/4b<e“<e“cx)+a<1+ezi<e+fx>>2 |+
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60 (a*+10a’b+30a>b*+35ab’ + 14 b*) e8* (7 \/4be“<e+“> va (1+e?lilefn)?

Log[eijle [a+ae2i1(e+fx) +2be21‘1(e+fx) . /a \/4be2j1(e+fx) +a <1+e2]i(e+~Fx)>2 ]}J

Secle+fx]? /(1536\/7a9/2 (a+b) [4be?t (7 1 a (142t (eF))2)

f (a+bSec[e+fx]2)3/2) -

{ei(e*“) \/4b+a<e”<e*‘cx) (1+<e“<e*fx>)2 (a+2b+aCos[2e+21‘:x])3/2

[—31’1a3/2\/4b<e“”e*”)+a <1+ezi(e+fx)>2 _4i /a b\/4be”<e*‘cx) +a <1+ezﬁ(e+fx))2 N

3]-la3/2@2j(e+ncx) J4bez]i(e+fx) +a <1+ezj(e+<Fx))2 +

41i+/a be?t(e+fx) \/4b<eZi<e“cX> +a (1+e21(e*fx))2 +4a’fx+4abfx+

8aZe2l (e FX) £y 24abe?t (e FX) £y 16 b2 2t (+FX) Fyx ;42 et i (+FX) £y

4abett =0 £x 23 (arb) (abe?t (T g (142t (F)2)

Log[e’“le a+2b+ae?i et /3 \/4b<e“(e*fx) +a (1+e2“e*fx))2 ]] +

2i (a+b) (4beu<e+fx> ta (1+ezﬁ<e+fx>)z)

Log[e’“e a+acedl(@fx)  ope2i(erfx) /a J4be21(e+fx) +a <1+e2i(e+'Fx)>2 ]}]

Sec(e+fx]? /(64x5a3/2 (a+b) (abe2i (et 4a (1, e2i(erfn)2)?2

f (a+bSec[e+fx]2)3/2> +

3 (a+2b+aCos[2e+2Fx])3/25ec[e+fx}2Tan[e+-Fx]

256 (a+b) f\/a+2b+aCos[2 (e+fx)] (a+bsecfe+fx]2)>?

Problem 113: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

3/2

J Sin[e + fx]*
(a+bsSec[e+fx]?)

Optimal (type 3, 175leaves, 7 steps):
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3(a+b) (a+5b) Ar‘cTan[m

atbib Tane+f x]2 5 (a+b) Cos[e+fx] Sin[e+fx]
- +
7/2
galitf 8a2-F\/a+b+bTan[e+-Fx]2
Cos[e+fx]3Sin[e+fx] b (13a+15b) Tan[e + f x]

4a1:Ja+b+bTan[e+-Fx]2 8a3-F\/a+b+bTan[e+-Fx]2

Result (type 3, 2543 leaves):

i et (erfx) \/4b+ae'21(e+fx) (1+e21(e+fx)>2 (a+2b+aCOS[2e+2-FX]>3/2

_2a5/2_2a3/2b_7a5/2 eZi(e+'Fx) _3@a3/2be21(e+fx) _24 /a b2 ezﬁ(e+fx) 4

7 a5/2 e41’1 (e+f x) +30 a3/2 b (941'1 (e+f x) 4 24‘/3 b2 e41’1 (e+f x) +2 a5/2 (961'1 (e+f x) 4

233/2be6j1(e+~Fx) 7121'162 er(e+~Fx) \/4be2j1(e+~Fx) +a <1+e21'1(e+-Fx)>2 fx-

36j_ab(921(e+fx)\/4b621(e+fx)+a(1+ezi(e+fx))2 Fx-

24 i b% 2t (e FX) \/4be21<e+“> va (1re2t(efo)? £y

6 (a2+3ab+2b2) (eZJi(e+'FX) \/4be21(e+fx) +a (1+e21(e+fx)>2

Log[e‘zjle a+2b+ae?iefx /3 \/4b<e“(e*fx)+a(1+eu<e+fx>>2 }+

6(a2+3ab+2b2 ezi(e+fx)\/4bezi(e+fx)+a(1+ezi(e+fx)>2

Log{e—zie a+ael(efx)  ope2i(erfx) | /a \/4b62j(e+-Fx) +a <1+ezﬁ(e+Fx)>2 }

Sec[e+fx]3 /(128\/7a5/2 (a+b) (4be“(e*fx) +a (1+e“(e*‘cx))2)

f (a+bSec[e+fx]2)3/2> +

e 31 (exfx) \/4b+ae21(e+fx) <1+62j(e+fx))2 (a+2b+aCos[2e+2'FX])3/2

1a7/241a%2bh_51a7/2e2i (e fX) _ {53 35/2p 21 (e+FX) _ 19 g3/2 p2 @21 (e+FX) _

13 i a7/2 e4i (e+fx) _ 104 i a5/2 b (8411 (e+fx) _ 210 i a3/2 b2 e4i (e+fx) _ 1201 +/a b3 e4]i (e+f x) +

13 i a7/2 e61'L (e+f x) +104 1 a5/2 b eG]'L (e+f x) +210 1 a3/2 b2 eG]'L (e+f x) +120 1 /a b3 (56]'1 (e+f x) +
51 a7/2 e81‘1 (e+f x) +151 a5/2 b eSi (e+f x) +10 i a3/2 b2 eSJ‘l (e+fx) _ i a7/2 elej (e+fx) _

| 77
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]'laS/ZbeleJi (e+f x) +24 aS e4iL (e+f x) \/4be21 (e+f x) +a (1+<EZi (e+fx)>2 Fxs

144 3% b 41 (e+fx) J4be2j(e+fx) +a <1+e21i(e+'Fx)>2 Fx+

240 a b2 41 (e+fx) \/4b62j(e+fx) +a <1+62]1(e+fx)>2 Fx+

120 b3 g4t (e+fx) \/4be2j(e+'Fx) +a <1+e2]i(e+fx)>2 fx_

121 (a3+6a2b+10ab2+5b3) et (erfx) \/4b921(e+f><) +a (1+ezj‘1<e+fx))2

Log[e’“e a+2b+ani<e+fX>+\/?\/4b62i(e+fx)+a<1+e21<e*fx>>2 }+

121 (a®+6a’b+18ab>+5b) e*! (70 \/4be21(e“‘x> +a (1+eu<e++x>)2

Log[e’zjle a+aezj(e*fx)+2b(92il(e+fx)+\/a_\/4b621'1(e+fx)+a<1+ezj(e+fx)>2 }

Sec[e+fx]? /(128\/7517/2 (a+b) (4beu(e+fx> ‘2 (1+62j1(e+1°x))2)

f (a+bSec[e+fx]2)3/2) -

3e1<e+fx) \/4b+ae21(e+fx) <1+621(e+fx)>2 <a+2b+aCOS[2e+2-Fx]>3/2

3ja3/2\/4be2j(e+'Fx)+a <1+e2ﬂ(e+fx)>2 4]1\/?bJ4be2j(e”:X) +a <1+e2j(e+fx))2 .

BjaB/Zezj(ewFX) \/4b62j(e+fx) +a <1+ezj(e+{x)>2 +

41i+a be?t (¢fx \/4beZi<e+fX)+a (1+e21(e+fx>>2 +4a’fx+dabfx+

8a2e2i (e fx) £y 2aabe2i (e FX) £y 16b2 2l (e FX) £y, 432 ett (e+FX) £y,
Aabett (@ FX) £y _ 2 (a+b) (4bezﬂ(e+1:x) +a (1+e21(e+fx)>2)

Log{e—Zie a+2b+aelliesfx) L (/g \/4b62ﬂ(e+fx) +a (1+621<e+fx>>2 }+

24 <a+b> (4beu(e+fx> +a (1+€21'1(e+-Fx))2)

Logle?*® |a+ae® (*F0 4 2pe?t (¢F0 4 +/a \/4be“(e*‘cx)+a<1+e2j(eﬂcx)>2 ]

Sec[e + fx]3 /(128V7a3/2 (a+b) (4bezi(e+fx> ‘a (1+ezj(eﬂcx))2)3/z
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f (a+bSec[e+fx]2)3/2> +

3(a+2b+acCos[2e+2fx])*?Sec[e+fx]2Tan[e+fx]

128 <a+b)fx/a+2b+aCos[2 (e+fx)] (a+bsecfe+fx])2)>?

Problem 114: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3/2

J Sin[e +fx]?
(a+bsec[e+fx]?)

Optimal (type 3, 121 leaves, 6 steps):
(a+3b) ArcTan| —/a Tanle+fx]

a+b+b Tan [e+f x]2 Cos[e+fx] Sin[e + fX] 3bTan[e + fx]

2252 f . .

2a'F\/a+b+bTan[e+-Fx]2 2a2-I:\/a+b+bTan[e+-Fx]2

Result (type 3, 1522 leaves):

iet(erfx) \/4b+ae21(e+fx) (1+e“<e*“)>2 (a+2b+aCos[2e+2fxl)3/2

[—2a5/2—2a3/2b—7a5/2 @21 (erfx) _ 39 33/2p 21 (e+fx) _ 94 /3 p2 g2 (e+FX) |

7 a5/2 (EAJ'l (e+f x) + 30 a3/2 b eAJ'l (e+f x) +24 /a bZ e4i (e+f x) +2 a5/2 esj (e+f x) 4

2332p bl (e+fX) 19 4 g2 21 (e+fx) \/4be2j(e+‘Fx) +a <1+e21'1(e+'Fx)>2 fx-—

361 abe2t (erfx) \/4be21(e+fx) +a (1+e21(e+fx))2 fx-—

24jlb2e21<e+fX>\/4be21(e+fx>+a (1+e2j1(e+fx)>2 fx-

6 (32+3ab+2b2> ezﬂ(e+‘FX) \/4be21(e+fx) +a (1+e21(e+fx)>2

LOg[efzje a+2b+aetef0 /g \/4be“<e*‘cx) +a (1+<eu(e+fx)>2 ]] +

6 (a2+3ab+2b2) o2t (erfx) \/4beu<e+fx) +a (1+ezi(e+fx>>2

Log[e—ZJie [a+a621(e+fx) +2beZi(e+'Fx) + /a \/4be2j1(e+'Fx) +a <1+e2]i(e+~Fx)>2 ]}]

Sec[e + fx]3

/(32\Ea5/2 (a+b) (4bezj(e“cx) +a <1+<e2]l(e“cx)>2)

f (a+bSec[e+fx]2)3/2) -
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el (e+fx) \/4b+ae“<e*‘cx) (1+<e”<e“cx>)2 <a+2b+aCOS[2e+2'FX])3/2

[—31’1a3/2\/4be“(e*‘cx)+a <1+ezi(e+fx)>2 _4i /a b\/4be“<e*‘cx) +a (1+ez]i(e+fx))2 N

3ja3/2e2j1(e+~Fx) \/4be2j1(e+~Fx) +a <1+e2j1(e+~Fx))2 .

41i-+/a beu(e*fx)\/4be“<e*fx>+a (1+<e“(e“cx))2 +4a’fx+4abfx+

8aZe2l (e+FX) £y  24abe?t (e FX) £y 16 b2 2t (&+FX) £y ;42 et i (+FX) £y
dabett(efX) £y 24 (a+b) (4be2i<e*fx) +a (1+e“<e+fx>>2)

Log[ce’zjle a+2brae?tefx) /3 \/4b<e2i(e“cx) +a (1+<e”<e*fx>>2 ]} +

21 (a+b> (4bezji(e+fx) +a (1+ezil(e+{x))2)

Log{e—zie a+age2l(efx)  ope2i(erfx) | /a \/4bezﬁ(e+fx) +a <1+(ezi(e+fx)>2 J}]

Sec[e+fx]3 /(32\Ea3/2 (a+b) (4be“(e*fx) +a (1+<ezi<e+f><)>2)3/2

f (a+bSec[e+fx]2)3/2> +

(a+2b+aCos[2e+2fx])>*sec[e+Ffx]2Tan[e +fx]

16 (a+b) F\/a+2b+aCos[2 (e+fx)] (a+bsecle+fx]2)>?

Problem 115: Unable to integrate problem.

1
J dx
(a+bSecle+fx]2)>?

Optimal (type 3, 77 leaves, 4 steps):
Ar‘cTan[ \/a Tan[e+fx ]

a+b+b Tan[e+f x]2 bTan[e + f X]

a3/2.F

a(a+b) 1‘:\/a+b+bTan[e+Fx}2

Result (type 8, 18leaves):

1
J dx
(a+bSec[e+-Fx]2>3/2
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Problem 122: Unable to integrate problem.

J Cscle + fx] dx
(

a+bSecle+fx]2)>?

Optimal (type 3, 127 leaves, 6 steps):

ArcTanh \/a+b Secle+fx
{ a+b Sec[e+f x]2 ] b Sec[e + f Xx] b (5a+2b) Sec[e + fx]

(a+b)5/2-F 7 3a (a+b) f (a+bSec[e+Fx]2)3/2 3 a2 (a+b)zf\/a+b5ec[e+fx}2

Result (type 8, 25leaves):
Cscle + fx]
J dx
(

a+bSecle+fx]2)*?

Problem 123: Unable to integrate problem.

dx
5/2

J Cscle+fx]3
<

a+bSecle+fx]?)

Optimal (type 3, 171 leaves, 7 steps):
(a-4b) ArcTanh [ arh seclesfx]

A/ a+bSec[e+f x]? Cot[e+fx] Cscle+fx]
2 (a+b)”/?f 2 (a+b) f (a+bSecle+fx]2)*?
5bSec[e+fx] (13a-2b) bSec[e + fx]

6 (a+b>2f (a+bSec[e+fx}2>3/2 6a (a+b)3f\/a+bSec[e+-Fx]2

Result (type 8, 27 leaves):
J Cscle+fx]3
(

a+bSecle+fx]?)

dx
5/2

Problem 124: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J Cscle+fx]?>
(

a+bsecle+fx]?)*?

Optimal (type 3, 234 leaves, 8steps):
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(3a2-24ab+8b?) Ar‘cTanh[iL‘—]—a+b seclerfxl |

a+b Sec[e+fx]?

8 (a+b)?*f
(5a-2b) Cot[e+fx] Cscle+fx] Cot[e+fx]3Cscle+fx]

8 (a+b)2-F (aerSec[eercx]z)B/2 4 (a+b) f (a+bSec[e+-Fx}2)3/2
(23a-12b) bSec[e+fx] 5(11a-1eb) bSec[e + fx]

24 (a+b)3f (a+bSec[e+fx]2)3/2 24 (a+b)4f\/a+b5ec[e+fx]2

Result (type 6, 1709 leaves):
(a+b) Cscle+fx]?

| Cotle+fx]*Cscle+fx]3

/

5 5 7 )
7aAppe11F1[f, -2, —, —, Cscle+fx]%,
2 2 2

a

(Zeﬁf (a+bSec[e+1‘:x]2)5/2 (a+b—aSin[e+1‘:x}2)5/Z

7 7 9 (a+b) Cscle+fx]?
5(a+b) AppellFl[—, -2, —, =, Csc[e+fx]?, ] -
2 2 2 a
7 5 9 (a+b) Cscle+fx]?
4aAppellFl|—, -1, =, =, Cscle+fx]?, |+
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
7 aAppellF1[ =, -2, =, —, Csc[e+fx]?, | sinfe+fx]?
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
- 7a2AppellF1[f, -2, =, —, Cscle+fx]?, }
2 2 2 a

Cos[e+fx]*Cot[e+fx] 4~/2 (a+b-asinfe+fx]?)7"?

/

7 7
[5 (a+b) AppellFl[;, 2,

a+b) Cscle+fx]?
, Csc[e+fx]?, ( ) -
a

R

7 5 9 (a+b) Cscle+fx]?
4aAppellFl|—, -1, =, =, Cscle+fx]?, |+
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
7aAppellFl[ =, -2, =, —, Csc[e+fx]?, | sinfe+fx)? +
2 2 2 a
5 5 7 (a+b) Cscle+fx]2
7aAppellFl[~, -2, =, —, Csc[e+fx]?, | coste+fx)?
2 2 2 a

Cot[e + fx]

/(16\/7 (a+b—aSin[e+fx12)5/2

7 7 9 (a+b) Cscle+fx]?
5 (a+b) AppellF1[—, -2, —, —, Csc[e+fx]?, | -

2 2 2 a

7 5 9 (a+b) Cscle+fx]2

4apAppellFl|—, -1, =, =, Csc[e+fx]?, |+
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
7afAppellFi[ =, -2, =, —, Csc[e+fx]?, | sinfe+fx]2|| +
2 2 2 a
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(a+b) Cscle+fx]?

, Cscle+fx]2, | cote+fx)3

/

5 5
7 aAppellFi[ =, -2, =,
2 2

N[N

a

102 (a+b-asSinfe+fx]?)>?

7 7 9 (a+b) Cscle+fx]?
5 (a+b) AppellF1[—, -2, —, —, Csc[e+fx]?, |-
2 2 2 a
7 5 9 (a+b) Cscle+fx]?
4aAppellFl|—, -1, =, =, Cscle+fx]?, |+
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
7 aAppellF1[ =, -2, =, —, Csc[e+fx]?, | sinfe+fx)?|| -
2 2 2 a
, L[ 1 7 7 9
7aCos[e+fx]*Cotle+fx]*|-—25(a+b) fAppellFl[—, -2, —, =,
7 a 2 2 2
(a+b) Cscle+fx]2
Cscle +fx]?, | Cotle+fx] Cscle+Ffx]?+
a
20 7 5 9 (a+b) Cscle+fx]?
— f AppellF1[—, -1, =, =, Csc[e+fx]?, ]
7 2 2 2 a

Cot[e+fx] Cscle+Ffx]?

/(20\/71: (a+b—aSin[e+-Fx}2>5/2

a+b) Cscle+fx]?
, Cscle+fx]?, ( ) -
a

)

7
{5 (a+b) AppellFl[;, -2,

NN
(IR

7 5 9 (a+b) Cscle+fx]2
4aAppellFl|—, -1, =, =, Csce+fx]?, ]+
2 2 2 a
5 5 7 (a+b) Cscle+fx]2
7 aAppellF1[ =, -2, =, —, Csc[e+fx]?, | sinfe+fx)?|| +
2 2 2 a
5 5 7 (a+b) Cscle+fx]?
7 aAppellF1[ =, -2, =, —, Csc[e+fx]?, | Cose+fx]?
2 2 2 a
, 1 9 9 11 ,
Cot[e+fx]? |5 (a+b) |-—49 (a+b) fAppellF1[—, -2, =, —, Csc[e+fx]?,
9a 2 2 2
(a+b) Cscle+fx]? 28 9 7
| Cotfe+fx]Cscle+fx]?+ — fAppellF1[—, -1, —,
a 9 2 2
11 (a+b) Cscle+fx]?
==, Cscle+fx]?, | Cot[e+fx] Cscle+Ffx]?| -
2 a

(a+b) Cscle+fx]?
4a

1 9 7 11 ,
-—35 (a+b) fAppellF1[ =, -1, —, —, Csc[e+fx]?,
9a 2 2 2 a

]

14
Cot[e+fx] Cscle+fx]?+— fCot[e+fx] Cscle+Ffx]?
9

5 9 11 (a+b)Cscle+fx]?
Hypergeometric2F1[ =, =, —, ]
2 2 2 a

5
+14 a f AppellF1| =,
2

a+b) Cscle+fx]?

5 7 5
-2, —, —, Cscle+fx]%,

| Cos[e+fx]Sinfe+fx] +
2 2 a
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7a

(a+b) Cscle+fx]2
7 a

2

, Cscle+fx]?,

1 7 7
-—25 (a+b) 'FAppellFl[;, -2, N

N | O

]

a
, 20 7
Cotfe+fx] Cscle+fx]?+ — fAppellFl[—, -1,
7

N | O

, —, Cscle+fx]2,

/

N |

(a+b) Cscle+fx]?

| Cotle+fx] Cscle+fx]?|Sinfe+fx]?
a

20+/2 f (a+b—aSin[e+-Fx]2)5/2 5 (a+b) AppellFl[Z, -2, Z,
2

N | ©

)

a+b) Cscle+fx]?
Cscle+fx]?, ( ) [ ]

a

3

] —4aAppellF1[Z, -1, >
2 2
(a+b) Cscle+fx]?

5
s | +7aAppellF1| =, -2,
a 2

b) C fx)? 2
, Cscle+fx]2, (a+b) Cscle+ x] }Sin[eﬂcx}zJ ]])]

, Cscle+fx]?

N uN o

N[N

a

Problem 125: Attempted integration timed out after 120 seconds.

Sinfe+fx]®
j dx
(

a+bSecle+fx]?)>?

Optimal (type 3, 288 leaves, 9 steps):

5 (a+b) (a2+14ab+21b2) ArcTan _\@M_}

a+b+b Tan[e+f x]?
16 a2 f

(a+b) (11a+21b) Cos[e+fx] Sin[e +fx]

.
16a*f (a+b+bTan[e+fx]2)*?

3 (a+b) Cos[e+fx]?Sin[e+fx] Cos[e+fx]3Sin[e+fx]3

N
8a?f (a+b+bTan[e+fx]2)*? 6af(a+b+bTanfe+fx]2)>?
7b (a+b) (7a+15b) Tan[e + f x]

48a*f (a+b+bTan[e+fx]2)>?

b (113 a%+420ab+315b%) Tan[e + f x]

48a51c\/a+b+bTan[e+-Fx}2
Result (type 1, 1leaves):

2P

Problem 126: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]*
J( dx

a+bSecle+fx]2)>?

Optimal (type 3, 227 leaves, 8 steps):
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_ +a Tanfe+fx]
(3a%+30ab+35b%) ArcTan| —2Tenlesfxl |
A/ a+b+b Tan[e+f x]?

8a%2f

(5a+7b) Cos[e+fx]Sin[e+fx] Cos[e+fx]3Sin[e + fx]

.
8af (a+b+bTan[e+fx]2)*? 4af (a+b+bTanfe+fx]2)>?

b (23a+35b) Tan[e + f x] 5b (1l1a+21b) Tan[e+fx]

3/2
242°f (a+b+bTan[e+fx]?) 24a“-F\/a+b+bTan[e+1°x]2

Result (type 3, 6006 leaves):
1

256 (a+bSec(e+fx]2)°?
1

2442 a*b? (a+b)? (abe? (eF) a (1ye2t (eF0)?) 7 f

(a+2b+aCos[2e+2fx])°?

i e—]'l (17 e+3 f x) (71+e181'1e> \/4b+ae2j (e+f x) (1+e21 (e+fx)>2

(—13440b7 ehier6ifx <e161e+e2jfx) +al etifx <1+elsje> <1+e2j (e+fx)>37
6a6be41'1fx (1+e18je) <3+862j(e+fx) +8(e4j (e+f x) +3@6]l (e+1’x)> _2240ab6 ezi(e+2fx)

2el6jie 21'1'Fx+2(e41'1e+6111°x+3e4i (5 e+fx) +21 er (9 e+fx) +21 eZJ’L (e+2 fx)

+
24a2 b5 er:xe(7e1618+35 e2jfx+2710 e4ie+61fx+840 e22]'1e+61'1fx+ 560 e6]'1e+81'1'F>(+
35 eSJ’L (3 e+fx) + 2710 (541'1 (5 e+f x) + 560 eZJ’l (9 e+f x) + 840 eZJ’l (e+2 f x) +7e2iL (4e+5fx)> _
434 b3 (—6@14je+43@ eAij+3987 ezeje+6j1fx+261e(6221‘1e+81‘1fx+84(621'1 (8 e+fx) 4
3987 e4i (e+2 fx) + 1684 eZJi (9e+2fx) + 2610 eZJ‘L (e+3 fx) + 84 e41’1 (2e+3fx) +
1684 2t 3e+5FX) | 439 21 (12e+5Fx) _ g o2i (5e+7fx)> _6a°b? (72e14ie+80 edifx

407 ezeie+sifx+318 6221e+81fx+14621 (8 e+f x) + 407 (e411 (e+2 fx) +191 (eZiL (9e+2fx) 4

318 e2]'1 (e+3 fx) +14 (e4]'1 (2e+3fx) +191 eZJi (3e+5fx) + 80 e2]'1 (12e+5fx) _ 2 erL (5e+7 fx)
12 a3 b? <_el4ie+175 e41’1+‘x+375e ezeie+sifx+1835 ezzﬁe+8ﬁfx+

35 eZ]i (8 e+fx) + 3750 e4il (e+2 fx) +1214 eZJi (9e+2fx) + 1835 eZ]'l (e+3 fx) "

35 e41’1 (2e+3fx) + 1214 er (3e+5fx) +175 (821'1 (12e+5fx) _ erL (5e+7‘Fx)>) i

1 i e—]‘l (17 e+3 f x)
2

24+/2 a*b? (a+b)2 (4be2i(e*fx) +a <1+e2i(e*fx)>2) f

<1+elsie> J4b+a®2j(e+fx) (1+621(e+fx)>2

(13440b7 ehier6ifx (7e16je+621fx> +al eHifx (71+e18je> <1+621'1(e+fx)>37
6a6be4ifx <_1+e181'1e) <3+862j(e+fx) +Se4j(e+fx) +3esﬂ(e+fx)> +2240ab6e2i(e+2fx)

4 3ezifx+ze4ie+61fx_3e4i (5 e+fx) -1 eu (9 e+fx) +21 eZJi (e+2 fx) 4

24 32 b5 @21 fx (77e16ie+35 @2ifx 2719 g4ie6ifx _gg o22ier6ifx 5o gbiesBifx _
35 @81 (Berfx) _ 9719 g4l (5e+FX) _ggg e2i (9erfx) , gag 21 (e+2FX) | 7 21 (4e+5fx)> N
12 23 b* (—(e14“—175 e4ifX , 3750 g20ie6ifx @35 g22ies8ifx 35 o2i (Berfx) _
3750 @4t (€:2FX) | 1994 @21 (9€+2FX) _ 1835 21 (e+3Fx) _ 35 o4i (2e43Fx) _
1214 @2t 3e5Fx) | 175 21 (12e+5Fx) | 21 (5e+7fx)> _6a°b? (—2@14“—80 edifx

407 <e201’1e+61’1‘Fx+ 318 eZZJie+8Ji'Fx+14 eZJi (8 e+fx) _ 407 e4]i (e+2 fx) +191 eZJi (9e+2fx) _
318 eZJi (e+3 fx) _14 e4]i (2e+3fx) - 191 (EZJ'l (3e+5fx) + 80 ezi (12 e+5 f x) +2(EZJ'1 (56+7‘FX)) _

_Zel6je
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4a4 b3 (_6e14ﬁe_436 e4]‘L‘FX+3987 ezeﬁe+61fx+2610 eZZje+81’1fx+
84 e2]'1 (8e+fx) _ 3987 e4]'1 (e+2 fx) + 1684 eZ]'l (9e+2fx) _ 2610 eZJ'L (e+3fx) _
84e4ﬂ(2e+3fx) _1684e21(3e+51’x) +43ee21(129+sfx) +6e21‘1(59+7fx))) N

5 (3a2+14ab+14b2) el (-17e+fx) <1+e181e> \/4b+ae“ (e+f x) (1+ezﬁ <e+fx))2

—iLOg[e’“e a+2b+ae?iefx /3 \/4be21(e*’cx>+a(1+re21(e”cx>)2 ]+

elS]‘le 2fX+iL0g[(E*2jLe a+anj(e+fX) +2b(62i1(e+fx) 4

\/;\/4bezi(e+fx)+a(1+e21(e+fx)>2 ] /

ﬁa9/2J4be“<e*“> va(1+e?t@f0)2 £] _15(3a%+14ab+14b?)

e]i (-17 e+f x) (_1+ elSje) \/4b +a e—ZJ’L (e+f x) (1 + (6211 (e+f x) >2

J'LLOg[e’ZjLe a+2b+ae?t e fx /3 J4be2j(e*’cx)+a<1+<e2jl(e”cx))2 }Jr

e181‘1e 2‘FX+I'1LOg[(e72jLe a+ae2j(e+1‘x) +2be21i(e+~Fx) 4

\/?\/4b<e“<e“cx>+a(1+ezi(e*fx>)2 ] /

V2 a9/2J4be“(e*“> +a (1+e“(e*”))2 f||Sec[e+fx]°-

i el (erfx) J4b+ae21(e*fx) <1+(eZJi(e+fx)>2
(a+2b+aCos[2e+2fx])>?

~25a7/2 -

58a°2b-32a%?b” -
15 37/2 @21 (e+fx) _
108 a5/2 b eZJ'L (e+fx) _
192 a3/2 b2 eZJ'L (e+fx) _
96 “/a b3 eZJi (e+f x) 4

15 a7/2 <e4J‘L (e+f x) N

108 a5/2 b e4]’1 (e+f x) i
192 33/2 p2 41 (e+fx)
96 - /a b3 e41’1 (e+f x) + 25 a7/2 esj (e+f x) i
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58 aS/Z b (eG]i (e+f x) +32 a3/2 b2 e6]'1 (e+fx) _

24ia% (4be?t (=0 g (14 et (@F0)2) T gy

3/2

3/2

48iab (4be?t (10 a (142t (eF0 )27 £y

3/2

240 b2 [4be?! (T g (14e?t (@02 fx

. . 3/2
12 a2 (4b(eZ]l(e+'f:X) +a (1+e21(e+Fx))2)

Log[eijle a+2b+ae?l(erfx) ++/a \/4be2i(e+fx) +a (1+e21(e+fx)>2 } _
24ab (4be?! (70 1 a (14 et (@)

Log[e—ZJie a+2b+ae21(e+fx) +,/a \/4b62i(e+fx) +a (1+e21(e+fx)>2 } _

3/2

12 b2 (4bezi(e+fx) +a (1+en<e++x>)2)3/2

-2ie

Log[e

12 a2 (4b(82j1(e+'Fx) +a (1+62j(e+fx))2)

Log[e2*®

243b (4be?t (&TX) 4 a (142t eF0)2)77

Log{(efzjle

12 b? (4beu(e+fx) +a (1+62j(e+fx))2)

a+2b+ae?iefx /3 \/4bezj<e“€x) +a (1+e21(eﬂcx>>2 }Jr

3/2

a+anj(e+'Fx) +2be21’1(e+fx) + /a \/4bezj(e+fx) +a <1+e21'1(e+'Fx)>2 }Jr

a+anj(e+'Fx) +2be21’1(e+fx) i /a \/4b62j(e+fx) +a <1+62j(e+'Fx)>2 }_'_

3/2

Log[e’“e a+ael(efx)  ope2i(erfx) /a \/4bezj(e+fx) +a <1+ezﬁ(e+fx)>2 }

Sec[e +fx]° /(384\/7a5/2 (a+b)?

(4b®2j (e+f x) i

.F

a (1+cezil (eﬂcx))z)z

(a+bSec[e+fx]2)5/2) -

je—j (e+fx)\/4b+ae2ﬁ(e+fx) <1+62j(e+‘Fx))2

(a+2b+aCos[2e+2fx])>?

-12a%?-24372b-122%2b> - 113a°2 2% (7 _

532 a7/2 b eZJ'l (e+fx) _ 740 a5/2 bZ eZJ'l (e+fx) _
320 a3/2 b3 eZ]'L (e+fx) _ 87 a9/2 e41 (e+fx) _ 690 a7/2 b e4]'1 (e+fx) _
2040 a5/2 bZ 64]'1 (e+fx) _ 2400 a3/2 b3 e4]'L (e+fx) _

| 87
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960 \/a_ b4 e41’1 (e+f x) + 87 a9/2 esj (e+f x) + 690 a7/2 b esi (e+f x) +
2040 252 b2 61 (e+FX) | 2490 33/2 p3 b i (e+FX)

960 \H b4 e61‘1 (e+f x) +113 a9/2 e81‘1 (e+f x) +532 a7/2 b e8j1 (e+f x) +
740 25/2 b2 @81 (6+FX) | 399 33/2 p3 81 (e+FX)

12 39/2 101 (e+fX) | 94 37/2 ) o101 (e+fX) |, 19 55/2 2 glli (e+fx) _
120 i a3 21 (e+fx) (4b @21 (e+fx) | 4 (1 4 @21 (e+‘Fx))2)3/2.FX_

i : i ; 3/2
480132b@21 (e+f x) (4b(€21 (e+f x) +a (1+®21 (e+fx))2) Fx-

i i i i 3/2
600 i ab? e2 ! (e+Fx) (4be“<e*fx> +a (1+e“<~‘-‘*”>)2) Fx-

i i i 3/2
240 i b3 g21 (e+fx) (4b921 (e+fx) | 5 (1+e21 (e+1cx))2) fx_

60 a3 21 (exfx) (4be“ (e+fx) | 5 (1+eu (e+fx)>2)3/2

Log[e’ue a+2b+acelt(efx) | (/g \/4beu<e+fx)+a<1+ezi<e+fx>>2 }_

240 a2 b g2t (e+fX) (4b<e“ (e+fx) | 4 (1+<e“ (e+fx))2)3/2

Log[e’zjle a+2b+ae21<e*fx>+\/?\/4b<e2jl(e“cx)+a<1+e21<e+fx>>2 },

i i ; 3/2
309 a b2 21 (e+fx) (4b<821 (esfx) |, 4 (1+e21 (e+-Fx))2)

Log[e?*® |a+2b+ae?’ ®F0 . +/a \/4b(32i(e+fx)+a<1+621(e+fx>>2 ] -

120 b3 @21 (e+fx) (4be“ (e+fx) | 4 (1+e“ (e+<Fx))2>3/2

Log[e—ZJie a+2b+ae?lerfx) +\/?\/4b(82ﬁ(e+fx) +a (1+621(e+fx)>2 } .

60 a3 @21 (e+fx) (4be” (e+fx) | 4 (1+e21 (e+fx))2)3/2

Log[e2*® a+a<e“(e*”>+2b<e“<e*”>+\/?J4be2ﬂ<e+fx>+a<1+ezﬁ<eﬂcx)>2

240a2b621'1(e+'FX) (4b(821'1(e+'Fx) +a (1+ezj(e+fx))2)3/2

Log[e*”le a+aelefx) oy 2i(esfx) +\/a_\/4b(52ﬁ(e+fx) +a <1+e2j(e+~Fx)>2

309 a b2 21 (e+fx) (4be“ (e+fx) | 3 (1+e2j (e+-Fx))2)3/2

Log{efzje a+anﬁ(e+~Fx) +2bezﬁ(e+fx) +ﬂ/a \/4bezﬁ(e++‘x) +a <1+ezj(e+-Fx)>2

120 b3 21 (e+fx) (4be“ (e+fx) | 5 <1+ezj (e+~Fx))2)3/2

Log{e—zie a+aceliEfx)  ape2i(erfx) (/g \/4b62j(e+fx) +a <1+6211(e+1‘x)>2
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2

Sec[e+fx]° /(1536\/?37/2 (a+b)2(4be“(e*‘cx)+a(1+ezj(e+‘cx))2)

.f:
(a+bsec[e+fx]?)

((2a+3b+aCos[2 (e+'FXH> (a+2b+aCos[2e+2-Fx])5/2

5/2)
+

Sec[e+ fx]*
Tan[e+fx])/(256

(a+b)2
£
(a+2b+aCos|2 (e+fx)])3/2
(a+bSec[e+fx]2)5/2) -
((b+ (3a+2b) Cos[2 (e+fx)]) (a+2b+aCos[2e+2fx])>?
Sec[e+fx]*
Tan[e+fx])/(384
(a+b)2
3/2

£
(a+2b+aCos[2 (e+fx)])
(

a+bSecle+fx] )5/2)

Problem 127: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sin[e + fx]?
J dx
(

a+bSecle+fx]2)>?

Optimal (type 3, 167 leaves, 7 steps):
(a+5b) ArcTan | M]

a+b+bTan[e+f x]?2 Cos[e+fx] Sin[e + fx]
23’2 f 2af (a+b+bTan[e+fx)2)>?
5bTan[e + fx] b (13a+15b) Tan[e + fx]

6a’f (a+b+bTan[e+-Fx]2)3/2 6a’ (a+b) 'F\/a+b+bTan[e+Fx}2

Result (type 3, 3247 leaves):

i et (erfx) \/4b+ae“(e*’cx) (1+e“(e*fx))2 (a+2b+aCos[2e+2fX])5/2

[25 a7/2 _58 a5/2 b-32 a3/2 bZ 15 a7/2 eZJi (e+f x) _ 108 aS/Z ber (e+fx) _

192 a3/2 bZ eZ]'L (e+fx) _ 96 ,/a b3 eZJ'l (e+f x) +15 a7/2 e4]'1 (e+f x) +108 aS/Z b e4]'1 (e+f x) +

192 33/2 p2 4t (e+f x) + 96 \/? b3 4t (e+f x) +2537/2 g6t (e+f x) +583%2pebt (e+f x) N
. i ; 3/2
32a3/2b2 61 e+Fx)7241a2 (4b621(e+fx)+a (1+621(e+fx)>2> fx-—
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. . 3/2
481iab (4be“(e“€x> +a (1+<e“<e*‘cx>)2) X

24 i b2 (4be21(e+fx) ta (1+(EZJ'1(e+fx))2)3/2.{:x_12a2 (4bezj<e+fx> +a <1+eu (e+‘FX))2>

Log[e’“e a+2b+ae?iefx /g \/4bezi<e”¢x) +a (1+e“<e”:x>)2

24ab (4bcezjl (e+fx) | 3 <1+e2]'l (e*’cx))z)s/z

Log[e’”e a+2b+age2l(efx) /a \/4bezﬂ(e+fx)+a (1+eu<e+fx>>2

12 b2 (4b621(e+fx) +a (1+e“ (e+fx))2)3/2

Log{e’“e a+2b+ae?iefx /g \/4b<e”<e*fx) +a (1+<e”<e“cx>>2

) . 3/2
12 32 (4be“ (e+FX) | 5 (1+e“ (encx))z)

] -

|+

Log[e’“e a+ael(efx)  ope2i(erfx) | /a J4beu(e+fx) +a <1+ezﬁ(e++'x)>2 }Jr

24ab (4b et (70 g (142t (e0)2) 2

Log[efzjle a+age2l(efx)  ope2i(erfx) | /a \/4bezj(e+fx) +a <1+(EZi(e+Fx)>2 }Jr

12 b2 (4b(e2j1(e+1:x) +a (1+<e2j1 (e+fx))2)3/2

Log[efzjle a+acei(@fx)  ope2i(erfx) /a J4be21(e+fx) +a <1+(e21'1(e+'Fx)>2 }

Sec[e+-Fx}5 /(128\Ea5/2 (a+b)2 (4be21(eﬂcx>+a (1+e21(e+fx>>2)

f (a+bSec[e+fx]2)5/2) +

i et (e+fx) \/4b+ g e 21 (e+fx) <1+ 21 (e+fx))2

(a+2b+aCos[2e+2fx])>?
~12 a9/2 _24 a7/2b712 a5/2 b2 - 113 a9/2 eZJ'l (e+f x) ~532 a7/2be21 (e+fx) _

740 35/2 b2 @21 (e+FX) _ 309 33/2 p3 @21 (e+fx) _ g7 59/2 g4 (e+fx) _

690 a7/2 b e41’1 (e+fx) _ 2040 a5/2 b2 e4iL (e+fx) _ 2400 a3/2 b3 e41’1 (e+fx) _
960 \/; bt 41 (e+fX) | 87 39/2 (61 (e+fX)  £9g 37/2 p b1 (e+FX) |

2040 a5/2 b2 e61‘1 (e+f x) + 2400 a3/2 b3 @61 (e+f x) + 960 \/a_ b4 (esil (e+f x) +
113 a9/2 esﬁ (e+f x) +532 a7/2 b eSJ‘L (e+f x) + 740 a5/2 b2 eSJ‘L (e+f x) N

320 a3/2 b3 <eSJ‘L (e+f x) +12 a9/2 elej (e+f x) +24 a7/2 b (8191'1 (e+f x) 4

12 25/2 2 @101 (e+FX) _ 129 1 a3 @21 (e+FX) (4be21 (e+fx) , 5 (1+e2f1 (e+fx))2)3/2.FX_

2

3/2
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2\ 3/2

480 i abe2i (eF) (4b<e” (30 3 (14 2 (40 Fx_

6@0jab2®21(e+fx) (4b621(e+fx) +a (1+ezj(e+fx)>2)3/2fx_

240 i b3 e?1 (eFx) (4be“ (@2 4 a (1+e?! <e++x>)2)3/2fx_

60 a3 @21 (e+fx) (4b<e“ (e+fx) , 4 (1+ezi (e+fx)>2)3/2

Log{e—zie a+2b+ae21(e+fx) +4/a \/4bezi(e+fx) +a <1+ezi<e+fx>>2 }_

240a2be21'1 (e+f x) (4be21'1 (e+f x) +a (1+e2jl (e+fx))2)3/2

Log[e*“e a+2b+aelt(efx) L (/g \/4b62i(e+fx)+a<1+ezi(e+fx)>2 }_

i i ; 3/2
300 a b2 eZJl (e+f x) (4be21 (e+fx) a (1+ eZJl (e+~Fx))2)

Log{e—Zie a+2b+a621(e+fx) +4/a \/4b(6211(e+fx) +a (1+621<e+fx>>2 }_

120 b3 g2 (e+fx) (4b<e2j (e+fx) | 5 <1+ e2i (e+Fx))2)3/2

LOg[eiue a+2b+ae?t(®f 1 4/a \/4be2i(e*fx)+a(1+e21<e+fx>>2 }Jr

60 a3 21 (e+fx) (4besz(e+fx) +a (1+ezj(e+fx)>2)3/2

Log[eijle a+ae2]i(e+'Fx) +2be21‘1(e+fx) . /a \/4be2j1(e+fx) +a <1+ezj(e+fx)>2 }Jr

240 a2 b @2t (e+fX) (4be2i (e+fx) | 4 (1+(EZJ'1 (e+-Fx))2)3/2

Log[e—ZJie aracllefx)  ope2i(e+fx) | /a \/4be2j1(e+-Fx) +a <1+e2jl(e+-Fx)>2 }Jr

3@@ab2@2j(e+fx) (4b(821'1(e+‘Fx) +a (1+ezj(e+fx))2)3/2

Log[efzie a+ae2]‘1(e+~Fx) +2be21‘1(e+fx) ++/a \/4be2j(e+Fx) +a <1+e2jl(e+fx)>2 }Jr

120b3 eZJ'l(e+‘Fx) (4b621'1(e+'FX) +a <1+QZJ'1(E+‘FX))Z)3/2

Log[e—ZJie a+aedl(efx) L ape2i(erfx) (/g \/4b62ﬁ(e+fx) +a <1+e21'1(e+'Fx)>2 }

Sec[e + fx]° /(384ﬁa7/2 (a+b)2(4b<e”<e*fx)+a(1+<e”<e“cx>)2)2
-F(a+bSec[e+-Fx]2)5/2)+

(5 (2a+3b+aCos[2 (e+fx)]) (a+2b+aCos[2e+2fx])°>?
Sec[e+-Fx}4Tan[e+1°x})/

(384 (a+b)21€ (a+2b+aCos|2 (e+fx)]>3/2
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(a+bSec[e+fx]2)5/2) -
((b+ (3a+2b) Cos |2 (e+fx”) <a+2b+aCos[2e+2-Fx]>5/2
Sec[e+-Fx]4Tan[e+Fx}>/

(384 (a+b)21‘ (a+2b+aC05[2 (e+fx)])3/2 (a+bSec[e+fx]2)5/2)

Problem 128: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
(a+bSecle+fx]2)>?

Optimal (type 3, 125leaves, 6 steps):
Ar‘cTan[ \/a Tan[e+fx ]

a+b+b Tan[e+f x]?

aS/Z f

bTan[e + f x] b(5a+3b)Tan[e+Fx}

3a(a+b)f (a+b+bTan[e+fx]2)3/2 3 a2 (a+b)21c\/a+b+bTan[e+1‘:x12

Result (type 6, 1927 leaves

~

3. , asinfe+fx]?2
, —, Sin[e+fx])?, ——mM8—

1
3 (a+b) AppellF1|—, -2,
2 2 a+b

N U

| Cosfe+fx]*Sinfe+fx]

/

4~/2 f <a+bSec[e+-Fx}2)5/2 (a+b—aSin[e+-Fx]2)5/2

1 5 3 . , asSinfe+fx]?
3 (a+b) AppellF1[ =, -2, =, =, Sinfe+fx]?, ————— | +
2 2 2 a+b
3 5 . , aSinfe+fx]?
5aAppellfFl[ =, -2, —, =, Sinfe+fx]?, ————| -
2 2 a+b

. 2
4 (a+b) AppellF1| M}

N jw NN

5 5 A ) X 5
-1, —, —, Sln[eJr'FX] > Sln[e+-Fx]
2 2

a+b

1 . , aSinfe+fx]?
15a (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, —————|
2

>
2

N w

a+b

cOs[e+fXJSSin[e+fx12)/[4ﬁ(a+b_asin[e+fx]2)m

3 , aSinfe+fx]?
, —, Sin[e+fx]°, —]

2 a+b

1 5
[3 (a+b) AppellFl[;, -2, S N
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3 7 5 . , aSinfe+fx]?
5aAppellfFl[ =, -2, —, =, Sinfe+fx]?, ———| -
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . ,
4 (a+b) AppellF1[ =, -1, =, =, Sin[e+fx]?, ———————] | Sin[e+fx]?|| +
2 2 2 a+b

1 5 3 . , aSinfe+fx]? s
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ———————] Cos[e + fx]
2 272 a+b

{4\/7 (a+b—aSin[e+1‘x]2)5/2

1 5 3 ,

3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?,
2 2 2

aSin[e+fx]? 5 . , asinfe+fx]?

— ]+ , =, Sin[e+fx)?, —————

a+b 2 a+b

3
5aAppellFl[~, -2,
2

N[N

} _

3 5 5 . , aSinfe+fx]? . 5
4 (a+b) AppellF1| =, -1, =, =, Sin[e+fx]?, ————————] | Sin[e +fX] -
2 2 2 a+b
1 5 3 . , asSinfe+fx]? 3
3 (a+b) AppellFl[;, -2, > Sinfe+fx]?, ————————] Cos[e+fx]

a+b

Sin[e +f x]?

/[\E <a+b—aSin[e+1‘x]2)5/2

1 5 3 . , aSinfe+fx]?
3 (a+b) AppellFl[g, -2, =, S’ Sinfe+fx]?, ———————| +

2 a+b
3 7 5 . , asinfe+fx]?
5aAppellFl|[~, -2, —, =, Sin[e+fx]?, ——— | -
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . 5
4 (a+b) AppellFl[ =, -1, =, =, Sinfe+fx]?, ———————| | Sin[e + fx] +
2 2 2 a+b
. 1 3 7 s
3 (a+b) Cosfe+fx]*Sinfe+fx] 5afAppellFl[—, -2, —, -,
3(a+b 2 272

. , aSinfe+fx]? . 4
Sin[e +fx]*, —] Cos[e+fx] Sin[e+fx] - —f

a+b 3

=, Sin[e+fx]2,
2 a+b

3 aSin[e+fx]?
AppellFl[ =, -1, =, ]
2

Cos[e +fx] Sin[e + f x]

/

>
2

5 3 . 5
- -2, —, —, Sin[e +fx]°,

[4\E-F (a+b—aSin[e+-Fx]2)5/2 (3 (a+b) AppellFl[1
2 2 2

aSinfe +fx]? 3 7 5 . , aSinfe+fx]?

————————] + |5aAppellF1[~, -2, —, =, Sin[e+fx]?, ——]
2 2 2 a+b

aSin[e +fx]?

a+b

5

5 . 2
, —, Sin[e+fx]%, -
2 a+b

3
4 (a+b) AppellFl[;, -1,

N

]] Sinfe + f x]?

1 3 . , asSinfe+fx]? 4
3 (a+b) AppellFl[;, -2, —, ;, Sinfe+fx]?, ———————] Cos[e+fX]

N w

a+b
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)

. 3 7 . , aSinfe+fx]?
Sinfe+fx] [2f |5aAppellF1[~, -2, —, =, Sin[e+fx]?, ————— ]
2 2

B

5
2 a+b

3
4 (a+b) AppellFl[;, -1,

aSin[e +fx]?
, Sinfe+ fx]2, #]

N u

>
2, a+b
Cos[e+fx]Sin[e+fx] +3 (a+b)

3 (a+b)

3 7

5afAppellFl|—, -2, —,
2 2

5 Sinfe+ )2 aSin[e+fx]?

—, SinJe+fx

4
) —] Cos[e+fx] Sin[e+fx] - —F
2 a+b 3

3 5 5 ,
AppellFl[ =, -1, =, =, Sin[e+fx]?,
2 2 2

aSin[e+fx]?

| Cosfe+fx]Sin[e+fx]|+
a+b

Sin[e+fx]%|5a

21 af AppellF1] 5, -2,
5 (a+b) 2

N | ©

, —, Sin[e+fx]?,

NN

aSin[e+fx]?

Ul

7
— -1,

12
| cosfe+fx]Sin[e+fx] - — f AppellF1] -
a+b 5 2

)

N

7 . , asSinfe+fx]? .
—, Sin[e+fx]?, ————————] Cos[e+fx]Sin[e+fx]| -4 (a+b)
2 a+b

. , asinfe+fx]?
, —, Sinje+fx]*, ———

5 7
3afAppellFi[~, -1, —
a+b 2 2

N | N

| coste+ fx]
a+b

. 3 . aSin[e+fx]2)2
Sin[e+fx] - |6 (a+b)”fCot[e+fx] Cscle+fx] _

-1+

a+b

\/?Ar'csin[w] Sinfe + f x]

Vab N a?Sin[e+fx]*4 .
2 asinfe+fx]2 )2
/a+b 1_aSin e+f x]2 3(a+b) (—1+ 2:b )
a+b

a+b

aSin[e+fx]? / 3(1 aSin[e+fx]?
a _a2rlEr TRl
(a+b) (71+asin e+‘Fx2)
a+b

Il
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4-/2 f (a+b—aSin[e+1"x}2)5/2 3 (a+b) AppellF1[—, -2,
2

. , asinf[e+fx]?
Sin[e + fx] ,—}+
a+b
S £x]2
aSinfe + f x] ]—4<a+b>

3 7 5 . ,
5aAppellF1[f, -2, —, —, Sin[e+ fx]°%,
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . 5 2
AppellFl[ =, -1, =, =, Sinfe+fx]?, ————————| | Sin[e + fx]
2 2 2 a+b

Problem 132: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+fx]2)p (dsin[e+fx])"dx

Optimal (type 6, 123 leaves, ? steps):
. ) .
AppellFl[lJr—m, 1+p, -p, 3;m, Sinfe + fx]?, M} (Cos[e+fx]2)=""
f(l+m 2 2 a+b
. n(@a+b-aSinfe+fx]2)7P
(a+bsec[e+fx]?)P (dSinf[e+fx]) Tan[e + f X]
a+b
Result (type 6, 3356 leaves):
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1] s s —P> , ~Tan[e+fx]2, - —]
2 2 2 a+b
Cos[e + fx] <a+2b+aCos[2 (e+Fx”)p (Secfe+fx]?)P
Tan[e + f X] m/

(a+bsec[e+fx]?)Psinfe+fx] (dSin[e+fx])"
Secle +fx]?

bTan[e+-Fx]2]

1+m 2+m 3+m 5
f(1+m) |(a+b) (3+m) AppellF1| , s -P» , ~Tan[e + fx]2,
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?2
~2bp AppellFi| , , 1-p, , -Tan[e+fx]?, -———— ]+ (a+b) (2+m)
2 a+b
3+m 4+m 5+m , bTan[e+fx]? 5
AppellFl[ R > —P» , —Tan[e + f x] ,——] Tan[e + f X]
2 2 2 a+b
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1] , y - P> , ~Tan[e+fx]2, - ———]
2 2 2 a+b
m
Tan[e + f x
_Toanfe+¥x] /[(1+m)

(a+2b+aCos[2 (e+fx)])P (secie+fx]?) P
Secle +fx]?
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1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1| , » —Ps , ~Tan[e+fx]2, - —] -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?
~2bpAppellFi| , ,1-p, —, -Tan[e+fx]?, - ———— | +
2 2 2 a+b
3+m 4+m 5+m
(a+b) (2+m) AppellF1| s s —Ds s
2 2 2
, bTan[e+fx]? )
~Tan[e+fx]?, -————————] | Tan[e + fx] -
a+b
1+m 2+m 34+m , bTan[e+fx]?
(a+b) (3+m) AppellF1| s > -P, , ~Tan[e+fx]2, - —]
2 2 2 a+b
m
Tan[e + fx
(a+2b+acCos[2 (e+fx)|)P (Sec[e+Ffx]?)Psin[e+fx]? _Tan[e+¥x] /((1+m)
Sec[e+fx]?
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1]| s > - P, , ~Tan[e+fx]2, - — ] -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?
-2bpAppellF1| s ,1-p, —, -Tan[e+fx]?, - —| +
2 2 2 a+b
3+m 4+m 5+m
(a+b) (2+m) AppellF1] , > -D, s
2 2 2
, bTan[e+fx]? )
-Tan[e+fx]2, -—————————] | Tan[e + fx] +
a+b
1+m 2+m 3+m , bTan[e+fx]?
2 (a+b) (3+m)pAppe11F1[ , > —Ps , ~Tan[e+fx]2, - —— ]
2 2 2 a+b
m
Tan[e +fx
(a+2b+acCos|2 (e+fx)|)P (Sec[e+Ffx]?)Psin[e+fx]? _Tan[e+¥x] /((1+m)
Sec[e+fx]?
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1| s > -P, , ~Tan[e+fx]2, - — ] -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?
—2prppe11F1[ y, — 1-p, ——, -Tan[e + f x] ,——]+
2 2 2 a+b
3+m 4+m 5+m , bTan[e+fx]?
(a+b) (2+m) AppellF1| , > -P, , ~Tan[e+fx]2, - — ]
2 2 2 a+b
) 1+m 2+m 3+m
Tan[e + f x] - 2a(a+b) (3+m)pAppellF1[ s , —-D, ,
2 2 2
bTan[e+fx]?2
~Tan[e+fx]2, —#} Cos[e+fx] (a+2b+aCos[2 (e+fx)]) P
a+b
m
Tan[e + fx
(Secfe+fx]2)Psin[e+fx]Sin[2 (e+fx) | _Tan[e+¥x] /((1+m)

Sec[e +fx]?
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1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1| B s -P, , ~Tan[e+fx]2, - —] -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?
~2bpAppellFi| , ,1-p, —, -Tan[e+fx]?, - ———— | +
2 2 2 a+b
3+m 4+m 5+m , bTan[e+fx]?
(a+b) (2+m) AppellF1| , , =P, , ~Tan[e+fx]2, - — ]
2 2 2

a+b

Tan[e + f x]?2

+|(a+b) (3+m) Cos[e+fx] (a+2b+aCos[2 (e+fx)])P

m

20D s Tan[e + f X] 1
(Secle+fx]?)Psinfe +fx]

[ 2b (1+m)p
Sec[e+fx]? (a+b) (3+m)

1+m 2+m

3+m , bTan[e+fx]?
AppellF1[1 + B ,1-p, 1+ , -Tan[e+fx]%, - ——M———
2 2

]

a+b

) 1+m 2+m
Sec[e+fx]%Tan[e+fx] - (1+m) (2+m) AppellF1 |1+ , 1+ y =P
3+m 2 2
3+m , bTan[e+fx]? 5
1+ , -Tan[e+fx]?2, -————————] Sec[e+fx]*Tan[e + fx] / (1+m)
2 a+b
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1] s , =D, , -Tan[e+fx]2, - — ] -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?2
-2bpAppellF1] s ,1-p, —, -Tan[e+fx]?, - — ] +
2 2 2 a+b
3+m 4+m 5+m
(a+b) (2+m) AppellF1] , s —Ps s
2 2 2
, bTan[e+fx]? 5
~Tan[e+fx]?, -————————] | Tan[e + fx] +
a+b
1+m 2+m 3+m , bTan[e+fx]?
(a+b)m(3+m) AppellF1] B , =P, , ~Tan[e+fx]2, - —]
2 2 2 a+b
Cos[e+fx] (a+2b+aCos[2 (e+Fx)]|)? (Sec[e+Fx]?)PSinfe+fx]
-1+m
Tan[e + f x Tan[e + f x]?
[e+TX] \/Sec[e+fx]? _ _Tanfertx]” (1+m)
Sec[e +fx]? Sec[e +fx]?
1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1] s y -Ps , -Tan[e+fx]2, - ——]| -
2 2 2 a+b
3+m 2+m 5+m , bTan[e+fx]?
—2prppe11F1[ R >, 1-p, , —Tan[e + f x] ,——]+
2 2 a+b
3+m 4+m 5+m
(a+b) (2+m) AppellF1] , s —Ps s
2 2 2

, bTan[e+fx]?
-Tan[e+fx]*, - ————

]] Tan[e + f x]2

a+b
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1+m 2+m 3+m , bTan[e+fx]?
(a+b) (3+m) AppellF1] , » P , —Tan[e+fx]*%, - ————
2 2 2 a+b

}

Cos[e+fx] (a+2b+aCos[2 (e+fx)])” (Sec[e+fx]?)?sSinle+fx] Tan (e~ fx]

Sec[e + fx]?

} +

3+m 4+m 5+m , bTan[e+fx]?
(a+b) (2+m) AppellF1| s , =P, , -Tan[e+fx]?, - ——]
2 2 2 a+b

1+m 2+m
2b (1+m) pAppellF1[1 + B s
2 2

3+m 2+m 5+m 5 bTan[e + fx]?
-2 |-2bpAppellFl]| s ,1-p, —, -Tan[e+fx]?, - —————
2 2 2

a+b

Secle+fx]*Tan[e+fx]+ (a+b) (3+m)

3+m 5 7bTan[e+-Fx]2

, ~Tan[e+fx]2, -————————]| Sec[e+fx]?Tan[e + fx]

2 a+b
((a+b) (3+m)) - (1+m) (2+m) AppellF1[1 + , 1+
3+m 2 2

3+m , bTan[e+fx]?
, —Tan[e+fx]*, - ————
2 a+b

1-p, 1+

/

1+m 2+m

) 7pJ

1+

]Sec[e+-Fx]2Tan[e+-Fx]) -

3+m 2+m
[[2b(3+m) (1-p) AppellF1[1+ S, ,2-p,

Tan[e+fx]2|-2bp

5+m , bTan[e+fx]?
, -Tan[e+fx]%, -——M——

| secfe+fx]?Tan[e + fx]
2 a+b

+

/

1 3+m 2+m
- (2+m) (3+m) AppellF1[1 + , 1+ s
5+m 2 2

5+m , bTan[e+fx)?2
, —Tan[e+fx]%, - ———————

((a+b) (5+m))

1-p, 1+ | secle+fx]2Tan[e+fx] |+

a+b

3+m 44+m 5+m
2b (3+m) pAppellF1[1+ s > 1-p, 1+ ,

2 2 2

3+m 4+m
(3+m) (4+m) AppellF1[1+ , 1+
5+m 2 2

(a+b) (2+m)

, bTan[e+fx]? 5
~Tan[e+fx]?, -—————————| Sec[e+fx]?Tan[e + fx]

a+b

((a+b) (5+m)) -

5+m , bTan[e+fx]?
, -Tan[e+fx]%, - ——mM—
2 a+b

+ | secie+fx]2Tan[e +fx]

1+m 2+m 3+m
(a+b) (3+m) AppellF1| s , =P, , -Tan[e +fx]2,
2 2 2

[(1+m)

bTan[e+fx]2 3+4m 2+m 5+m

}— —prAppellFl[ y, — 1-p, —,
2 2 2

a+b

2
~Tan[e + fx]?, —M} +(a+b) (2+m) AppellFl[ngTm,

a+b
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4+m 5+m , bTan[e+fx]?
> —P» , -Tan[e+fx]*, - —————

2 2 a+b

]] Tan[e + fx]2

2)

Problem 136: Result more than twice size of optimal antiderivative.

JCsc[emcx} (a+bsec[e+fx]?)Pdx

Optimal (type 6, 77 leaves, 3 steps):

1 1 3 , bSecle+fx]?
7—Appe11F1[—, 1, -p, —, Secl[e+fx]%, - ——
f 2 2

]

a

anp bSec[e+fx]2)P
Sec[e+fx] (a+bSecle+fx]?)P |1+ —————

a

Result (type 6, 4417 leaves):

2\ p , -t (a+b+bTan[e+fx]2\P
2’sec[e+fx] (a+bSec[e+fx]?)PTan[e+Fx] (1+Tan[e+Fx]?) -
1+Tan[e+fx]?
1 , bTan[e+fx]?
-||2 (a+b) AppellFi[1, =, -p, 2, -Tan[e+fx]?, - — | /
2 a+b

1 , bTan[e+fx]?
4 (a+b) AppellF1[1, —, -p, 2, -Tan[e+fx]?, - —
2

]+

a+b ]_
bTan[e + f x]?

a+b

1 , bTan[e+fx]?
2bpAppellF1[2, =, 1-p, 3, -Tan[e+Ffx]?, - —
2

3
(a+b) AppellF1[2, =, -p, 3, -Tan[e +fx]?, Tan[e+fx]2|| +
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Problem 137: Result more than twice size of optimal antiderivative.
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2 2 a+b

6a(a+b)p (a

+2b+aCos[2 (e+fx)])'1+p (Sec[e+fx}2)’2*psin[2 (e+fx)]

1 3 , bTan[e+fx]?2
AppellFl[—, 2, -p, —, -Tan[e+fx]7%, ——}/
2 2 a+b

Tan[e + f Xx]

1 bTan[e + f x]?
-3 (a+b) AppellF1|—, 2, -p, -
2

, -Tan[e+fx]2%, - |+

a+b
bTan[e + fx]?

NN W

3
2(—prppellF1[;, 2,1-p, =, -Tan[e+fx]?, - A ] +2 (a+b)
a+

3 5 , bTan[e+fx]?
AppellFl[f, 3, -p, —, -Tan[e+fx]%, - ————— +
2 2

}J Tan[e + f x]?
a+b

/

1 3 bTan[e + fx]?
AppellFl[E, -p,1, -, - —m———

, ~Tan[e + fx]?| Sec[e + fx]?
a+b

bTan[e + fx]?

y -, -Tan[e+fx]?| +
a+b

3

2
3 5 bTan[e + fx]?
2 |bpAppellFl| =, 1-p, 1, =, - —
2 2 a+b

1
[3 (a+b) AppellFl[;, -p, 1,

, ~Tan[e+fx]?] - (a+b) AppellF1]|
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3 5 bTan[e + fx]? , ,
=, =Py 2, -, -Tan[e+ fx]?| | Tan[e + fX]
2 2

.
a+b

6 (a+b) (-2+p) (a+2b+aCos[2 <e+fx)])p (Sec[e+~Fx]2)’2+pTan[e+1cx]2

1 3 , bTan[e+fx]?
AppellFl[*, 2, -p, —, -Tan[e+fx]", *—]/
2 2 a+b

1 bTan[e +fx]?2
-3 (a +b) AppellFl[—, 2, -p, -
2

, —Tan[e+fx]?, |+

a+b
bTan[e + f x]?

NN W

3
Z(prppellFl[,Z,lpJ , -Tan[e + fx]2, ]+2(a+b)
2 a+b

3 5 , bTan[e+fx]?2
AppellFl{—, 3, -p, —, -Tan[e+fx]%, - ————
2 2

+

}J Tan[e + f x]?

/

a+b

1 3 bTan[e + fx]? 5 5
AppellFl[;, -p, 1, ;, ——  , -Tan[e + fXx] } Sec[e + fX]

bTan[e+fx]?2

J

1 3
[3 (a+b) AppellF1[—, -p, 1, —,
2 2 a+b
3 5 bTan[e + f x]? 5
2 |bpAppellF1[~,1-p,1, =, -———————, -Tan[e+fx]?]| - (a+b) AppellF1]|
2 2 a+b

, ~Tan[e+fx]?] +

3 5 bTan[e + fx]? ,

—5 =P 2: T~ > —Tan[e+'Fx] ]
2 2 a+b

3(a+b) (a+2b+aCos(2 (e+fx)]|)P (Sec[e+fx12)'2+pTan[e+-Fx]

Tan[e+fx]2|| +

1 3 5 , bTan[e+fx]?2
72prppellF1{—, 2,1-p, —, -Tan[e+fx]*, - ———
3 (a+b) 2 2

a+b

]

4 3 5
Secle+fx]?Tan[e+fx] - —AppellF1[~, 3, -p, =
3

)

, bTan[e+fx]? 5
-Tan[e+ fx]°, ——] Sec[e+fx]“Tan[e + f X]

/

bTan[e+fx]?2

a+b

1
[—3 (a+b) AppellF1|—, 2, -p, =, -Tan[e+fx]?, -
2

|+

a+b
bTan[e + f x]?

NN W

Z(prppellFl[z, 2,1-p, =, -Tan[e+fx]?, - A | +2 (a+b)
a+

3 5 , bTan[e+fx]?
AppellFl[ =, 3, -p, =, -Tan[e+fx]?, - —
2

]

Tan[e+fx]?| +

a+b
1 3 bTan[e + fx]?

2AppellFl[=, -p, 1, =, ——————
2

s , -Tan[e+fx]2| Sec[e+fx]?Tan[e + f X]
a+b

/

1 3 bTan[e + f x]?

3 (a+b) AppellF1[=, -p, 1, —, - —

2 2 a+b

3 5 bTan[e + f x]?

2 |bpAppellFl[=,1-p, 1, ~, - —
2 2

, ~Tan[e+fx]?] +

, ~Tan[e+fx]?] -
a+b

3 5 bTan[e + fx]? 5
(a+b) AppellFl[;, -p, 2, S ~Tan[e + fx]?]

Tan[e + f x]?
a+b

+

Sec[e+fx]?

3 5 bTan[e +fx]?2
2bpAppellFl|[ =, 1-p, 1, =, - —
3 (a+b) 2 2 a+b

| 115



116 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

2 3
~Tan[e+fx]?| Sec[e+fx]2Tan[e+fx] - — AppellF1[ =, -p, 2,
3 2

5 bTan[e + fx]? 5 5
=, -——————, -Tan[e+ fx]?] Sec[e+ fx]?Tan[e + f x] /
2 a+b
1 3 bTan[e+ fx]? 5
3 (a+b)AppellF1[—, -p, 1, =, -———————, -Tan[e+ fx]?| +
2 2 a+b
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -————————, -Tan[e+ fx]?] -
2 2 a+b
3 5 bTan[e+fx]? 5 5
(a+b) AppellF1[=, -p, 2, =, -——————, -Tan[e+ fx]?| | Tan[e + fx]?| -
2 2 a+b
1 3 , bTan[e+fx]?2
AppellFl| =, 2, -p, =, -Tan[e+ fx]?, - — ]
2 2 a+b
3 5 , bTan[e+fx]?2
4 |-bpAppellFl| =, 2,1-p, =, -Tan[e+fx]?, - — | +
2 2 a+b

3 5 , bTan[e+fx]?
2 (a+b) AppellF1[ =, 3, -p, —, -Tan[e+fx]?, - ———— |
2 2

a+b

3
Sec[e+fx]?Tan[e+fx] -3 (a+b) ( 2bpAppellFl[ =, 2, 1-p,
2

3 (a+b)

) bTan[e+fx]?2 , 4
, -Tan[e+fx]?, -————————] Sec[e+fx]?Tan[e +fx] - — AppellF1|
3

a+b

bTan[e + fx]?

| secle+fx]2Tan[e+fx] | +

N W N U

> 2
> 3, - P, 5, -Tan[e + fx]*, -

a+b

2Tan[e + fx]?

1 5 7 ,

-bp [-————6b (1-p) AppellFl] =, 2, 2-p, —, -Tan[e+fx]?,
5 (a+b) 2 2

bTan[e + fx]? 5 12 5

-———————]sec[e+fx]?Tan[e+fx] - — AppellF1[~, 3, 1-p,
a+b 5 2

7 , bTan[e+fx]?2

—, -Tan[e+fx]%, - ————

2 a+b

| secie+fx]?Tan[e+fx] |+

2(a+b)

5 7
6bpAppellFl[ =, 3, 1-p, —, -Tan[e+ fx]?,
5 (a+b) 2 2

bTan[e+ fx]? 5 18 5
-—————————|secle+fx]?Tan[e+fx] - — AppellF1|—, 4, -p,
5 2

1%

a+b
7 , bTan[e+fx]?
=, -Tan[e+fx]?, - ————

| secle+fx]?Tan[e + fx]
2 a+b

[ =

3 , bTan[e+fx]?
-3 (a+b) AppellF1|—, 2, -p, =, -Tan[e+fx]?, - ———————
2

a+b }+

5 , bTan[e+fx]?
,2,1-p, —, -Tan[e+fx]%, -—m—
2 a+b

bTan[e + fx]?

N W

2 {prppellFl[ | +2 (a+b)

5

3 2
AppellFl[=, 3, -p, —, -Tan[e+fx]?, - ]] Tan[e+fx12] -
2

N

a+b
1 3 bTan[e + f x]? 5 5

AppellFl|[ =, -p, 1, =, -———————, -Tan[e + fx]?] Sec[e + f X]
2 2 a+b
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3 5 bTan[e+fx]2 5
4 |bpAppellFl[=,1-p,1, =, -———————, -Tan[e + fx]?] -
2 2 a+b
3 5 bTan[e + f x]? 5
(a+b) AppellF1[=, -p, 2, =, -———————, -Tan[e + fx]?]
2 2 a+b
, 1 3
Sec[e+fx]?Tan[e+fx]+3 (a+b) [————2bpAppellF1[=, 1-p, 1,
3 (a+b) 2
5 bTan[e + f x]? 5 5 2
-y —-———————, -Tan[e + fX] }Sec[ewa] Tan[e + f X] —prpellFl[
2 a+b 3
3 5 bTan[e + fx]? 5 5
-5 -p, 2, =y -——, -Tan[e + fx] ]Sec[eﬂcx} Tan[e+fx] | +
2 2 a+b

) 6 5 7 bTan[e + fx]? 5
2Tan[e+fx]° |bp —prpellFl[f,l—p, 2, -y -—————, -Tan[e + fX] ]
5 2 2

a+b

1 5
Sec[e+fx]?Tan[e+fx] - ————6b (1-p) AppellF1[ =, 2-p, 1,
5(a+b) 2

7 bTan[e + f x]? 5 5
~, -———————, -Tan[e + fx]?| Sec[e+ fx]?Tan[e + f x]
2 a+b

5 7 bTan[e+fx]?2
6prppellF1[f, 1-p,2, -y - ——,

(a+b)
5(a+b) 2 2 a+b

5 5 12 5
-Tan[e + f X] ] Sec[e+fx]“Tan[e +fx] - prpellFl[f, -p, 3,
5 2

7 bTan[e + f x]? 5 )
—, -————————, -Tan[e + fx]?] Sec[e+ fx]?Tan[e + f x] /
2 a+b
1 3 bTan[e+fx]?2 5
3 (a+b) AppellF1[~, -p, 1, =, - ———————, -Tan[e+ fx]?] +
2 2 a+b
3 5 bTan[e+ fx]? 5
2 |bpAppellF1[=,1-p, 1, =, -———————, -Tan[e+fx]?] - (a+b)
2 2 a+b
3 5 bTan[e+fx]2 , ,) 2
AppellFl|[ =, -p, 2, =, -————————, -Tan[e + fx]?] | Tan[e + f x]
2 2 a+b

Problem 140: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+Fx]2)pd1x

Optimal (type 6, 83 leaves, 3 steps):

1 1 3 , bTan[e+fx]?

~AppellF1|~, 1, -p, =, -Tan[e+fx]?, - —— |

f 2 2 a+b

anp bTan[e+fx]2)P

Tan[e+fx] (a+b+bTan[e+fx]?)P |1+ ——
a+b

Result (type 6, 2137 leaves):

1 3 bTan[e + fx]? 5
3 (a+b)AppellF1[—, -p, 1, =, -——————, -Tan[e+ fx]?| Cos[e + fx]
2 2 a+b
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(a+2b+acCos[2 (e+fx)])P (Sec[e+Ffx]?)P (a+bSec[e+fx]?)PSin[e+fx]

Bl

1
(f [3 (a+b) AppellFl[—, -p, 1,
2

)

NV W

3
2 (prppellFl[, 1-p,1,
2

5

3
(a+b) AppellFi|—, -p, 2,
2

3

1
([3 (a+b) AppellFl[;, -p, 1,

3

/

bTan[e + fx]? 5
———— , -Tan[e + f x] ]+
a+b

bTan[e + fx]? 5
—————, -Tan[e+fx]?] -
a+b

bTan[e + f x]? ; 5
- —————————, -Tan[e+fx]?] | Tan[e + f x]

3

a+b

bTan[e + fx]? 5
———— , -Tan[e + f x] ]
a+b

(a+2b+acCos[2 (e+fx)])P (Sec[e+fx]2)1+pJ/

1
{3 (a+b) AppellFl[;, -p, 1,

3
(a+b) AppellFi[ =, -p, 2
2

1 3
(3 (a+b) AppellFl[;, -p, 1, —,
(a+2b+aCos(2 (e+fx)])P (

1
{3 (a+b) AppellFl[;, -p, 1,

3
2 [prppellFl[, 1-p,1, =,
2
3
(a+b) AppellF1[ =, -p, 2,
2

1 3
(6 (a+b) pAppellFl[g, -p, 1, —

(a+2b+acCos|2 (e+fx)])P (

1 3

{3 (a+b) AppellF1[—, -p, 1, =
2 2

3 5

2 [prppellFl[, 1-p,1, =
2 2

3
(a+b) AppellF1[ =, -p, 2,
2

1
(Ga (a+b) pAppellFl[;, -p, 1,

(a+2b+aCos|2 (e+fx)])’1+p (Sec[e+fx]2)Psin[e+fx]Sin[2 (e+fx) |

3
)
2
3 5
2 |bpAppellF1[ =, 1-p, 1, —, -
2 2

3
2
>
2

bTan[e + fx]?

, -Tan[e+fx]2] +
a+b

bTan[e + f x]? 5
———, -Tan[e + fx] ]—
a+b

bTan[e +fx]2

, Tan[e + fx]?

s , -Tan[e + fx]?]

>
2 a+b
bTan[e + f x]?

, ~Tan[e + fx]?|

/

, ~Tan[e+fx]2] +

a+b

Sec[e+fx]?)Psinfe+fx]?

bTan[e + f x]?
a+b

bTan[e+fx]?2 5
-———, -Tan[e + fx] ]—
a+b

5 bTan[e+fx]2

s , -Tan[e+fx]2| | Tan[e + fx]?| +

a+b
bTan[e + f x]?

s , -Tan[e +fx]?]

/

, ~Tan[e+fx]2] +

a+b

Sec[e+fx]?)Psin[e+fx]?

bTan[e + f x]?

3

a+b
bTan[e + f x]?

, , ~Tan[e+fx]?] -

a+b
5 bTan[e + fx]?

3

Tan[e + fx]?

, -Tan[e + fx]?]

a+b
bTan[e + fx]?

3

= , -Tan[e +fx]?] Cos[e +fX]

/

a+b




Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 119

1 3 bTan[e + fx]? 5
3 (a+b) AppellFi[ =, -p, 1, =, -——————, -Tan[e+fx]?| +
2 2 a+b
3 5 bTan[e+fx]?2 5
2 prppellFl[f, 1-p,1, -, -—————, -Tan[e + f x] ]—
2 2 a+b
3 5 bTan[e +fx]2 5 )
(a+b) AppellF1[=, -p, 2, =, -——————, -Tan[e+ fx]?|| Tan[e+ fx]?| +
2 2 a+b

[3 (a+b) Cosfe+fx] (a+2b+aCos[2 (e+fx)])? (Secle+Ffx]?)PSin[e+fx]

3 5 bTan[e + fx]? 5
————2bpAppellF1[ =, 1-p, 1, =, -———————, -Tan[e + f x]?
3 (a+b) 2 2 a+b

, 2 3 5

Sec[e+fx]“Tan[e + fx] - prpellFl[f, -p, 2, —,
3 2

bTan[e + fx]?

, -Tan[e + fx]?]| Sec[e+fx]2Tan[e + fx]
a+b

/

1 3 bTan[e + fx]? 5
3 (a+b) AppellFl|[~, -p, 1, =, -————————, -Tan[e + fx]?] +
2 2 a+b
3 5 bTan[e+fx]2 5
2 |bpAppellF1[=,1-p, 1, =, -—————, -Tan[e+ fx]?] -
2 2 a+b
3 5 bTan[e + fx]? 5 5
(a+b) AppellF1[ =, -p, 2, =, -——————, -Tan[e+fx]?|| Tan[e+ fx]?| -
2 2 a+b
1 3 bTan[e + fx]? 5
3 (a+b) AppellF1[~, -p, 1, =, -—————————, -Tan[e+ fx]?] Cos[e + fx]
2 2 a+b
(a+2b+aCos|2 (e+fx)])P (Sec[e+Ffx]2)PSin[e+fx]

3 5 bTan[e + fx]? 5
4 prppellFl[f, 1-p,1, -, -—————, -Tan[e + fX] ]—
2 2 a+b

3 5 bTan[e+fx]?2 5
(a+b) AppellFl[;, -p, 2, P r— ~Tan[e +f x]?]

a+b

B

1 3 5
Sec[e+fx]?Tan[e+fx] +3 (a+b) [ ————2bpAppellF1[~, 1-p, 1, —
3(a+b) 2

bTan[e+ fx]? 5 5 2 3
-, -Tan[e+fx]?| Sec[e+fx]*Tan[e + fx] - — AppellFi[ =,
a+b 3 2
5 bTan[e + f x]? 5 5
-p,2, -, - —————, -Tan[e + fX] }Sec[eﬂcx} Tan[e + f X]
2

i
a+b

6 5 7 bTan[e+ fx]? 5
bp |- —AppellF1|~,1-p,2, -, -——————, -Tan[e + fx]?
5 2 2 a+b

2Tan[e + fx]?

1 5
Sec[e+fx]?Tan[e+fx] - ————6b (1-p) AppellF1[—, 2-p, 1,
5(a+b) 2
7 bTan[e +fx]?2

—, -, -Tan[e+ fx]?] Sec[e+ fx]?Tan[e + fx]
2 a+b

(a+b) [

5 7 bTan[e + fx]?
6bpAppellFl| =, 1-p,2, -, -~ —,

5<a+b 2 2 a+b
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12 5
-Tanle+ fx]?| Sec[e+fx]?Tan[e+fx] - — AppellFi[ =, -p, 3,
5 2

7 bTan[e + f x]?

—, -, -Tan[e+ fx]?] Sec[e+ fx]?Tan[e + f x] /
2 a+b
1 3 bTan[e + fx]? 5
3 (a+b) AppellFi[—, -p, 1, =, -——————, -Tan[e+fx]?| +
2 2 a+b
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -———————, -Tan[e+ fx]?]| -
2 2 a+b
3 5 bTan[e + fx]? , , 2
(a+b) AppellFl[f, -p, 2, —, ——b, -Tan[e + f X] ] Tan[e + f x]
2 2 a+

Problem 152: Result more than twice size of optimal antiderivative.

JSec[eH:x}5 (a+bsecle+fx]?) dx

Optimal (type 3, 98 leaves, 4 steps):
(6a+5b) ArcTanh[Sin[e+fx]] (6a+5b) Sec[e+fx] Tan[e+fx]

+ +
16 f 16 f
(6a+5b) Sece+fx]>Tan[e+fx] bSecle+fx]®Tan[e+fx]
.
24 6f

Result (type 3, 445leaves):
3aLog[Cos[§ (e+fx)] —Sin[% (e+fx)]] SbLog[Cos[i (e+fx)] —Sin{i (e+Fx)]]

- - +

8 f 16 f
3aLog[Cos[i (e+fx)] +Sin[§ (e+Ffx)]] 5bLog[Cos[§ (e+fx)] +Sin[i (e+Fx)]]
£ ' 16 f '
a
+ +

16 f (Cos[i (e+fx)]-sin[ (e+fX”)4

3a

8
b
48 f (Cos[i (e+fx)] *Si”[i (e+fx)”
b
]

16F(Cos[%(e+fx) —Sin{%(eﬂcx)”4 16F(Cos[%(e+fx> —Sin[%(erFxH)z

]
b
32f (Cos[2 (e« Fx)|-sin[L (exfx]])° 48f (Cos[L (e+Fx)]+Sin[L (e+fx)]|°
b
]

16 f (Cos[% (e+fx)] +Sin[% (e+fx)”4 16 f (Cos[% (e +fx) +Sin[% (e+-FxH)4
3a 5b

16 f (Cos[i (e+Fx)] +Sin[§ (e+fx)”2 32 F (Cos[i (e+Fx)] +Sin[§ (e+FxH)2
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Problem 155: Result more than twice size of optimal antiderivative.

JCOS[G+'FX] (a+bsec[e+fx]?) dx

Optimal (type 3, 24 leaves, 2 steps):
b ArcTanh[Sin[e + fx]] aSin[e+ fXx]
f f

Result (type 3, 92 leaves):

bLog[Cos[§+%]+Sin[§+%H aCos[fx] Sin[e] aCos[e] Sin[fx]
+ +

f f f

Problem 165: Result more than twice size of optimal antiderivative.

2

jSec[e+1:x15 (a+bsec[e+fx]?)"dx

Optimal (type 3, 165leaves, 6 steps):
(48 a2 + 80 ab +35b?) ArcTanh[Sin[e + f x] ]

+

128 f
(48a%+80ab+35b%) Sec[e+fx] Tan[e+fx] (48a’+88ab+35b%) Sec[e+fx]3Tan[e+fx]
+ +
128 f 192 f
b(16a+7b) Secle+fx]°Tan[e+fx] bSec[e+fx]’ (a+b-aSin[e+fx]?) Tan[e+fx]
+
48 8 f

Result (type 3, 803 leaves):
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3a2Log[Cos[§ (e+Fx)] —Sin[i (e+fx)]] 5abLog[Cos[i (e+Fx)] —Sin[% (e+fx)]]

8f 8f
35b2Log[Cos[§ (e+fx)] —Sin[i (e+fx)]] 3a2Log[Cos[§ (e+fx)] +Sin[i (e+fx)]]

+

128 f 8f
SabLog[Cos[% (e+fx)] +Sin[§ (e+Fx)]] 35b2Log[Cos[§ (e+fx)] +Sin[i (e+Fx)]]

+

8 f 128 f
b2 ab

+ +

128 f (Cos{% (e+Fx)] —Sin[% (e+1°x)])8 24 (Cos{% (e+Fx)] —Sin[% <e+fx)])6

5 b2 a2
+ +

192 f (Cos[i (e+fx)] 7Sin[§ (e+Fx)])6 16 f (Cos[i (e+fx)] 7Sin[i (e+fx)])4

ab 15 b?

+ +

8F (Cos[2 (e+fx)]-sin[X (e+fx)]]" 256F (Cos[L (e+Fx)]-sin[2 (e+fx)]|*

3 a2 5ab

+ +

16 f (Cos[i (e+Fx)] —Sin[% (e+1cx)”2 16 f (Cos[i (e+Fx)] —Sin[% (e+fx)”2

35 b? b?

256 f (Cos{% (e+Fx)] —Sin[i (e+1:x)])2 128 f (Cos[% (e+fx)] +Sin[% (e+fx)”8

ab 5 b2

24 (Cos[i (e+fx)] +Sin[i (e+fx)”6 192 f (Cos[i (e+fx)] +Sin[§ (e+fx)])6

a2 ab

16 f (Cos[i (e+Fx)] +Sin[§ (e+fx)”4 8 f (Cos[i (e+Fx)] +Sin[§ <e+fx)])4

15 b2 3 a?

256 f (Cos{% (e+Fx)] +Sin[§ (e+fx)])4 16 f (Cos[% (e+Fx)] +Sin[% <e+fx)])2

5ab 35 b?

16 f (Cos[i (e+-Fx)] +Sin[% (e+-Fx)H2 256 f (Cos[% (e+-FxH +Sin[i (e+fx)])2

Problem 166: Result more than twice size of optimal antiderivative.

2

JSec[e+fx]3 (a+bsecle+fx]?)*dx

Optimal (type 3, 129leaves, 5 steps):
(8a?+12ab+5b%) ArcTanh[Sin[e+fx]] (8a®?+12ab+5b?) Sec[e+fx] Tan[e +fx]

+ +
16 f 16
b(8a+5b)Sec[e+fx]3Tan[e+fx] bSec[e+fx]° (a+b-aSin[e+fx]?) Tan[e+fx]
+
24 f 6 f

Result (type 3, 601 leaves):
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azLog[Cos[i (e+Fx)] —Sin[% (e+fx)]] 3abLog[Cos[i (e+fx)] —Sin[% (e+Fx)]]

2f 4t
5b2Log[Cos[§ (e+fx)] —Sin[i (e+fx)]] aZLog[Cos[i (e+fx)] +Sin[§ (e+fx)]]
16 f i 2f :
3abLog[Cos[% (e+fx)] +Sin[§ (e+Fx)]] 5b2Log[Cos[% (e+fx)] +Sin[§ (e+Fx)]]
4 f : 16 f :
b? ab
+ +

48 f (Cos[% (e+Fx)] —Sin[% (e+fx)”6 8 f (Cos[% (e+Fx)] —Sin[% <e+fx)])4
b2 a?

16 f (Cos[i <e+-Fx)] —Sin[i (eJr-Fx)”4 4f (Cos[i (e+-Fx)] —Sin[i <e+fx)])2

3ab 5 b?

+ —

8F (Cos[L (e+fx)]-sin[L (e«fx)])" 32f (cos[L (e+fx)]-sin[L (e+Ffx)])°

b? ab

48 f (Cos[i (e+Fx)] +Sin[§ (e+fx)”6 8 f (Cos[i (e+Fx)] +Sin[§ <e+fx)])4

b2 a?

16 f (Cos[% (e+fx)] +Sin[% (e+fx)”4 4f (Cos[i (e+Fx)] +Sin[§ (e+fx)])2

3ab 5 b2

8f (Cos[i (e+Fx)] +Sin[§ (e+fx)])2 32F (Cos[% (e+fx)] +Sin[§ <e+fx)])2

Problem 169: Result more than twice size of optimal antiderivative.

2

JCos[e+fx13 (a+bsecle+fx]?)*dx

Optimal (type 3, 49 leaves, 4 steps):
b2ArcTanh[Sin[e+fx]] a(a+2b)Sinfe+fx] a?Sin[e+fx]3
f f 3f

Result (type 3, 134 leaves):

b2 Log[Cos[iJr‘cz—x] 7Sin[§+%"H ) b2 Log[Cos[§+%X] +Sin[§+%"“ )
f f
2abCos[fx]Sin[e] 2abCos[e]Sin[fx] 3a2Sin[e+fx] a2Sin|[3 (e+fx)]
f ' f ' af ' 12f

Problem 170: Result more than twice size of optimal antiderivative.

2

JCos[eJA:x}5 (a+bsecle+fx]?)*dx

Optimal (type 3, 53 leaves, 3 steps):
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(a+b)ZSin[e+-Fx} 2a(a+b)sinfe+fx]?® a2sinfe+fx]®
- +

f 3f 5 f

Result (type 3, 111 leaves):

b2 Cos[f x] Sin[e] b2Cos[e] Sin[fx] 5a?Sin[e+fXx]
+

f f ' 8 f '
3absinfe+fx] 5a2Sin[3 (e+fx)] absSin[3 (e+fx)] a2Sin[5 (e+fx)]
+ + +
2f 48 6f 80 f

Problem 171: Result more than twice size of optimal antiderivative.

JSec[ewa}6 (a+bSec[e+-Fx]2)2d1x

Optimal (type 3, 106 leaves, 3 steps):

(a+b)*Tan[e+Ffx] 2 (a+b) (a+2b) Tanle+fx]3
+

f 3f

(a2+6ab+6b?) Tan[e+fx]®> 2b(a+2b)Tan[e+fx]’ b2Tan[e+fx]°
+ +

5f 7f 9f

+

Result (type 3, 261 leaves):
8a’Tan[e+fx] 32abTan[e+fx] 128b%Tan[e+fx] 4a?Sec[e+fx]?Tan[e+fXx]
+ +

15 f 35f 315 f ' 15 f :
l6abSec[e+fx]?Tan[e+fx] 64b%Sec[e+fx]%2Tan[e+fx]
35 f " 315 f '
a’?Sec[e+fx]*Tan[e+fx] 12abSec[e+fx]*Tan[e+fx] 16b2Sec[e+fx]*Tan[e +fx]
5f ' 35f " 105 f "
2abSec[e+fx]®Tan[e+fx] 8b?Sec[e+fx]®Tan[e+fx] b?Sec[e+fx]8Tan[e+fx]
7f ' 63 f ’ 9f

Problem 172: Result more than twice size of optimal antiderivative.

JSEC[E-%—'FX}“ (a+bSec[e+Fx]2)2d1x

Optimal (type 3, 80leaves, 3 steps):

(a+b)2Tan[e+fx} (a+b) (a+3b) Tan[e+fx]> b (2a+3b)Tan[e+fx]® b2Tan[e+fx]’
+ + +

f 3f 5 f 7

Result (type 3, 190 leaves):
2a’Tan[e+fx] 16abTan[e+fx] 16b%Tan[e+fx] a%Secl[e+fx]%Tan[e+fx]
+ +

+ +
3f 15 f 35f 3f
8abSec[e+fx]2Tan[e+fx] 8b2Sec[e+fx]2Tan[e +fx]
+ +
15 f 35 f
2abSec[e+fx]*Tan[e+fx] 6b%*Sec[e+fx]*Tan[e+fx] b2Sec[e+fx]®Tan[e+fx]

+ +

5f 35f 7f
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Problem 173: Result more than twice size of optimal antiderivative.
JSec[ewa}2 (a+bSec[e+-Fx]2)2d1X
Optimal (type 3, 53 leaves, 3 steps):

(a+b)2Tan[e+-Fx} 2b(a+b)Tan[e+Fx]3 b2 Tan[e + f x]°
+ +
f 3f 5

Result (type 3, 116 leaves):
a’Tan[e+fx] 4abTan[e+fx] 8b2Tan[e+fx]

f 3f 15 f

2abSec[e+fx]?Tan[e+fx] 4b%’Sec[e+fx]%2Tan[e+fx] b2Sec[e+fx]*Tan[e+fx]
+ +

3f 15 f 5f

+

Problem 174: Result more than twice size of optimal antiderivative.

J(a+b$ec[e+1‘x]2)2d1x

Optimal (type 3, 40 leaves, 4 steps):

b(2a+b) Tan[e+fx] b2Tan[e+fx]3
a’ x + +

f 3f

Result (type 3, 106 leaves):
(4 (b+aCos[e+Fx]2)ZSec[e+Fx}3
(3a®fxCos[e+fx]>+b>Sec[e] Sin[fx] +2b (3a+b) Cos[e+Ffx]*Sec[e] Sin[fx] +
b2 Cos [e + f X] Tan[e]))/(31c (a+2b+aCos|2 <e+fx)])2)

Problem 178: Result more than twice size of optimal antiderivative.

j(a+b5ec[c+dx]2)3d1x

Optimal (type 3, 73 leaves, 4 steps):

3 b(3a2+3ab+b2)Tan[c+dx] b2(3a+2b)Tan[c+dx}3 b3 Tan[c+dx]°
a’x+ + +

d 3d 5d

Result (type 3, 268 leaves):

Sec[c] Sec[c+dx]”
480 d

(1502’ dx Cos[dx] +150a*dxCos[2c+dx] +75a’dxCos[2c+3dx] +75a*dxCos[4c+3dx] +
15a3dxCos[4c+5dx] +15adxCos[6c+5dx] +540a%bsSin[dx] +420ab?Sin[dx] +
160 b>Sin[dx] -360a2bsSin[2c+dx] -180ab?Sin[2c+dx] +360a2bsSin[2c+3dx] +
300ab?Sin[2c+3dx] +80b3Sin[2c+3dx] -90a%bSin[4c+3dx] +
90a’bsin[4c+5dx] +60ab*Sin[4c+5dx] +16b>Sin[4c+5dx])
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Problem 179: Result more than twice size of optimal antiderivative.

J(a+b5ec[c+dx]2)4dlx

Optimal (type 3, 111 leaves, 4 steps):
b(2a+b) (2a2+2ab+b?) Tan[c+dx]
N

d
b2 (6a2+8ab+3b2) Tan[c+dx]3 b3 (4a+3b) Tan[c+dx]®> b*Tan[c+dx]’

+ +

3d 5d 7d

4

a’ X+

Result (type 3, 455leaves):
1

13440d

Sec[c] Sec[c+dx]’ (3675a*dx Cos[dx] +3675a*dxCos[2c+dx] +2205a*dxCos[2c+3dx] +
2205a*dxCos[4c+3dx] +735a*dxCos[4c+5dx] +735a*dxCos[6¢Cc+5dx] +
105a*dxCos[6c+7dx] +105a*dxCos[8c+7dx] +16800 a3bSin[dx] +
18480 a?b%Sin[d x] + 11200 ab3Sin[d x] + 3360 b* Sin[d x] -
12600 a*bsSin[2c+dx] -10920a%2b?Sin[2c+dx] -4480ab>Sin[2c+dx] +
12600a*bsSin[2c+3dx] +15120a2b?Sin[2c+3dx] +9408ab3Sin[2c+3dx] +
2016 b*Sin[2c+3dx] -5040a>bSin[4c+3dx] -2520a2b?Sin[4c+3dx] +
5040 a®bSin[4c+5dx] +5880a’b?Sin[4c+5dx] +3136ab3>Sin[4c+5dx] +
672b*Sin[4c+5dx] -840a>bsSin[6c+5dx] +840a*>bSin[6c+7dx] +
840 a’b’>Sin[6c+7dx] +448ab’Sin[6c+7dx] +96b*Sin[6c+7dx])

Problem 180: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]°
J dx

a+bSecle+fx]?

Optimal (type 3, 86 leaves, 5steps):

. 3/2 ra Sinfe+fx
(2a-b) ArcTanh([Sin[e + fx] ] a*/? ArcTanh | +b ] Sec[e+fx] Tan[e + fx]

- + +

2b%f b2/a+b f 2bf
Result (type 3, 2519 leaves):

[(Za—b) (a+2b+aCos[2e+2fx]) Log[Cos[E+F—X] —Sin[g+f—xH Secle +fx]?
2 2 2 2

/

e fx . e fx
((—2a+b) (a+2b+acCos[2e+2fx]) Log[Cos[E+7] +Sln[;+7HSec[e+-Fx]2

1

(4b°f (a+bSec[e+fx]?)) +

/

(4b°f (a+bSec[e+fx]?)) +

4b2+\/a+b f (a+bSec[e+fx]2)/Cos[2e] -iSin[2e]
J'La3/2Ar‘cTan[(—j1aCos[e} -ibCos[e] +iaCos[3e] +ibCos[3e] +

asSinfe]l +bSinfe]l -+/a Va+b Cos[e-fx]+/Cos[2e] —-iSin[2e] =+
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\/?\/HCOS[3E+'FX} v/Cos[2e] -1Sin[2e] +aSin[3e] +bSin[3e] -
iva a+b \/Cos[2e] -iSin[2e] Sin[e-fx]-2i+a Va+b ~/Cos[2e] -1iSin[2e]
Sinfe+fx] +i+va Va+b Cos[2e] —iSin[2e] Sin[3e+fx])/
(aCos[e]+3bCos[e]+aCos[3e]+bCos[3e]+aCos[e+2fx}+aCos[3e+2fx]—31’1a
Sin[e]wlein[e]ﬂiaSin[Se]7ijin[3e]fjaSin[e+2fx}+jasin[3e+2fx})]
Cos[e] (a+2b+aCos[2e+2fx])Secle+fx]?- (a3/2Ar‘cTanh[(2 (a+b) Sin[e])/

(721'1aCos[e} -2ibCos[e] -+Ja a+b Cos[e-fx] VCos[2e] -iSin[2e] +

va vJa+b Cos[3e+fx]/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] -iSin[2e]
Sin[e-fx] +i+a Va+b /Cos[2e] -1Sin[2e] Sin[3e+fx])]

Cos [e] (a+2b+aCos[2e+2fx])Sec[e+fx}2)/
(4b2\/a+b f(a+bSec[e+fx]?)/Cos[2e] -iSin[2e] )+
(a3/2Cos[e1 (a+2b+acCos[2e+2fx]) Logla+2aCos[2e] +2bCos[2e] -aCos[2e+2fX] -

21aSin[2e] -21bSin[2e] +2+/a Va+b vJ/Cos[2e] -1Sin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]]5ec[e+fx]2)/
(szmmc (a+bsecfe+fx]?) \/Cos[2e] -isin[2e] )_
(a3/2Cos[e1 (a+2b+aCos[2e+2fx]) Log[-a-2aCos[2e] -2bCos[2e] +aCos[2e+2fx] +

2iasSin[2e] +2ibSin[2e] +2+/a Va+b /Cos[2e] - iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]]5ec[e+fx]2)/
(szmf (a+bsecle+fx]?)/Cos[2e] -iSin[2e] )+
1
4b*~/a+b f (a+bSec[e+fx]2)+/Cos[2e] -iSin[2e]

a3/2Ar'cTan[(—j1aCos[e]—JibCos[e]+JiaCos[3e]+JibCos[3e]+

aSin[e] +bSin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +

va va+b Cos[3e+fx]Cos[2e] -iSin[2e] +aSin[3e] +bSin[3e] -

iva a+b \/Cos[2e] -iSin[2e] Sin[e-fx] -2i+a Va+b ~/Cos[2e] - iSin[2e]
Sinf[e + f x] +i+a Va+b v/Cos[2e] -1Sin[2e] Sin[3e+fx})/

(aCos[e]+3bCos[e]+aCos[3e]+bCos[3e]+aCos[e+2fx}+aCos[3e+2fx]73ja
Sin[e]—JibSin[e]fjaSin[Be]—1'1bSin[3e]—JiaSin[e+2-Fx}+jaSin[3e+2-Fx}>]
(a+2b+aCos[2e+2fx})Sec[e+fx]zsin[e]+(ja3/2Ar‘cTanh[(2 (a+b) Sin[e])/

(—21‘1aCos[e1 -2ibCos[e] -+Jaa+b Cos[e-fx]Cos[2e] -iSin[2e] +

va Va+b Cos[3e+fx]/Cos[2e] -iSin[2e] -i+/a Ja+b ~/Cos[2e] -1Sin[2e]
Sinfe-fx] +i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[3e+-Fx])]

(a+2b+aCos[2e+2fx]) Sec[e+fx]2sin[e})/

(4b2\/a+b f (a+bSec[e+fx]?)/Cos[2e] -iSin[2e] )—
(Jia3/2 (a+2b+aCos[2e+2fx])Logla+2aCos[2e] +2bCos[2e] -aCos[2e+2fX] -

2iasSin[2e] -2ibSin[2e] +2+/a vJa+b +/Cos[2e] -1iSin[2e] Sin[fx] +
2+va Va+b /Cos[2e] -1iSin[2e] Sin[2e+fx}]Sec[e+Fx]ZSin[e})/
(szmf (a+bsecle+fx]?)/Cos[2e] -iSin[2e] )+
(Jia3/2 (a+2b+aCos[2e+2fx])Log[-a-2aCos[2e] -2bCos[2e] +aCos[2e+2Fx] +
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2iaSin[2e] +2ibSin[2e] +2+/a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]] Sec[e+fx]251n[e1)/
(szmf(a+b5ec[e+fx]2) v/Cos[2e] -1Sin[2e] )+
(a+2b+aCos[2e+2fx]) Sec[e+fx]?

8bf (a+bSecle+fx]?) (Cos[

e
=+
2

(a+2b+aCos[2e+2fx]) Sec[e+fx]?

+

8bf (a+bSec[e+fx]?) (Cos[f

Problem 181: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx]3
J dx

a+bSecl[e+fx]?

Optimal (type 3, 55leaves, 4 steps):
\/?Ar‘cTanh[@M}

a+b

ArcTanh[Sin[e + f x]]

bf bva+b f
Result (type 3, 1022 leaves):
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1

8b+/a+b f (a+bSec[e+fx]?) \/(Cos[e] fJiSin[eHZ
7\/;Cos[e]

Log[a+2 (a+b) Cos[2e] -~aCos[2 (e+fx)]-2iaSin[2e] -2ibSin[2e] +2+/a Va+b
\/(Cos[e} —J'LSin[e])2 Sin[f x] +2\/?\/m\/(Cos[e} —J'lSin[e])2 Sin[2e+fx]] +
Va Cos[e] Log[-a-2 (a+b) Cos[2e] +aCos[2 (e+fx)]|+2iasSin[2e] +
2ibsin[2e] +2\/?\/m\/(Cos[e1 —J'LSin[e])2 Sin[fx] +
Zﬁm\/(Cos[e} —J'LSin[e])2 Sin[2e+fx]] -
Zj\EAr‘cTan[(ZSin[e] (]iaﬂibﬂi (a+b) Cos[2e] ++/a Va+b Cos[fx]

(a+2b+acCos[2 (e+fx)])sSecle+fx]?

\/(Cos[e} -isinfe])? -+a Va+b Cos[2e+fx] \/(Cos[e] -1iSinfe])? +
asin[2e] +bsSin[2e] -i+va Va+b \/(Cos[e] —jSin[e]>2 Sin[fx] -
iva a+b \/(Cos[e1 —J'lSin[e])2 Sin[2e+1:x1))/

(i (a+3b) Cos[e] +1i (a+b)Cos[3e]+iaCos[e+2fx]+iaCos[3e+2Ffx]+
3aSin[e] +bSin[e] +aSin[3e] +bSin[3e] +aSin[e+ 2 fX] 7aSin[3e+2fx}H

(e+fx)]]

(Cos[e] -isSin[e]) -4~/a+b Log{Cos[1 (e+fx)]-sin]
2

N |

J (Cos[e] -isSin[e])? +

4-/a+b Log[Cos[i (e+fx)] +Sin[% (e+Fx)]] \/(Cos[e} -iSin[e])? +

Ji\/a_Log[a+2(a+b) Cos[2e] -aCos[2 (e+fx)|-2iasSin[2e] -

2ibsin{2e] +2+/a Va+b [ (Cosle] -isinfe])? Sin[fx] +

2+/a Va+b + (Cos[e] -iSin[e])? Sin[2e+fx]] Sinfe] -
Jl\/a_Log[—a—Z(a+b) Cos[2e] +aCos[2 (e+fx)|+2iasSin[2e] +

2ibsin(2e] +2+/a Va+b [ (Cosle] - isinfe])? Sin[fx] +

2+/a Va+b + (Cos[e] -1 Sin[e])? Sin[2e+fx]] Sinfe] +
2\/a_Ar‘cTan[((a+b) Sin[e])/ ((a+b) Cos [e] —\/?\/m\/(Cos[e] —Jisin[e])2

(Cos[2e] +isSin[2e]) Sin[e+fx])} (i Cos[e] +Sin[e])

Problem 182: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e + fX]
J dx

a+bSec[e+fx]?

Optimal (type 3, 36leaves, 2 steps):

ArcTanh | a sinferfx] Sinﬁs*‘c L]
a+

Va Na+b f
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Result (type 3, 653 leaves):
1

8+a Va+b f (a+bsecle+fx]?) \/(Cos[e1 —iSin[e})z

(a+2b+aCos(2 (e+fx)]) (—21‘1Ar‘cTan[((a+b) Sin[e])/ (<a+b) Cos[e] -

va Va+b \/(Cos[e] —jSin[e])z (Cos[2e] +iSin[2e]) Sin[e+Fx])} +
ZJiAr‘cTan[[ZSin[e] (J’Laﬂibﬂi (a+b) Cos[2e] ++a Ja+b Cos [ x]

\/(Cos[ e] - iSin[e ) -+/a /a+b Cos 2e+fx}\/(Cos[e]—iSin[e}>2+
asin[2e] +bSin[2e] -i+/a Va+b \/ Cos[e] -iSinfe])? Sin[fx] -
iva a+b \/(Cos[e} - 1iSin[e])? Sin[2e+fx}))/

(i (a+3b) Cos[e] +i (a+b) Cos[3e] +iaCos[e+2fx]+iaCos[3e+2fx]+
3aSin[e] +bSin[e] +aSin[3e] +bSin[3e] +aSin[e+2fXx] —aSin[3e+2fx}H +
Log[a+2 (a+b) Cos[2e] -aCos[2 (e+fx)|-2iaSin[2e]-2ibSin[2e] +

2+/a Va+b \/<Cos[e] —JiSin[e])2 Sin[fx] +
2+/a Va+b \/<Cos ] -iSin[e])? sin[2e+fx]] -

Log[-a-2 (a+b) Cos[2e] +aCos[2 (e+fx)|+2iasSin[2e] +
2ibsin[2e] +2\/7\/a+b \/ (Cosfe] - i Sinfe])? sin[fx] +
2+va Va+b \/ Cos [e] —151n[e])2 Sln[2e+fx]]) Sec[e+fx]* (Cos[e] -iSin[e])

Problem 183: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cos[e+ fXx] q
X

a+bSecl[e+fx]?

Optimal (type 3, 52 leaves, 3 steps):

bAr‘cTanh[lLf—La sinfe«fx] |
a+b Sin[e + f x]
- +

a¥2+/a+b f af
Result (type 3, 941 leaves):
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1

8a’2+a+b f (a+bSecle+fx]?) \/(Cos[e] -1iSinfe])?
(a+2b+acCos[2 (e+fx)]) Secle+fx]?
(-bCos[e] Log(a+2 (a+b) Cos[2e] -aCos[2 (e+fx)|-21aSin[2e] -2ibSin[2e] +

2+/a Ja+b \/(Cos[e} -iSinfe])? sin[fx] +

2+va Va+b \/(Cos[e} -iSinfe])? sin[2e+fx]] +bCos[e]
Log[-a-2 (a+b) Cos[2e] +aCos[2 (e+fx)|+2iasSin[2e] +2ibSin[2e] +2+/a Ja+b

\/(Cos[e} -iSinfe])? sin[fx] +2+/a Va+b \/(Cos[e} -iSinfe])? sin[2e+fx]] +
iblogla+2 (a+b)Cos[2e] -aCos[2 (e+fx)]-2iaSin[2e] -2ibSin[2e] +2+/a Ja+b

\/(Cos[e} -isinfe])? sin[fx] +2+a Va+b \/(Cos[e} -iSinfe])? sin[2e+fx]]
Sin[e] -iblog[-a-2(a+b)Cos[2e] +aCos[2 (e+fx)|+2iaSin[2e] +

2ibsin[2e] +2+/a Va+b \/(Cos[e} —J‘LSin[e])z Sin[fx] +
2+/a Va+b \/(Cos[e1 -iSinfe])? sin[2e+fx]] Sin[e] +
2bAr'cTan[<(a+b) Sin[e])/ ((a+b> Cos[e] -/a Va+b \/(Cos[e} 7]151”[9])2

(Cos[2e] +isSin[2e]) Sin[e+fx])} (i Cosfe] +Sinfe]) +

Ar‘cTan[(zsin[e] (Jia+ib+j1 (a+b) Cos[2e] ++/a Va+b Cos[fx] \/(Cos[e1 —J'lsin[e])2 -

va Va+b Cos[2e+fx] \/(Cos[e] -iSin[e])? +asSin[2e] +
bsin[2e] -i+/a Va+b \/(Cos[e] —jSin[e])Z Sin[fx] -
iva Ja+b \/(Cos[e} —J'lSin[e])2 Sin[2e+1°x}))/

(i (a+3b) Cos[e] +i (a+b)Cos[3e]+iaCos[e+2fx]+iaCos[3e+2fx]+
3aSinfe] +bSinfe] +aSin[3e] +bSin[3e] +aSin[e+2fx] -aSin[3e+2fx]) |

(-2ibCos[e] -2bSin[e]) +4+/a \Ja+b \/(Cos[e1 —iSin[e})z Sin[e+1‘x])

Problem 186: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[e+fx]®

a+bSec[e+fx]?

Optimal (type 3, 77 leaves, 4 steps):

2 /b Tan[e+fx]
a ArcTan[ i ] (a—b) Tan[e+fXx] Tan[e+fx]3
+

b>2+/a+b f i b2 f 3bf
Result (type 3, 224 leaves):
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[(a+2b+aCos[2 (e+fx)])secle+Ffx]?
(—3a2ArcTan[(Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx}))/
(2\/a+b \/b Cos[e]—iSin[e})“)]

(Cos[2e] -isSin[2e]) ++a+b Sec[e+fx] \/b i Cos| }+Sin[e])4
(Secle] (-3a+2b+bSec[e+fx]?) Sin[fx] +bSec[e+fx] Tan[e])))/

(6b2\/a+bf(a+b5ec [e+fx]? \/b Cos| ﬂisin[e})A)

Problem 187: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]*
J dx

a+bSec[e+fx]?

Optimal (type 3, 52 leaves, 3 steps):

aAr‘cTan[l“’ Tan[e+f x ]

a:b Tan[e + f x]
- +

b>2+a+b f bf
Result (type 3, 192 leaves):

[(a+2b+aCos[2 (e+fx)])secle+fx]?

(aArcTan[(Sec[fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(2\/a+b \/b (Cos[e] —iSin[e1)4 )] (Cos[2e] -isSin[2e]) +

/

\Ja+b Sec[e] Sec[e+fx] \/b (icCos[e] +Sinfe])” Sin[Fx])

(Zb\/a+bf(a+b5ec [e+fx]2 \/b Cos| —iSin[e])“]

Problem 189: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
a+bSec[e+fx]?

Optimal (type 3, 45leaves, 3 steps):

x WAPcTan[@%M}

a ava+b f
Result (type 3, 182leaves):
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Va+b fx\/b Cos[e] -iSinf[e])* +

((a+2b+aCos[2 (e+fx>]) Secle + f X]

bArcTan[ (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(2\/a+b \/b(Cos[e]—iSin[eH‘l)] (Cos[Ze]—iSin[Ze])))/
( ava+b f (a+bSecle+fx]? \/b Cos| ﬂisin[e])“]

Problem 193: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx]°
J dx
(

a+bSec[e+-Fx]2)2

Optimal (type 3, 102 leaves, 5steps):
Va (2a+3b) ArcTanh [ Y2sinle=fx] ]

ArcTanh[Sin[e + fXx]] a:b aSin[e + fx]

b* f 2b% (a+b)¥?f 2b(a+b) f(a+b-asSinfe+fx]?)

Result (type 3, 2333 leaves):

e fx . e fx
([(a+2b+aCos[2e+2fx]) Log[Cos[;+7}751n[g+7HSec[e+fx]

')/
/

+

(4b2-F (a+bSec[e+fx12)2)

((a+2b+aCos[2e+2fx])2Log[Cos[SJrf—x] +Sin[g+f—x]] Secle + fx]*
2 2 2 2

(4b2'F (a+bSec[e+-Fx}2)2) +
1

(-2a®-3ab) (a+2b+aCos[2e+2fx])?
(a+b) (a+bSec[e+fx]2)2

Sec[e+fx]4((jAr‘cTan[(fjaCos[e}7jbCos[e]+jaCos[3e}+]‘1bCos[3e}+
aSin[e] +bSin[e] -+Ja Va+b Cos[e-fx] VCos[2e] -1iSin[2e] +
va va+b Cos[3e+fx]/Cos[2e] -1Sin[2e] +aSin[3e] +bSin[3e] ~i+va
a+b +/Cos[2e] -iSin[2e] Sin[e-fx] -2i+/a Va+b /Cos[2e] - iSin[2e]
Sinfe+fx] +i+va Va+b VCos[2e] —iSin[2e] Sin[3e+-Fx})/(aCos[e] +3b

Cos[e] +aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
ibSinfe] -iaSin[3e] -ibSin[3e]-iaSin[e+2fx]+iaSin[3e+2fx])]
Cos[e])/(lG\/?bZ\/a+b f+/Cos[2e] -1Sin[2e] | +

(Ar‘cTan[(fjaCos[e}—I'LbCos[e}+iaCos[3e}+Jleos[3e}+aSin[e]+

bsin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +

va Va+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +bSin[3e] -i+/a

vJa+b /Cos[2e] -iSin[2e] Sin[e-fx] -2i+a Va+b /Cos[2e] -iSin[2e]

Sin[e+fx] +i+a Va+b /Cos[2e] - iSin[2e] Sin[3e+Fx})/(aCos[e] +3b

Cos[e] +aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
ibSin[e] -1aSin[3e] -1bSin[3e] -1aSin[e+2fXx] +J'1aSin[3e+2-Fx])]



134 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

Sin[e])/(m\/?bzx/aw f+/Cos[2e] -isSin[2e] )) +
1

(a+b) (a+bSece+fx]?)? (2a+3b) (a+2b+aCos[2e+2Fx])?
+ . .

Sec[e+fx]*
((\/?Ar‘cTanhHZ (a+b) Sin[e])/
(721'LaCos[e} -2ibCos[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] ++a

a+b Cos[3e+fx]/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] - iSin[2e]
Sin[e-fx] +i+a Va+b /Cos[2e] - 1iSin[2e] Sin[3e+1°x1)] Cos[e])/

(16b2\/a+b f+/Cos[2e] -1Sin[2e] )— (Jl\/?Af‘CTth[(Z (a+b) Sin[e])/
(721'LaCos[e} -2ibCos[e] -+/a Va+b Cos[e-fx] V/Cos[2e] -iSin[2e] ++a

vJa+b Cos[3e+fx]~/Cos[2e] -iSin[2e] -i+a Va+b /Cos[2e] -iSin[2e]
Sin[e-fx] +i+a Va+b /Cos[2e] - iSin[2e] Sin[3e+1°x})] Sin[e])/
1

(16b2\/a+b f+/Cos[2e] -1Sin[2e] ))+
(a+b) (a+bSec[e+-Fx]2)2

(-2a*-3ab) (a+2b+aCos[2e+21‘x])2

Sec[e+fx]*

((Cos[e] Log[a+2aCos[2e]+2bCos[2e}7aCos[2e+2fx]72]'1aSin[2e}f

2ibsin[2e] +2+/a Va+b /Cos[2e] - iSin[2e] Sin[fx] +
2+/a Va+b +/Cos[2e] —iSin[2e] Sin[2e+fx]])/
(32\/?b2\/a+b f+/Cos[2e] —iSin[2e] )-

(J‘L Log[a+2aCos[2e} +2bCos[2e] -aCos[2e+2fx]-21aSin[2e] -

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+va Va+b v/Cos[2e] -1Sin[2e] Sin[2e+fx]] Sin[e])/
(32\/?b2\/a+b f+/Cos[2e] —iSin[2e] )) .
1

2a+3b
(a+b) (a+bSec[e+1‘:x]2)2< )

(a+2b+aCos[2e+2fx])?

Sec[e+fx]*

((\/?COS[E] Log[-a-2aCos[2e] -2bCos[2e] +aCos[2e+2Ffx] +2iaSin[2e] +
2ibsin[2e] +2+/a Va+b /Cos[2e] -iSin[2e] Sin[fx] +2+/a Ja+b
\JCos[2e] —iSin[2e] Sin[2e+fx]])/(32b2\/a+b f+/Cos[2e] —iSin[2e] )7

(Ji\/?Log[—a—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx] +2iaSin[2e] +

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2v/a +/a+b +/Cos[2e] -iSin[2e] Sin[2e+fx]]
Sin[e])/(32b2\/a+b f+/Cos[2e] -1Sin[2e] )) -

a(a+2b+aCos[2e+2fx])Sec[e+fx]*Tan[e+fx]

4b (a+b) f (a+bSec:[e+1‘:x]2)2

Problem 194: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Sec[e +fx]3
J dx

(a+b5ec[e+1cx]2)2

Optimal (type 3, 74 leaves, 3 steps):

Ar‘cTanh[lfa Sinfe+f x ]

2:b Sin[e + fXx]
n

2\/?(a+b)3/2+‘ 2 (a+b)f(a+b-asin[e+fx]?)

Result (type 3, 798 leaves):
1

32/a (a+b)??f (a+bSec[e+Fx]2)2\/(Cos[e} -isSinfe])?

(a+2b+acCos[2 (e+fx)]|) Secle+fx]>

-2 i ArcTan|((a+b) Sin[e])/

((a+b) Cos[e] -+/a Va+b \/(Cos[e] —JiSin[e])Z (Cos[2e] +isSin[2e]) Sin[e+fx})]

(a+2b+aCos[2 (e+fx)]) Sec[e+fx] (Cos[e] -iSin[e]) +
(a+2b+acCos[2 (e+fx)]|) Logla+2 (a+b) Cos[2e] -aCos[2 (e+fx)]-

2iasSin[2e]-2ibSin[2e]+2+/a Ja+b \/(Cos[e} —JlSin[e])z Sin[fx] +

2+/a V/a+b \/(Cos[e} —J'LSin[e])2 Sin[2e+fx]] Sec[e+fx] (Cos[e] -iSin[e]) -
(a+2b+aCos[2 (e+fx)]) Log[-a-2 (a+b) Cos[2e] +aCos |2 (e+~Fx)] +

2iaSin[2e] +2ibSin[2e] +2+/a Va+b \/(Cos[e} -iSinfe])? sin[fx] +
2+/a /a+b \/(Cos[e} 7]‘LSin[e])2 Sin[2e+fx]]| Sec[e+fx] (Cos[e] -iSin[e]) +
2Ar‘cTan[(ZSin[e] (J'laJrI'LbJr]'l (a+b) Cos[2e] ++/a Va+b Cos[fx]

\/(Cos[e} —J‘lSin[e])z -+/a Va+b Cos[2e+fx] \/(Cos[e] —jSin[e}>2 +
asin[2e] +bsin[2e] -i+a Va+b +/ (Cos[e] - i Sin[e])? Sin[fx] -
iva Ja+b \/(Cos[e] - iSinfe])? Sin[2e+fx}))/

(i (a+3b) Cos[e] +i (a+b)Cos[3e] +iaCos[e+2fx] +iaCos[3e+2fx]+
3aSin[e] +bSinfe] +aSin[3e] +bSin[3e] +aSin[e+2fx] -aSin[3e+2fx]) |
(a+2b+acCos[2 (e+fx)])Secle+fx] (iCos[e] +Sin[e]) +

8+/a Va+b \/(Cos[e] -1iSinf[e])? Tan[e+fx]

Problem 195: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fX]
(a+bSec[e+fx]?)?

dx

Optimal (type 3, 83 leaves, 3 steps):
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Va Si +f
(2a+b) ArcTanh | ¥ % L] bSinle + fx]

2a3/2(a+b)3/2f 72a(a+b)F(a+b7aSin[e+-Fx]2)

Result (type 3, 819leaves):
1

32232 (a+b)*%f <a+bSec[e+fx}2)2\/<Cos[e] - 1iSin[e])?

(a+2b+acCos[2 (e+fx)])Sec[e+Ffx]>|-21i (2a+b) ArcTan[((a+b) Sin[e])/

((a+b) Cos[e] -/a Va+b J(Cos[e] —Jisin[e])2 (Cos[2e] +isSin[2e]) Sin[e+fx})]

(a+2b+aCos[2 (e+fx)]) Secle+fx] (Cos[e] -iSin[e]) +
(2a+b) (a+2b+aCos[2 (e+-Fx)]) Log[a+2 (a+b) Cos[2e] ~aCos|2 <e+-Fx)] -

2iaSin[2e] -2ibSin[2e] +2+/a Va+b \/(Cos[e} -iSinfe])? sin[fx] +

2+va Va+b \/(Cos[e} -iSin[e])? sin[2e+fx]] Sec[e+fx] (Cos[e] -iSin[e]) -
(2a+b) (a+2b+aCos[2 (e+fx)])Log[-a-2(a+b) Cos[2e] +aCos[2 (e+fx)]+

2iasSin[2e] +2ibSin[2e]+2+/a Ja+b \/(Cos[e} —J'LSin[e])2 Sin[fx] +
2+/a \Ja+b \/(Cos[e1 —J'LSin[e])2 Sin[2e+fx]]Secle+fx] (Cos[e] -iSinfe]) +
2 (2a+b) Ar‘cTan[(ZSin[e] (Jia+ib+j1 (a+b) Cos[2e] ++/a \Ja+b Cos[fx]

\/(Cos[e] -isinfe])? -+a Va+b Cos[2e+fx] \/(Cos[e] -iSinfe])? +
asin[2e] +bSin[2e] -i+/a Va+b \/(Cos[e] -1iSinfe])? sin[fx] -
iva a+b \/(Cos[e1 -iSinfe])? Sin[2e+Fx}))/

(i (a+3b) Cos[e] +i (a+b)Cos[3e]+iaCos[e+2fx]+iaCos[3e+2Ffx]+
3aSin[e] +bSin[e] +aSin[3e] +bSin[3e] +aSin[e+ 2 fX] —aSin[3e+2fx}H
(a+2b+aCos[2 (e+fx)]) Sec[e+fx] (iCos[e] +Sin[e]) -

8+a b+a+b J(Cos[e] —JiSin[e])2 Tan[e+fx])

Problem 196: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e + fx]
j dx
(a+bSec[e+1‘:x]2)2

Optimal (type 3, 101 leaves, 5steps):

Va Sinfe+fx
b(4a+3b) ArcTanh [ 2R i et £ b2 Sinfe + £ x]
- +

2252 (a+b)¥2f af +2a2 (a+b) f(a+b-asinfe+fx]?)

Result (type 3, 945 leaves):



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 137

1

32252 (a+b)*%f <a+bSec[e+fx]2)2\/<Cos[e] - 1iSin[e])?
(a+2b+acCos[2 (e+fx)]|) Secle+fx]>
(—Zib (4a+3b) ArcTan[(ZSin[e} (ia+]lb+i (a+b) Cos[2e] ++/a VJa+b Cos[fx]

\/(Cos[ e] -isinfe])? -+/a /a+b Cos 2e+fx}\/(Cos[e]ijin[e}>2+
asin[2e] +bsin[2e] -i+/a Va+b +/ (Cos[e] -isinfe])? Sin[fx] -
iva Ja+b \/(Cos[e1 —J'lSin[e])2 Sin[2e+1:x1))/

(i (a+3b) Cos[e] +1i (a+b)Cos[3e]+iaCos[e+2fx]+iaCos[3e+2Ffx]+
3aSin[e] +bSin[e] +aSin[3e] +bSin[3e] +aSin[e+ 2 fX] 7aSin[3e+2fx}H
(a+2b+aCos[2 (e+fx)]) Sec[e+fx] (Cos[e] -iSin[e]) -
b(4a+3b) (a+2b+aCos[2 (e+fx)])
Log[a+2 (a+b) Cos[2e] -aCos[2 (e+fx)|-21iasSin[2e] -

2ibsin[2e] +2+/a Va+b \/(Cos[e1 —J'LSin[e])2 Sin[fx] +

2+/a Ja+b \/(Cos[e} —J'LSin[e])2 Sin[2e+fx]]Secle+fx] (Cos[e] -iSinfe]) +
b(4a+3b) (a+2b+aCos[2 (e+fx)])Log[-a-2(a+b) Cos[2e] +aCos[2 (e+fx)]|+

2iasSin[2e]+2ibsSin[2e] +2+/a Va+b \/(Cos[e} —J‘LSin[e])z Sin[fx] +

2+/a V/a+b \/(Cos[e} -iSin[e])? sin[2e+fx]] Sec[e+fx] (Cos[e] -iSin[e]) +
8+va (a+b)*?Cos[fx] (a+2b+aCos[2 (e+fx)])Sec[e+Fx]

J(Cos[e] —JiSin[e])2 Sin[e] +2b (4a+3b) ArcTan|((a+b) Sin[e])/

((a+b) Cos[e] -/a ~/a+b \/<Cos[e] —jSin[e])z (Cos[2e] +isSin[2e]) Sin[e+fx])]
(a+2b+acCos[2 (e+fx)|) Sec[e+fx] (iCos[e] +Sin[e]) +
8Va (a+b)*?Cosle] (a+2b+aCos[2 (e+fx)])Secle+fx]

J(Cos[e] —JiSin[e])2 Sin[fx] +
8+/a b2+\/a+b \/(Cos[e1 -iSinfe])? Tan[e+fx]

Problem 199: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]®
J dx
(

a+bSec[e+1Cx]2)2

Optimal (type 3, 100leaves, 5 steps):
a(3a+4b) Ar‘cTan[M}
Varb

Tan[e + f x] a’?Tan[e + fx]
+ +
2b5/2 (a+b)¥?f b? f 2b? (a+b) f(a+b+bTan[e+fx]?)

Result (type 3, 248 leaves):
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[(a+2b+aCos[2 (e+Fx)]) secle+fx]*

([a (3a+4b) ArcTan[ (Sec[fx] (Cos[2e] -1iSin[2e]) (- (a+2b)Sin[fx] +aSin]

2e+fx]))/ (Zx/m\/b (Cos[e] —iSin[e1)4)] (a+2b+acCos[2 (e+fx)])

(Cos[Ze]—1‘151n[2e})]/((a+b)3/2\/b(Cos[e}—I‘LSin[e])4)+
2 (a+2b+aCos[2 (e+fx)]) Secle] Sec[e+fx]Sin[fx] +
a(-(a+2b)sin[2e] +aSin[2fx])
(a+b) (Cos[e] -Sin[e]) (Cos[e] +Sin[e]) )

/(szf (a+bSec[e+-Fx}2)2)

Problem 201: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]?
J dx
(a+bSec[e+fx]2)2

Optimal (type 3, 73 leaves, 3 steps):

V/b Tanfe+fx]
Ar'cTan[ b Tan[e+fx }
A/ a+b
+

2v/b (a+b)¥?f 2 (a+b) f(a+b+bTan[e+fx]?)

Tan[e + f X]

Result (type 3, 211 leaves):

[(a+2b+aCos[2 (e+fx)])secle+Ffx]*

(—((Ar‘cTan[(Sec[Fx} (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(Zm\/b (Cos[e] —]ﬁ.SiI’][E})A')] (a+2b+acCos[2 (e+fx)])
(Cos[2e] —iSin[Ze})]/ (\/m\/b (Cos[e] —iSin[e})“)) +

-(a+2b) sin[2e] +asSin[2fx]
a (Cos[e] -Sin[e]) (Cos[e] +Sin[e])

]/ (8 <a+b> f <a+bSec[e+fXJz>2)

Problem 202: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j 1 dx
(a+bSec[e+-Fx]2)2

Optimal (type 3, 92leaves, 5 steps):
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x \/F<3a+2b) Ar‘cTan[lLf—Lb T/TTfHCX}

2a% (a+b)??f 72a(a+b)-F(a+b+bTan[e+-Fx}2)

bTan[e + f x]

Result (type 3, 240leaves):

[(a+2b+aCos[2 (e+fx)])secle+fx]*

2x (a+2b+aCos[2 (e+fx)]) + [b (3a+2b) ArcTan[ (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+Fx]))/ (2\/a+b \/b (Cos[e] —JiSin[e}>4 )]

(a+2b+acCos[2 (e+fx)]) (Cos[2e] —iSin[Ze}))/

((a+b)3/2f\/b (Cose] —jSin[e})4)+

b 2b) Sin[2 -asSin[2f
((a+2b)sin[2e] ~asin[2fx]) ]]/(8az<a+b5ec[e+fxf>2)
(a+b) f (Cos[e] -Sin[e]) (Cos[e] +Sin[e])

Problem 205: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e+fx]®
J( dx

a+bSecle+fx]?)?

Optimal (type 3, 278 leaves, 8 steps):

2/b Tanfe+fx]
(5a>-12a%b+24ab?-64b3) x+b7/2 (9a+8b) ArcTan| ijaanﬂ ]

16 a° 22° (a+b)??f
(15a2-26ab+48b%) Cos[e+fx]Sin[e+fx] (5a-8b) Cos[e+fx]>Sinfe+fx]
48a*f (a+b+bTan[e+fx]?) : 24a%f (a+b+bTanl[e+fx]?)
Cos[e+fx]®Sin[e + fx] b(5a®-7a’b+12ab?+32b%) Tan[e + fx]
6af(a+b+bTan[e+fx]?) : 16a* (a+b) f (a+b+bTan[e+fx]?)

Result (type 3, 921 leaves):
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(( a®-12a%b+24ab?- 64b3>x(a+2b+aCos[2e+2fx}>ZSec[e+fx]4)/
64 a° a+bSec[e+fx]2)2)+

5

((15a ~32ab+48b?) Cos[2Fx] (a+2b+aCos[2e+2fx])ZSec[e+fx]4Sin[2e])/
(256a ol a+bSec[e+Fx}2>2)+

((3a 4b) Cos[4fx] (a+2b+aCos[2e+2fx])ZSec[e+fx]4Sin[4e})/
(256a3-F a+bSec[e+Fx}2)2)+
( |

Cos[2e] iSin[2e]

( 9a+8b) <a+2b+aCos[2e+2-Fx}>ZSec[e+-Fx]4 b* ArcTan [Sec [f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(8a5\/a+b f/bCos[4e] -ibSin[4e] ) i b*ArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b \/bCos[4e] -1bSin[4e]

/

]/ ((a+b) (a+bSec[e+fX]2)z) .

Cos [6 f x] (a+2b+aCos[2e+2-Fx])ZSec[e+Fx]4Sin[6e]

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

(8a5\/a+b f+/bCos[4e] -ibSin[4e] )

+
768 a2 £ (a|+bSec[e+-Fx}2)2

((15a2—32ab+48b2> Cos[2e]

(a+2b+aCos[2e+2fx])2Sec[e+fx14sin[2fx])/
256 a* f a+bSec[e+fx}2)2) +

((a+2b+aCos 2e+2fx])Sec[e+fx]* (-ab*Sin[2e] -2b°Sin[2e] +ab4Sin[2Fx]))/
(8 (a+b) a+bSec[e+fx]2)2(Cos[e]fsin[e}) (Cos[e]+sin[e]))+
(

( 3a- 4b) Cos[4e] (a+2b+aCos[2e+2-Fx])ZSec[e+-Fx]4Sin[4fx})/
(256a f(a+bSec[e+-Fx]2>2) +

Cos[6 e] <a+2b+aCos[2e+2-Fx}>ZSec[e+Fx]4Sin[6fx}

768 a2 f (a+bSec[e+1‘:x}2)2

Problem 206: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx]°
J dx

(a+bSec[e+-Fx]2>3
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Optimal (type 3, 108 leaves, 4 steps):

y/a Sinfe+fx]
3 ArcTanh| = ] Sinfe + f x] 3Sinfe + fx]
. +

8Va (a+b)*?f 4(a+b)f(a+b-asinfe+fx]2)? 8 (a+b)?f (a+b-aSinfe+fx]?)

Result (type 3, 2171 leaves):
1

(a+b)? (a+bsecle+fx]?)’

(a+2b+aCos[2e+21¢x])3Sec[e+fx}6 ((BiArcTan[(fiaCos[e] -ibCos[e] +iaCos[3e] +

ibCos[3e] +aSin[e] +bSin[e] —\/?\/mCos[e—fx] v/Cos[2e] -1Sin[2e] +
va vJa+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +

bsin[3e] -i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[e-fx] -

2i+va Va+b +/Cos[2e] -iSin[2e] Sin[e+fx] +

iva v/a+b \/Cos[2e] -iSin[2e] Sin[3e+fx])/(aCos[e} +3bCos[e] +

aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx] -31aSin[e] -
jlein[e]—JiaSin[Be]—JibSin[Be]—JiaSin[e+2fx]+iaSin[3e+2fx])]
Cos[e])/(lZS\/a_\/a+b f+/Cos[2e] —iSin[2e] )+

(BAPcTan[(—iaCos[e]—JibCos[e}+JiaCos[3e]+JibCos[3e]+aSin[e]+

bsin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +

va vJa+b Cos[3e+fx]/Cos[2e] -1iSin[2e] +aSin[3e] +

bsin[3e] -i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[e-fx] -

2i+/a Ja+b \/COS[Ze] -1Sin[2e] Sin[e+ fXx] +

iva v/a+b /Cos[2e] -iSin[2e] Sin[3e+fx])/(aCos[e1 +3bCos[e] +

aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
ibSin[e] -1aSin[3e] -i1bSin[3e] -1aSin[e+2fXx] +iaSin[3e+2fx])]

Sin[e])/(lzsx/?\/aw f+/Cos[2e] -isSin[2e] )) +
1

(a+2b+aCos[2e+2-Fx])3
(a+b)2 (a+bSec[e+-Fx]2)3

Sec|
e+fx
(—((3Ar‘cTanh[(2<a+b) Sin[e])/(fzjaCos[e}ijbCos[e}f
va /a+b Cos[e-fx]/Cos[2e] -iSin[2e] ++Va Va+b Cos[3e+fx]
\/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] - iSin[2e] Sin[e-fx] +
iva ~/a+b /Cos[2e] -iSin[2e] Sin[3e+fx])} Cos[e})/

]6

(128\/?\/a+b f+/Cos[2e] -1iSin[2e] )) + (BiAr‘cTanhHZ (a+b) Sin[e])/
(7211aCos[e} -2ibCos[e] -+/a Va+b Cos[e-fx] /Cos[2e] -iSin[2e] ++a
a+b Cos[3e+fx]/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] - iSin[2e]
Sin[e-fx] +i+a Va+b /Cos[2e] -1Sin[2e] Sin[3e+-Fx})]
Sin[e])/(lZS\/a_\/a+b f+/Cos[2e] -1Sin[2e] )) +
1

(a+2b+aCos[2e+21‘x])3
(a+b)? (a+bsecfe+fx]?)>
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Sec|
e+fx]®
((BCos[e] Log[a+2aCos[2e} +2bCos[2e] -aCos[2e+2fx] -21aSin[2e] -

21bSin[2e] +2+/a Va+b v/Cos[2e] -1Sin[2e] Sin[fx] +

2+/a Va+b /Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256\/?\/a+b f+/Cos[2e] -isSin[2e] )_
(31‘1Log[a+2aCos[2e]+2bCos[2e]—aCos[2e+2Fx1—2j1aSin[2e]—

2ibsSin[2e] +2+a Va+b ~/Cos[2e] -iSin[2e] Sin[fx] +
2v/a +/a+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256\/;\/a+b f+/Cos[2e] -isSin[2e] )) .
1

(a+2b+aCos[2e+2Fx])3
(a+b)? (a+bSec[e+fx]?)?

Sec[e+fx]®
(7((3Cos[e] Log[fafzaCos[Ze] -2bCos[2e] +aCos[2e+2fx] +21aSin[2e] +

2ibsin[2e] +2+/a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b +/Cos[2e] —iSin[2e] Sin[2e+fx]])/
(256\/?\/a+b f+/Cos[2e] —iSin[2e] )) +

(BjLog[—a—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx] +21aSin[2e] +

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256\/?\/a+b f+/Cos[2e] -1Sin[2e] )) +
(a+2b+aCos[2e+2fx]) Sec[e+fx]®Tan[e+fx]

+

8 (a+b) f (a+bSec[e+1‘:x]2)3

3(a+2b+aCos[2e+2fx])?Sece+fx]°Tan[e+fx]

32 (a+b)?f (a+bSec[e+fx]2)’

Problem 207: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx]3
J( dx

a+bSecle+fx]?)?

Optimal (type 3, 125leaves, 4 steps):
(4a+b) ArcTanh [ M]

a+b

8 a3/2 (a+b)5/21C

bSinfe + f x] (4a+b) sinfe+fx]

+

4a(a+b) f(a+b—aSin[e+fx]2)2 8a(a+b)’f (a+b-aSin[e+fx]?)

Result (type 3, 2214 leaves):
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1

(4a+b) <a+2b+aCos[2e+2-Fx}>3
(a+b)? (a+bsecle+fx]2)’

Sec[e+fx]6((J’lAr‘cTan[(—iaCos[e]—JibCos[e]HiaCos[Be]+j1bCos[3e]+
aSin[e] +bSin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +
va vJa+b Cos[3e+fx]/Cos[2e] -1iSin[2e] +aSin[3e] +
bsin[3e] -i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[e-fx] -
2i+/a vJa+b \/COS[Ze] -1Sin[2e] Sin[e+ fXx] +
iva va+b /Cos[2e] -iSin[2e] Sin[3e+fx])/(aCos[e1 +3bCos[e] +
aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
JibSin[e]—JiaSin[Be]—JibSin[Be]—JiaSin[e+2fx]+iaSin[3e+2fx])]
Cos[e])/(128a3/2\/a+b f+/Cos[2e] -iSin[2e] )+

(Ar‘cTan[(—iaCos[e}—JibCos[e]+iaCos[3e}+ibCos[3e}+aSin[e]+
bsin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +
Va Va+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +
bsin[3e] -i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[e-fx] -
2i+/a Ja+b v/Cos[2e] -1Sin[2e] Sin[e+fXx] +
iva v/a+b /Cos[2e] -iSin[2e] Sin[3e+fx])/(aCos[e} +3bCos[e] +
aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
JibSin[e]—JiaSin[3e]—JibSin[3e]—j1aSin[e+2fx]+iaSin[3e+2fx])]
Sin[e])/(128a3/2\/a+b f+/Cos[2e] —i5in[2e] )) N

1 (-4a-b) (a+2b+aCos[2e+21‘:x1>3
(a+b)? (a+bSecle+Ffx]?)?
Sec|
e+fx]®

((Ar‘cTanh[(Z (a+b) Sin[e])/(—ZjaCos[e] -21bCos[e] -
\/?\/aJribCos[e—Fx] \/Cos[Ze] -1Sin[2e] +\/?\/a+7bCos[3e+-Fx]
\/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] -iSin[2e] Sin[e-fx] +
iva va+b /Cos[2e] -iSin[2e] Sin[3e+fx])} Cos[e})/

(128a3/2\/a+b f+/Cos[2e] -1Sin[2e] )— (iAr‘cTanh[(Z (a+b) Sin[e])/
(72]'1aCOS[e] _2ibCos[e] -vVa Va+b Cos[e-fx]/Cos[2e] —iSin[2e] +Va
a+b Cos[3e+fx]~/Cos[2e] -iSin[2e] -i+/a Va+b /Cos[2e] - iSin[2e]
Sinfe-fx] +i+va vVa+b /Cos[2e] -iSin[2e] Sin[3e+fx})]
Sin[e])/(128a3/2\/a+b f+/Cos[2e] -1Sin[2e] )) +

1

(4a+b) (a+2b+aCos(2e+2fx])>
(a+b)2 (a+bSec[e+1‘x]2)3

Sec[e+fx]®
((Cos[e} Log[a+2aCos[2e] +2bCos[2e] ~aCos[2e+2Ffx] -2iaSin[2e] -
2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+va Va+b v/Cos[2e] -1Sin[2e] Sin[2e+fx]])/
(256a3/2\/a+b f+/Cos[2e] -1Sin[2e] )—

(J‘L Log[a+2aCos[2e} +2bCos[2e] -~aCos[2e+2fx] -21aSin[2e] -
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2ibsin[2e] +2+/a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256a3/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
1

; 3(—4a—b) <a+2b+aCos[2e+21"x}>3
(a+b)* (a+bSecle+fx]?)

Sec[e+fx]®
((Cos[e} Log[—a—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx] +21aSin[2e] +

2ibsSin[2e] +2+a Va+b ~/Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256a3/2\/a+b f+/Cos[2e] -iSin[2e] )7

(iLog[fa—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx]+21aSin[2e] +

2ibsin[2e] +2+/a Va+b /Cos[2e] - iSin[2e] Sin[fx] +
2v/a +/a+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

| +

(256 a*2+/a+b f/Cos[2e] —iSin[2e]

((a+2b+aCos[2e+21‘:x])ZSec[eﬂcx}6

(4asinfe+fx] +bSin[e+fx]))/(32

a
(a+b)2

.F

(a+bSec[e+fx]2)3) -
b(a+2b+aCos[2e+2fx]) Sec[e+fx]°Tan[e+fx]

8a(a+b) f (a+bSec[e+1Cx]2)3

Problem 208: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sec[e + fx] dx

(a+bSec[e+fx]2)3

Optimal (type 3, 144 leaves, 4 steps):
(8a%+8ab+3b?) ArcTanh [ Va sinfesfx] ]

a+b

8a*2 (a+b)>*f

bCos[e+fx]2Sin[e+fXx] 3b(2a+b) Sin[e+fx]

4a(a+b) f(a+b—aSin[e+fx]2)2 8a’ (a+b)*f (a+b-aSin[e+fx]?)

Result (type 3, 2256 leaves):
1

8a’+8ab+3b?) (a+2b+aCos[2e+21‘x])3
(a+b)2 (aerSec[eer“x]z)3

Sec[e+fx]® ((J’lAr‘cTan[(—iaCos[e1 -ibCos[e] +iaCos[3e] +ibCos[3e] +

aSin[e] +bSin[e] ~Jaa+b Cos[e-fx]Cos[2e] -iSin[2e] +
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Va Va+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +

bsin[3e] -i+a Va+b ~/Cos[2e] -1Sin[2e] Sin[e-fx] -

2i+/a va+b /Cos[2e] -iSin[2e] Sin[e+fX] +

iva va+b /Cos[2e] -iSin[2e] Sin[3e+fx])/(aCos[e} +3bCos[e] +

aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -

J'lein[e]—J'laSin[3e]—JibSin[3e]—jlaSin[e+2-Fx]+J’1aSin[3e+2-Fx])]
Cos[e])/(lZSaS/Z\/aer f+/Cos[2e] -1Sin[2e] )+

(Ar‘cTan[(—iaCos[e}—ibCos[e}+iaCos[3e1+ibCos[3e1+aSin[e]+
bSin[e] —\EmCos[e—fx} v/Cos[2e] -1Sin[2e] +
\/?mCos[Beﬂcx] v/Cos[2e] -1Sin[2e] +aSin[3e] +bSin[3e] ~i+a
Ja+b +/Cos[2e] -iSin[2e] Sin[e-fx]-2i+a Va+b /Cos[2e] -1iSin[2e]
Sinfe+fx] +i+va vVa+b ~/Cos[2e] -1iSin[2e] Sin[3e+Fx})/

(aCos[e}+3bCos[e}+aCos[3e}+bCos[3e]+aCos[e+2Fx]+

aCos[3e+2fx]-3iaSin[e] -ibSin[e] -1aSin[3e] -
JibSin[3e}—jlaSin[e+2-Fx]+J'1aSin[3e+2-Fx])]Sin[e})/

1

(128a5/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
(a+b)Z (a+bSec[e+1°x]2)3

(-8a*-8ab-3b?) (a+2b+aCos[2e+21‘x])3

Sec|
e+fx

((Ar‘cTanh[(Z (a+b) Sin[e])/(—ZiaCos[e] -2ibCos[e] -
Va Va+b Cos[e-fx]VCos[2e] -1iSin[2e] ++/aVa+b Cos[3e+fx]
\/Cos[2e] -1Sin[2e] -i+/a Va+b /Cos[2e] -iSin[2e] Sin[e-fx] +
iva \a+b /Cos[2e] -iSin[2e] Sin[3e+fx])} Cos[e})/

]6

(128a5/2\/a+b f+/Cos[2e] -1Sin[2e] )— (JiAr‘cTanhHZ (a+b) Sin[e])/
(—ZiaCos[e} -2ibCos[e] ~+Ja Ja+b Cos[e-fx]/Cos[2e] -1iSin[2e] +a

Ja+b Cos[3e+fx]~/Cos[2e] -1Sin[2e] -i+/a Va+b /Cos[2e] - 1Sin[2e]
Sin[e-fx] +i+a Va+b /Cos[2e] - iSin[2e] Sin[3e+1:x1>]

Sin[e])/(128a5/2\/a+b f+/Cos[2e] —i5in[2e] )) N
1

; ;(8a%+8ab+3b?)
(a+b)* (a+bsSecle+fx]?)

(a+2b+aCos[2e+2fx])>
Sec[e+fx]®
((Cos[e} Log[a+2aCos[2e} +2bCos[2e] -aCos[2e+2fx]-21aSin[2e] -

21bSin[2e] +2+/a Va+b v/Cos[2e] -1Sin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256a5/2\/a+b f+/Cos[2e] -1Sin[2e] )—

(J‘l Log[a+2aCos[2e] +2bCos[2e] ~aCos[2e+2Ffx] -2iaSin[2e] -

2ibsSin[2e] +2+a Va+b ~/Cos[2e] -iSin[2e] Sin[fx] +
2v/a +Ja+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/
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(256a5/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
1

. 23(—8a2—8ab—
(a+b)* (a+bsSecle+fx]?)

3b?)
<a+2b+aCos[2e+21:x1)3
Sec[e+fx]®

((cOs[eJ Log[-a-2aCos[2e] -2bCos[2e] +aCos[2e+2Ffx] +2iaSin[2e] +

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +

2+a Va+b /Cos[2e] -iSin[2e] Sin[2e+fx]])/
(256a5/2\/a+b f+/Cos[2e] -1Sin[2e] )—
(J‘LLog[—a—zaCos[Ze]—2bCos[2e]+aCos[2e+2fx]+21’1aSin[2e]+

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b +/Cos[2e] ~iSin[2e] Sin[2e+fx]] Sin[e])/
(256a5/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
((a+2b+aCos[2e+21‘:x])ZSec[e+1:x16

(78abSin[e+-FX] f5b2$in[e+‘FX]))/(32
2

(a+b)2

.F

(a+bSec[e+fX]2)3) +
a

b? (a+2b+aCos[2e+2fx]) Sec[e+fx]>Tan[e+fx]

8a? (a+b) f (a+bSec[e+-Fx]2)3

Problem 209: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e + fX]
J dx
(a+bSec[e+1‘:x]2)3

Optimal (type 3, 156 leaves, 6 steps):
3b (4 (a+b)2+ (2a+b)2) Ar‘cTanh[@M]

a:b Sinf[e + f x]
_ . _
8a’/2 (a+b)5/2-F a3 f
b3Sinfe + fx] 3b? (4a+3b) Sin[e+fx]
+

4a* (a+b) 1‘(a+b—aSin[e+1‘x}2)2 8a3 (a+b)2f(a+b—asin[e+fx]2)

Result (type 3, 2382 leaves):

Cos[fx] (a+2b+aCos[2e+2fx])’Sec[e+fx]®Sin[e]

+
8a3f (a+bSec[e+fx}2>3

1

(8a’b+12ab*+5b?) (a+2b+aCos[2e+21"x})SSec[eﬂ‘:x]6
(a+b)? (a+bSecle+Ffx]?)?
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(—((BjAr‘cTan[(—jaCos[ ]-ibCos[e] +iaCos[3e] +ibCos[3e] +aSin[e] +bSin[e] -

Va Va+b Cos[e-fx]/Cos[2e] -iSin[2e] ++/a Va+b Cos|
3e+fx] \/Cos [2e] -1Sin[2e] +aSin[3e] +bSin[3¢e] -i+a Va+b
v/Cos[2e] - 1Sin[2e] Sin[e-fx] ~2i+va Va+b v/Cos[2e] -1iSin[2e]
Sinfe+fx] +i+a va+b ~/Cos[2e] -1iSin[2e] Sin[3e+fx}>/
(aCos[e}+3bCos[e1+aCos[3e]+bCos[3e]+aCos[e+2Fx]+aCos[3e+2fx1—

3i1aSin[e] -ibSin[e] -1aSin[3e] -1bSin[3e] -1aSin[e+2fx] +
JiaSin[3e+2fx]HCos[e})/(128a7/2\/a+b f-/Cos[2e] -1iSin[2e] ))—

(3Ar‘cTan[(—iaCos[e]—JibCos[e}+JiaCos[3e]+JibCos[3e]+aSin[e}+
bsSin[e] -+/a Va+b Cos[e-fx]/Cos[2e] -1iSin[2e] +
Va /a+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +bSin[3e] -i+/a
a+b +/Cos[2e] -iSin[2e] Sin[e-fx] -2i+/a Va+b /Cos[2e] - 1iSin[2e]
Sin[e + fx] +i+a a+b r/Cos[2e] -1Sin[2e] Sin[3e+-Fx})/

(aCos[e}+3bCos[e}+aCos[3e]+bCos[3e]+aCos[e+2fx]+

aCos[3e+2fx]-3iaSin[e] -ibSin[e] -1aSin[3e] -
JibSin[Be}—JiaSin[e+2-Fx]+iaSin[3e+2fx])]Sin[e})/

1

(128a7/2\/a+b f+/Cos[2e] -1Sin[2e] ))+ (8
(a+b)2 (a+bSec[e+-|:x]2)3

b+12

a

b2 +5

b?)
(a+2b+aCos[2e+2fx])>

Sec|
e+fx]®

((3Ar~cTanh[( (a+b) sinfe ])/(—21’1aCos[ ]-2ibCos[e] -
Va /a+b Cos[e-fx]/Cos[2e] -iSin[2e] ++a Va+b Cos[3e+fx]
v/Cos[2e] -iSin[2e] -i+a vVa+b /Cos[2e] -iSin[2e] Sin[e-fx] +
iva v/a+b /Cos[2e] -iSin[2e] Sin[3e+fx])} Cos[e})/
(128a7/2\/a+b f+/Cos[2e] —iSin[2e] )-(311Ar~cTanh[( (a+b) sinfe 1)/
(—21‘1aCos[e1—21’1bCos \/—\/mCos e-fx]VCos[2e] -1Sin[2e] +a
mCos[BeJr-Fx] v/Cos[2e] -1 Sin[2e] ~i+a va+b v/Cos[2e] - 1Sin[2e]
Sin[e - fx] +i+a Va+b \/Cos[2e] -1Sin[2e] Sin[3e+fx})]

Sin[e])/(128a7/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
1

; 3(8a2b+12ab2+
(a+b)* (a+bsSecle+fx]?)

5b%)
(a+2b+aCos[2e+2fx])>
Sec[e+fx]®
(—((BCos[e] Log[a+2aCos[2e} +2bCos[2e] -~aCos[2e+2fx] -21aSin[2e] -

2ibsin[2e] +2+/a Va+b /Cos[2e] -1 Sin[2e] Sin[fx] +
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2+/a Va+b /Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256a7/2\/a+b f+/Cos[2e] -isSin[2e] )) N

(3iLog{a+2aCos[2e] +2bCos[2e] -aCos[2e+2fx]-21aSin[2e] -

21bSin[2e] +2+/a Va+b v/Cos[2e] -1Sin[2e] Sin[fx] +
2+/a Va+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256a7/2\/a+b f+/Cos[2e] -isSin[2e] )) .
1

(8a’b+12ab’+
(a+b)? (a+bSec[e+fx]?)>
5b%)
(a+2b+aCos[2e+2fx])>
Sec[e+fx]®
((BCos[e] Log[—a—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx]+21aSin[2e] +

2ibsin[2e] +2+a Va+b /Cos[2e] -iSin[2e] Sin[fx] +
2+/a Va+b /Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256a7/2\/a+b f+/Cos[2e] -1Sin[2e] )—

(BiLog[—a—ZaCos[Ze] -2bCos[2e] +aCos[2e+2fx] +21aSin[2e] +

2ibsin[2e] +2+a Va+b ~/Cos[2e] -iSin[2e] Sin[fx] +
2v/a +Ja+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256a7/2\/a+b f+/Cos[2e] -isSin[2e] )) .

Cos[e] (a+2b+aCos[2e+2fx])>Sec[e+fx]®Sin[fx]

(3

N
8alf (aerSec[eJn‘x]z)3

(a+2b+aCos[2e+2fx])?

Sec[e+fx]®

(4ab?Sinfe + f x] +3b3Sin[e+fx}))/(32
a3

Q

(a+b)?

.F

(a+bSec[e+fx]2)3) -
a

b> (a+2b+aCos[2e+2fx]) Sec[e+fx]®Tan[e+fXx]

8a® (a+b) f (a+bSec[e+1‘x]2)3

Problem 211: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e+fx]°>
J dx

(a+bSec[e+fx]?)?

Optimal (type 3, 214 leaves, 6 steps):
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b* (80 a%+140a b + 63 b?) Achanh[@[LfXL]

a+b
- +

8 all/2 (a+b)5/2-F

(a2-3ab+6b?) Sinfe+fx] (2a-3b)Sin[e+fx]® Sin[e+fx]°
- +
a> f 3a%f 5a3f
b>Sin[e + f x] b* (202 +17b) Sin[e + f ]

+

4a° (a+b) 1‘(a+b—aSin[e+1“x}2)2 8 a° (a+b)2f(a+bfasin[e+fx]2)

Result (type 3, 2670 leaves):

((5a2—18ab+48b2> Cos [f x] (a+2b+aCos[2e+2Fx})3Sec[e+-Fx]5Sin[e])/
(64a51c (a+bSec[e+fx]2)3) +

1

(-80a2b®-140ab*-63b°) (a+2b+aCos[2e+2fx])>
(a+b)? (a+bSecle+Ffx]?)?

Sec[e+fx]6((J’lAr‘cTan[(—iaCos[e}7JibCos[e]+JiaCos[3e}+J'1bCos[3e}+
aSin[e] +bSinJ[e] —ﬁmCos[e—fx] v/Cos[2e] -1Sin[2e] +
Va Va+b Cos[3e+fx]/Cos[2e] -iSin[2e] +aSin[3e] +bSin[3e] -i+/a
vJa+b /Cos[2e] -iSin[2e] Sin[e-fx] -2i+a Va+b /Cos[2e] -iSin[2e]
Sin[e+fx] +i+a Va+b /Cos[2e] - iSin[2e] Sin[3e+Fx}>/(aCos[e] +3b
Cos[e] +aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
J'lein[e]—J'laSin[3e]—JibSin[3e]—j1aSin[e+2-Fx]+JiaSin[3e+2-Fx])]

Cos[e])/(128a11/2\/a+b f+/Cos[2e] —iSin(2e] | +

(Ar‘cTan[(—iaCos[e}—JibCos[e}+iaCos[3e}+ibCos[3e}+aSin[e]+
bSin[e] -+Ja Va+b Cos[e-fx]/Cos[2e] -iSin[2e] +
Va Va+b Cos[3e+fx]/Cos[2e] -1Sin[2e] +aSin[3e] +bSin[3e] ~ia
Ja+b +/Cos[2e] -iSin[2e] Sin[e-fx]-2i+/a Va+b /Cos[2e] - 1Sin[2e]
Sinfe+fx] +i+va vVa+b /Cos[2e] -iSin[2e] Sin[3e+fx])/(a€os[e] +3b

Cos[e] +aCos[3e] +bCos[3e] +aCos[e+2fx] +aCos[3e+2fx]-31aSin[e] -
ibSin[e] -iaSin[3e] -1ibSin[3e] -1aSin[e+2fX] +iaSin[3e+2fx])]
Sin[e])/(128a”/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
1
(a+b)2 (a+bSec[e+1“x]2)3
63 b°)
(a+2b+aCos[2e+2fx])>
Sec[e+fx]®

((Ar‘cTanh[(Z (a+b) Sin[e])/
(—21‘1aCos[e} -2ibCos[e] -+/a Va+b Cos[e-fx]VCos[2e] -iSin[2e] +a
\/ﬁCos[BeJr-Fx] v/Cos[2e] - 1iSin[2e] ~i+a va+b v/Cos[2e] -1iSin[2e]
Sinfe-fx] +i+a Va+b ~/Cos[2e] -1iSin[2e] Sin[3e+fx})] Cos[e])/

(80a2 b+ 140 ab* +

(128a”/2\/a+b f+/Cos[2e] -1Sin[2e] )7 (JiAr‘cTanh[(Z (a+b) Sin[e])/
(—21‘1aCos[e1 -2ibCos[e] -+Ja Ja+b Cos[e-fx]VCos[2e] -iSin[2e] ++a
Ja+b Cos[3e+fx]~/Cos[2e] -1Sin[2e] -i+/a Va+b /Cos[2e] -1Sin[2e]
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Sin[e-fx] +i+a Va+b /Cos[2e] - iSin[2e] Sin[3e+fx})] Sin[e])/
1

(128311/2\/a+b f/Cos[2e] —iSin(2e] )) +
(a+b)? (a+bSec[e+fx]2)>

(-80a%b>-140ab*-63b°) (a+2b+aCos[2e+2fx])>
Sec[e+fx]®
((Cos[e} Log[a+2aCos[2e}+2bCos[2e}—aCos[2e+2-Fx]721'1aSin[2e}—
2ibsin[2e] +2+/a Va+b /Cos[2e] - iSin[2e] Sin[fx] +
2+/a Va+b +/Cos[2e] - iSin[2e] Sin[2e+fx]])/
(256a11/2\/a+b f+/Cos[2e] -1Sin[2e] )—

(J‘LLog[a+2aCos[2e}+2bCos[2e]—aCos[2e+2-Fx}—21‘1aSin[2e]—
2ibsin[2e] +2+/a Va+b /Cos[2e] - iSin[2e] Sin[fx] +
2+v/a +/a+b /Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/

(256a”/2\/a+b f+/Cos[2e] -1Sin[2e] )) +
1
(a+b)2(a+bSec[e+1‘:x]2)3
<a+2b+aCos[2e+2fx})3
Sec[e+fx]®
((Cos[e} Log[fafzaCos[Ze]72bCos[2e]+aCos[2e+2fx}+Zjasin[2e]+2j1bsin[2e]+
2+/a Va+b /Cos[2e] -iSin[2e] Sin[fx] +2+/a Va+b /Cos[2e] - iSin[2e]
Sin[2e+fx]])/(256a11/2\/a+b f+/Cos[2e] -1Sin[2e] )—
(J‘LLog[—a—ZaCos[Ze]—2bCos[2e]+aCos[2e+2-Fx]+21’1aSin[2e]+

(8ea2 b®+140ab*+ 63 b5>

21bSin[2e] +2+/a Va+b v/Cos[2e] -1Sin[2e] Sin[fx] +

2+/a Va+b +/Cos[2e] -iSin[2e] Sin[2e+fx]] Sin[e])/
(256a11/2\/a+b f+/Cos[2e] -isSin[2e] )) N
((Sa-lzb) Cos(3fx] (a+2b+aCos[2e+2Fx])°

Sec[e+fx]®

sin[3 e]) (384

a4
.F
(a+bSec[e+fx]2)3) +

Cos[5fx] (a+2b+aCos[2e+2fx])’Sec[e+fx]®Sin[5e]

+

640> f (a+bSec[e+fx]?)’

((5a%-18ab+48b?)
Cos[e]
(a+2b+aCos[2e+2fx])3
Sec[e + fx]®

sin[f x] ) / (64

aS

.F
(a+bSec[e+fx]2)3) +
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((Sa—lzb) Cos[3e] (a§2b+aCos[2e+2fx1)3
Sec[e+fx]®

Sin[3fx1)/(384
a4

..F
(a+bSec[e+fx]2)3) +
[

Cos[5e] (a+2b+aCos[2e+2Fx])>Sec[e+Ffx]®Sin[5fx]

640 a3 f (a+bSec[e+fx}2)3

((a+2b+aCos[2e+21‘x])2
Sec[e+fx]®
(20ab*sinfe + fx] +17bSSin[e+Fx]))/
(32aS (a+b)*f (a+bSec[e+fx]2)3) -

b> (a+2b+aCos[2e+2fx]) Sec[e+fx]>Tan[e+fx]

8a° (a+b) f (a+bSec[e+-Fx]2)3

Problem 213: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e+fx]*
J dx
(a+bSec[e+1‘:x]2)3

Optimal (type 3, 123 leaves, 4 steps):
(a+4b) Ar‘cTan[L;Lb Tan [e+f x ]

a+b

8b%2 (a+b)*/*f

aTan[e + fx] (a+4b) Tan[e + fx]

+

4b (a+b) f(a+b+bTan[e+fx]2)2 8b (a+b)21: (a+b+bTan[e+fx]?)

Result (type 3, 539 leaves):
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[(—a—4b) (a+2b+aCos[2e+21‘:x])3Sec[e+1°x16 ArcTan |

Cos[2e] 1Sin[2e]
Sec[f x]

2+vVa+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]H Cos[2e]

(64b\/a+b f+/bCos[4e] -ibSin[4e] )— J'lAr‘cTan[

Cos[2e] iSin[2e]
Sec[f x]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]” Sin[2e]

|/

((a+b)2 (a+bSec[e+fx]2)3) +((a+2b+aCos[2e+2Fx])

(64b\/a+b f+/bCos[4e] -1bSin[4e] )

Sec[e+1:x]6
aSin[2e] -2bsin[2 1+aSin[2fx1))/(16

a+b)

a+bSecle+fx] )3

Cos[e] -Sin[e])
(Cos[ 1+Sln[e])) +

(-
(
.F
(
(co

((a+2b+aCos[2e+21‘:x])ZSec[e+1:x16
(asin2e] +4bSin[2e] -asSin[2 fx] +2bSin[2fx]))/
(64b (a+b)21c (a+bSec[e+1‘x]2)3 (Cos[e] -Sin[e])
(Cosle] +Sin[e]))

Problem 214: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]?
J dx

(a+bSec[e+fx]2)3

Optimal (type 3, 106 leaves, 4 steps):

3Ar‘cTan[3“’ Tan[e+f x ]

ab Tan[e + f X] 3Tan[e + f X]
+ +

8v/b (a+b)*?f 4(a+b)f(a+b+bTan[e+fx]2)? 8 (a+b)’f (a+b+bTane+fx]?)

Result (type 3, 265 leaves):
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[(a+2b+aCos[2 (e+fx)])secle+fx]®

(—((BAr‘cTan[(Sec[-Fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(Zm\/b (Cos[e] ﬂisin[e})“)] (a+2b+acCos|2 (e+FxH)2
(Cos[2e] —iSin[Ze})]/ (\/m\/b (Cose] —iSin[e})“)) +

4b b) S 2 2b) Sin[2 -aSin[2f
(a+b) sec[2e] ((a+ 2> inf2e] -asin| X”+i2<a+2b+aCOs[2(e+FxH>
a

|/

a

Sec[2e] (- (5a®+16ab+8b*) Sin[2e] +a (5a+2b) Sin[2fx])

(64 (a+b)21c (a+bSec[e+fx]2)3)

Problem 215: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bSec[e+1‘:x]2)3

Optimal (type 3, 144 leaves, 6 steps):

x Vb (15a2+20ab+8b2)Ar‘cTan[%[s+JL]

a’ 8 a3 <a+b)5/2f

bTan[e + f x] b(7a+4b) Tan[e + fx]
4a(a+b)f (a+b+bTan[e+fx]2)2 8 a2 (a+b)2-F (a+b+bTan[e+fx]?)

Result (type 3, 627 leaves):
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X (a+2b+aCos[2e+21‘x])3Sec[e+-Fx]6

+
8 a3 (aerSec[eercx]Z)3

((15a2+20ab+8b2) (a+2b+aCos[2e+2Fx])3Sec[e+fx]6 b ArcTan |

Cos[2e] 1 Sin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b /bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(64a3\/a+b f+/bCos[4e] -1bSin[4e] )— ibArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

]/ (<a+b)2 <a+bSec[e+.FX}2>3) .

((a+2b+aCos[2e+2-Fx])ZSec[eJr-Fx}6 (9a®bsin[2e] +28ab’Sin[2e] +

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

(64a3\/a+b f/bCos[4e] -1bSin[4e] )

16 b>Sin[2e] -9a2bSin[2 fx] —6abZSin[2fx]))/
(64a3 (a+b)2-F (aerSec[eJr-Fx]Z)3 (Cos[e] -sinfe])
(Coste] +Sin[e])) +
((a+2b+aCos[2e+2fx]) Sec[e+fx]® (-ab*Sin[2e] -2b’Sin[2e] +abZSin[2fx]))/
3

(16a3 (a+b) f(a+bSec[e+fx]?)
(Cos[e] -Sin[e]) (Cos[e] +Sin[e]))

Problem 217: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e +fx]*
J dx
(

a+bSec[e+1‘:x]2)3

Optimal (type 3, 269 leaves, 8 steps):
3b%/2 (21a2+36ab+16b?) Ar‘cTan[M‘ﬂL]

a+b
- +

8a’ 8a° (a+b)5/2f

3 (a2-4ab+16b%) x

(3a-8b) Cos[e+fx] Sin[e+fx] Cos[e+fx]3Sin[e+fx]

+ +
8a%f (a+b+bTan[e+-Fx]2>2 4af (a+b+bTan[e+-Fx]2)2

b(3a2-7ab-12b?) Tan[e + fx] 3b(a+2b) (a®>-4ab-4b?) Tan[e + fx]
+
8a’ (a+b) f(a+b+bTan[e+fx]2)? 8a* (a+b)*f (a+b+bTan[e+fx]?)

Result (type 3, 1430leaves):
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[(21a2+36ab+16b2) (a+2b+aCos[2e+2-Fx])3Sec[e+1‘:x]6

[3 b* ArcTan |

Cos[2e] iSinf[2e]

Sec[f x]

2+vVa+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx}H Cos[2e]

(64a5\/a+b f+bCos[4e] -ibSin[4e] )— 31 b%ArcTan|

Sec [£x] Cos[2e] 1Sin[2e]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]” Sin[2e]

|/

1

(64a5\/a+b f+/bCos[4e] -1bSin[4e] )

((a+b)2 (a+bSec[e+Fx]2)3) +
2048 a® (a+b)21‘: (a+bSec[e+-Fx]2)3
(a+2b+aCos[2e+2fx])
Sec|
2e] Sec[e+fx]®
(144a°fxCos[2e] +96a’bfxCos[2e] +912a*b*> fxCos[2e] +
6720 a> b3 fxCos[2e] +16512a%b* fxCos[2e] +16896ab’> fxCos[2e] +
6144 b% fx Cos[2e] +96a° fx Cos[2fx] +480a*b%fxCos[2fx] +
4416 2> b> fx Cos[2fx] +6912 a’b* fx Cos[2 fx] +
3072ab’ fxCos[2fx] +96abfxCos[4e+2Ffx] +
480 a* b’ fxCos[4e+2fx] +4416a° b3 fxCos[de+2fx] +
6912 a’b* fxCos[4e+2fx] +3072ab’> fxCos[de+2Ffx] +
243° fxCos[2e+4fx] -48a°bfxCos[2e+4fx] +216a*b>fxCos[2e+4Ffx] +
672a>b>fxCos[2e+4fx] +384a’b*fxCos[2e+4Ffx]+
24a%fxCos[6e+4fx] -48a°bfxCos[6e+4Ffx] +216a*b>fxCos[6e+4fx] +
672a>b>fxCos[6e+4fx] +384a’b*fxCos[6e+4fx] +81l6a>b>Sin[2e] +
2848 a2 b*Sin[2e] + 3968 ab’Sin[2e] +1792b®Sin[2e] +44a®Sin[2fx] +
104 a°bSin[2 fx] - 180 a*b?Sin[2 fx] - 1696 a®> b>Sin[2 f x] - 3264 a®> b*Sin[2 fx] -
1664 ab’> Sin[2fx] +44a°Sin[4e+2fx] +104a°bSin[d4e+2fx] -
180 a*b?Sin[4e+2fx] -608a>b>Sin[d4e+2fx] -192a%b*Sin[de+2fx] +
128 ab°Sin[4e+2fx] +38a%Sin[2e+4fx] +60a°bSin[2e+4fx] -
170 a* b?Sin[2e+4fx] -640a>b3Sin[2e+4fx] -400a%b*Sin[2e+4fx] +
38a°Sin[6e+4fx] +60a°bsSin[6e+4fx] -170a*b?Sin[6e+4fx] -
368a3b>Sin[6e+4fx] -176a’b*Sin[6e+4fx] +12a°Sin[4e+6Ffx] +
8a°bSin[4e+6fx] -20a*b?>Sin[4e+6fx] -16a>b>Sin[de+6Ffx] +
12a%Sin[8e+6fx] +8a°bSin[8e+6fx] -20a*b%>Sin[8e+6Ffx] -
16a3b3Sin[8e+6fx] +a®Sin[6e+8fx] +2a°bSin[6e+8Ffx] +a*b?Sin[6e+8Ffx] +
a®sin[lee+8fx] +2a’bsSin[1@e+8fx] +a*b’>Sin[10e+8fX])
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Problem 218: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[e+fx]®
J dx
(

a+bSec[e+1Cx]2)3

Optimal (type 3, 352 leaves, 9 steps):
« b772(99a%+176ab +80b?) ArcTan [M}

a+b
+ +

16 a® 8 a6 (a+b)5/2-F

(5a*-18a?b+48ab?- 160 b?)

(15a>-34ab+80b?) Cos[e+fx] Sin[e+fx] 5 (a-2b)Cos[e+fx]3>Sin[e+fx]
+ +
2

2

48a°f (a+b+bTanle+fx]?) 24a%f (a+b+bTan[e+fx]?)

Cosf[e+fx]®Sinfe + fx] b (15a%-29a’b+64ab?+120b%) Tan[e + f x]
.

+

6af (a+b+bTan[e+1“x]2)2 48a* (a+b) f (a+b+bTan[e+1“x]2)2

b(5a*-8a*b+17a’b?+116ab’+80b*) Tan[e + f x]

16 a° (a+b)2f (a+b+bTan[e+fx]?)
Result (type 3, 1770leaves):

(99a2+176ab+80b?) (a+2b+aCos[2e+2fx])>

2va+b \/bCos[de] -1 bSin[4e]

Cos[2e]

Sec[e +fx]°® b* ArcTan [Sec [f x]

2+va+b \/bCos[de] -1 bSin[4e]
iSin[2e]

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]H Cos[2e]

/

(64a6\/a+b f/bCos[4e] -ibSin[de] )

+ [J’l b* ArcTan |

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])]Sin[2e]

|/

1
12288a° (a+b)?f (a+bSecle+fx]?)>

(64a6\/a+b f+bCos[4e] -ibSin[4e] )

((a+b)2 (a+bSec[e+-Fx]2)3) +

(a+2b+
aCos[2e+2fx]) Sec[2e]

Sec[e+fx]®(720a” fxCos[2e] +768a°bfxCos[2e] +
1296 a° b f x Cos[2e] - 8352a*b> fxCos[2e] -
64128 a3 b* fxCos[2e] -158976a%b> fxCos[2e] -
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165888 ab® fxCos[2e] -61440b” fxCos[2e] +

480 a’ fxCos[2fx] +192a®bfxCos[2Ffx] +96a°b?fxCos[2Ffx] -

4608 a* b> fx Cos[2fx] -41856 a>b* fxCos[2 fx] -

67584 a%b°> fxCos[2fx] -30720ab’® fxCos[2fx] +

480a’ fxCos[de+2Ffx] +192a®bfxCos[de+2fx] +
96a°b2fxCos[de+2fx] -4608a*b>fxCos[de+2Ffx] -

41856 ab*fxCos[4e+2fx] -67584a’b°>fxCos[de+2fx] -
30720ab®fxCos[4e+2fx] +120a’ fxCos[2e+4fx] -
192a®bfxCos[2e+4fx] +408a°b%>fxCos[2e+4fx] -

1968 a* b3 fxCos[2e+4fx] -6528ab*fxCos[2e+4fx] -

3840 a2b°> fxCos[2e+4fx] +120a’ fxCos[6e+4fx] -
192a®bfxCos[6e+4fx] +408a°b’>fxCos[6e+4fx] -

1968 a* b3 fxCos[6e+4fx] -6528ab*fxCos[6e+4fx] -

3840 a2b°> fxCos[6e+4fx] -6048a%b*Sin[2e] -21312a%b>Sin[2e] -
29952 ab®Sin[2e] -13824b7 Sin[2e] +262a’ Sin[2fx] +524a%bSin[2 fx] -
26a°b2sin[2fx] +1728 a*b3Sin[2 fx] + 14976 a>b*Sin[2fx] +
28416 2% b®>Sin[2fx] +14592ab®Sin[2fx] +262a’ Sin[4e+2fx] +
524a°bSin[4e+2fx] -26a°b?Sin[4e+2fx] +1728a*b3Sin[4e+2Ffx] +
6912 a>b*Sin[4e+2fx] +5376a2b°Sin[4e+2fx] +768ab®Sin[4e+2fx] +
238a’Sin[2e+4fx] +304a°bSin[2e+4fx] -250a°b%Sin[2e+4Ffx] +
1556 a*b3Sin[2e+4fx] + 5904 a>b*Sin[2e +4fx] +3744a%b°Sin[2e+4fx] +
238a’Sin[6e+4fx] +304a®bsSin[6e+4fx] -250a°b?Sin[6e+4fx] +
1556 a* b3 Sin[6e+4fx] +3888a°b*Sin[6e+4fx] +2016a%b°Sin[6e+4fx] +
87a’Sin[4e+6fx] +46a°bSin[4e+6fx] -9a°b?Sin[4e+6fXx] +

192 a*b3>Sin[4e+6Ffx] +160a>b*Sin[4e+6fx] +87a’Sin[8e+6fXx] +

46 a°bSin[8e+6Ffx] -9a°b?Sin[8e+6fx] +192a*b>Sin[8e+6Ffx] +

160 a>b*Sin[8e+6Ffx] +13a’Sin[6e+8fx] +16a°bSin[6e+8Ffx] -
7a°b?Sin[6e+8fx] -10a*b>Sin[6e+8Ffx] +13a’Sin[10e +8fx] +
16a°bsSin[10e+8fx] -7a°b?Sin[10e+8fx] -10a*b>Sin[10e + 8 Ffx] +
a’Sin[8e+10fx] +2a®bSin[8e+10fx] +a°b?>Sin[8e+10fx] +
a’sin[12e+10fx] +2a°bsSin[12e+10fx] +a’>b*>Sin[12e+10fx])

Problem 219: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bSec[c+dx]?)*

Optimal (type 3, 204 leaves, 7 steps):
Vb (35 a®+70a%2b+56ab?+16 b3> Ar‘cTan[M}

a+b

a* 16 a* (a+b)7/2d

bTan[c +dx] b(11a+6b) Tan[c+dx]

3

6a(a+b)d(a+b+bTan[c+dx]2)® 24a2(a+b)?d (a+b+bTan[c+dx]?)?

b (19a?+22ab+8b?) Tan[c+dx]

16 a3 (a+b>3d (a+b+bTan[c+dx]?)

Result (type 3, 1411 leaves):
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[(35a3+70a2b+56ab2+16b3) (a+2b+aCos[2c+2dx])“Sec[c+dx]8 b ArcTan|
Cos[2c] iSin[2c]
Sec[dx] -
2+va+b \/bCos[4c] -1bSin[4c] 2+a+b \/bCos[4c]-1bSin[4c]

(-asin[dx] -2bSin[dx] +aSin[2c+dx])] Cos[2c]]/

(256a4\/a+b d+/bCos[4c] -ibSin[4c] )— ibArcTan|

Cos[2c] iSin[2c]
Sec[dx]

2+/a+b \/bCos[4c]-ibSin[dc] 2+/a+b bCos[4c]-ibSin[4c] ]

(-asin[dx] -2bSin[dx] +aSin[2c+dx]” Sin[2c]]/

/

1

(256a4\/a+b d+v/bCos[4c] -1bSin[4c] )J

((a+b)3 (a+bSec[c+dx]2)4) +
3072a* (a+b)’d (a+bSec[c+dx]2)*
(a+2b+aCos[2c+2dx])
Sec|
2c] Sec[c+dx]®
(480a°dxCos[2c] +3168a°bdxCos[2c] +8928a*b*dxCos[2c] +
14112 a*b3>dxCos[2c] +13248a2b*dxCos[2c] +6912ab’>dxCos[2c] +
1536 b%d x Cos[2c] +360a®dxCos[2dx] +2232a°bdxCos[2dx] +
5688 a*b>dx Cos[2dx] +7272a*>b>dx Cos[2dx] +
4608 a2 b*dx Cos[2dx] +1152ab°>dxCos[2dx] +360a®dxCos[4c+2dx] +
2232a°bdxCos[4c+2dx] +5688a*b>dxCos[4c+2dx] +
7272 a*b3dxCos[4c+2dx] +4608a’b*dxCos[4c+2dX] +
1152 ab®dxCos[4c+2dx] +144a%dxCos[2c+4dx] +720a°bdxCos[2c+4dx] +
1296 a*b>dxCos[2c+4dx] +1008a*b>*dxCos[2c+4dx] +
288a’b*dxCos[2c+4dx] +144a%dxCos[6c+4dx] +
720a°bdxCos[6c+4dx] +1296a*b?dxCos[6c+4dx] +
1008 a®b3>dxCos[6c+4dx] +288a’b*dxCos[6c+4dx] +24a°dxCos[4c+6dx] +
72a°bdxCos[4c+6dx] +72a*b?dxCos[4c+6dx] +24a’b3>dxCos[4c+6dx] +
24a%dxCos[8c+6dx] +72a°bdxCos[8c+6dx] +72a*b?dxCos[8c+6dx] +
24a°b3dxCos[8c+6dx] +870a°bSin[2c] +4292a*b%Sin[2c] +
8792 a*b3Sin[2c] + 9936 a2 b*Sin[2c] +5824ab’>Sin[2c] + 1408 b® Sin[2c] -
870a°bsSin[2dx] -3792a*b?sin[2dx] - 6432a>b3Sin[2d x] -
4608 a’b*Sin[2dx] - 1248 ab°Sin[2dx] +435a°bSin[4c+2dx] +
2124 a*b?Sin[4c+2dx] +3972a3b3Sin[4c+2dx] +3072a2b*Sin[4c+2dx] +
864ab’Sin[4c+2dx] -435a°bSin[2c+4dx] -1374a*b?>Sin[2c+4dx] -
1248 a>b3>Sin[2c+4dx] -384a%b*Sin[2c+4dx] +87a°bSin[6c+4dx] +
366 a* b2 Sin[6c+4dx] +408a*b>Sin[6c+4dx] +144a’b*Sin[6c+4dx] -
87a°bSin[4c+6dx] -116a*b*Sin[4c+6dx] -44a°b>Sin[4c+6dx])
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Problem 228: Unable to integrate problem.

JSec[eﬂcx}S\/a+bSec[e+1‘:x]2 dx

Optimal (type 4, 471 leaves, 11 steps):

—([(2a2—3ab—8b2) \/a+bSec[e+fx}2 Sinfe + f x] \/a+b—aSin[e+1cx]2

/

+

(15b21°\/b+aCos[e+1cx]2

2 B 2 2 sops : B a 2
(2a>-3ab-8b?) \/Cos[e+fx]? EllipticE|[ArcSin[Sin[e+fx]], | \Ja+bSecle+fx]

a+b

aSin[e+fx]?
/15b2f\/b+aCos[e+fx]2\/1M -

\/a+b—asin[e+1‘x]2

a+b

(a-8b) (a+b)+/Cos[e+fx]? EllipticF [ArcSin[Sin[e+fx]],

}\/a+bSec[e+Fx]2
a+b

+

/

aSin[e+fx]?
\/1[+] /(15bf\/b+aCos[e+fx}2 \/aerfaSin[eJr-Fx}2

a+b

((a+4b) Secle+fx] \/a+bSec[e+fx]2 \/aerfaSin[emcx]2 Tan[e + f x]

+

(15bf\/b+aCos[e+fx]2

/

(Sec[e+-Fx]3\/a+bSec[e+fx}2 \/a+b—aSin[e+1cx}2 Tan[e + f x]

(SF\/b+aCos[e+fx}2

Result (type 8, 27 leaves):

JSec[ewa]S\/aerSec[eJr-Fx]2 dx

Problem 229: Unable to integrate problem.

jSec[eﬂcxP\/a+bSec[e+-Fx]2 dx

Optimal (type 4, 364 leaves, 10 steps):
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(a+2b) \/a+bSec[e+1Cx]2 Sinf[e + f x] \/a+b—aSin[e+1‘:xJ2

3b1c\/b+aCos[e+1cx]2

a
((a+2b) \/Cos[e+fx]? EllipticE[ArcSin[Sin[e+fx]], ] \/a+bSec[e+1Cx]2

a+b

aSin[e+fx]?
/3b-F\/b+aCos[e+-Fx}2 \/1M +

\/a+b—aSin[e+Fx]2

a+b

a
2 (a+b)+/Cos[e+fx]? EllipticF|ArcSin[Sin[e+fx]], ] \/aerSec[eJrFx]2

a+b

+

aSin[e+fx]?
\/lm /(B-F\/b+aCos[e+Fx]2 \/a+b—aSin[e+Fx]2

a+b

(Sec[eﬂcx] \/a+bSec[e+1Cx]2 \/a+b—aSin[e+1Cx]2 Tan[e + f x]

(BF\/b+aCos[e+fx}2

Result (type 8, 27 leaves):

jSec[e+fx}3\/a+bSec[e+-Fx]2 dx

Problem 230: Unable to integrate problem.

JSec[eH:x} \/aerSec[eJr-Fx]2 dx

Optimal (type 4, 271 leaves, 10 steps):

\/a+bSec[e+1:x]2 Sin[e + f x] \/a+b—aSin[e+1ch2

1‘:\/b+aCos[e+-Fx]2

a
(«/Cos[eJr-Fx]2 EllipticE|[ArcSin[Sin[e+fx]], ] \/a +bSecle+fx]?

a+b

Sinfe + f x]2
/f\/b+aCos[e+fx]2 Jl—w +

\/aer—aSin[eH‘:x]2

a+b

a
(a+b) +/Cosle+fx]? EllipticF|ArcSin[Sin[e+fx]], ] \/a+bSec[e+-Fx]2

a+b

a+b

Sinfe+fx]2
Jl—w /(1C\/b+aCos[e+1‘:x]2 \/aer—aSin[eﬂ‘:x]2
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Result (type 8, 25leaves):

JSEC[E-%—'FX] \/a+bSec[e+1‘:x]2 dx

Problem 232: Unable to integrate problem.

JCos[e+fx}3\/a+bSec[e+fx]2 dx

Optimal (type 4, 299 leaves, 9 steps):

Cos[e+fx}2\/a+b5ec[e+fx]2 Sinfe + f x] \/a+b—aSin[e+fx}2)/

+

3f\/b+aCos[e+fx}2

((Za+b) \/Cos[e+fx]? EllipticE[ArcSin[Sin[e+fx]], 2 }\/a+bSec[e+fx]2

a+b

Si fx]2
/33":\/b+aCOS[e+'FX12 \/I—M -

\/aer—aSin[e+-Fx]2

a+b

a
b (a+b)+/Cosfe+fx]? EllipticF[ArcSin[Sin[e+fx]], ] \/a+bSec[e+1‘:x]2

a+b

a+b

Sinfe+fx]?
Jl—w /(Baf\/b+aCos[e+fx]2 \/aer—aSin[eﬂ‘:x]2

Result (type 8, 27 leaves):

JCos[e+fx}3\/a+bSec[e+fx]2 dx

Problem 233: Unable to integrate problem.

JCos[eﬂcx}S\/a+bSec[e+fx]2 dx

Optimal (type 4, 400 leaves, 10 steps):
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[2 (2a-b) Cos[e+1:x12\/a+bSec[e+1“x]2 Sin[e + f x] \/aer—aSin[eH‘x]2

/

+

[15a-F\/b+aCos[e+1‘:x]2

(Cos[eJr-Fx]Z\/a+bSec[e+Fx}2 Sin[e + f x] <a+b7asin[e+1‘x]2)3/2]/

+

(Sa-F\/b+aCos[e+fx]2

a
((832+3ab—2b2) \/Cos[e+fx]? EllipticE[ArcSin[Sin[e+fx]], ]\/a+b5ec[e+-Fx}2

a+b

aSin[e +fx]?
/15a21‘:\/b+aCos[e+1‘:x]2 \/1—M -

\/aer—aSin[e+-Fx]2

a+b

2 (2a-b) b (a+b)/Cos[e+fx]? EllipticF[ArcSin[Sin[e+fx]],

}\/a+b5ec[e+fx]2
a+b

a+b

Sinfe+fx]2
Jl—w /(15a21‘:\/b+aCos[e+-Fx]2 \/aer—aSin[e+-Fx]2

Result (type 8, 27 leaves):

JCos[ewa]S\/a+bSec[e+fx]2 dx

Problem 234: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eﬂcx]G\/a+bSec[e+fx]2 dx

Optimal (type 3, 186 leaves, 6 steps):
(a+b) (a*-2ab+5b?) Ar‘cTanh[M_}

a+b+b Tan[e+f x]?

16b5/2 f

(a2-2ab+5b?) Tan[e + fx] \/a+b+bTan[e+1‘:x]2

16 b2 f
(3a-5b) Tan[e+fx] (a+b+bTan[e+fx]2)?
2407 f ’
Secle+fx]2Tan[e+fx] (a+b+bTan[e+fx]2)*?
6bf

Result (type 3, 407 leaves):
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_ 1 1\/—<1+eie+fx))

(1+ @21 (e+fx) )6

el (e+fx) \/4b+ae21<e”:x) (1+e“(e”€x))2 Cos[e + fx]

(—3a2 (1+(e“(e”:x>)4+4ab (1+e21(e+fx)>2 <1+492ﬂ (e+f x) +e4i(e+fx)> .

bZ (15 + 100 ezfl (e+f x) + 298 (e4]'l (e+f x) + 100 esi (e+f x) +15 esil (e+f x) ) ) _

4B (1eei et £y

/ J4be2j(e+~Fx)+a<1+e2j1(e+~Fx))2]]

/(24\/7bS/ZF\/a+2b+aCos[2e+2fx] )

21 (e+fx)

(3 (a®>-a’b+3ab’+5b%) Log|

l+e

4]'1\/4b®21(e+fx) +a (1+e21(e+fx)>2 f

]

\/a+bSe<:[e+-Fx]2

Problem 235: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[eJrfx}“\/a+bSec[e+fx]2 dx

Optimal (type 3, 122leaves, 5 steps):
(a-3b) (a+b) Ar‘cTanh{—*M‘M—]

a+b+b Tan[e+f x]?

8b%/2 f

(a-3b) Tan[e+fx] \/a+b+bTan[e+Fx]2 Tan[e + f x] (a+b+bTan[e+fx}2)3’/2
+

8bf abf
Result (type 3, 322leaves):

ei (e+f x) \/4b+ae21(e+fx) <1+ezj(e+fx))2 Cos[e+fx1

1

_—1\/—< 142 e+fx)) (a <1+ezﬁ(e++x>)2+b <3+14ezi(e+fx) +3®4j(e+fx))) N
(1+e211(e+fx)>

-44b (-1t £y

/ \/4be2j(e+fx)+a<1+e211(e+fx))2]]

/(4\/7b3/2f\/a+2b+aCos[2e+2-Fx] )

2 2 YA
{(a -2ab-3b ) LOg[1+ezj(e+-Fx)

]

4j_\/4b(321(e+fx) +a (1+e21(e+fx)>2 f

\/a+bSec[e+1Cx]2

Problem 236: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

JSec[e+fx12\/a+bSec[e+fx]2 dx

Optimal (type 3, 76 leaves, 4 steps):

(a . b) A,ﬂcTanh[M
a+bsb Tan[e+f x]2 Tan[e + f x] \/aererTan[eJr-Fx}2
.

2/b f 2f
Result (type 3, 257 leaves):

el (e+fXx) \/4b+a<e“ (e+f x) (1+e“ (e+fx))2 Cos[e + f x]

2

-43/b (-1ee?t (7)) £ias J4 be2i (¢ a (1ee2i (=Fx) )" £

Zi(en‘x) ]

i (-1 2t (@) (a+b) Log|

(1+621(e+1’x)>2 \/F\/4be2j1(e+fx)+a <1+621(e+~Fx))2

l+e

\/a+bSec[e+1‘:x]2 /(\/T-F\/a+2b+aCos[2e+2fx]

Problem 237: Unable to integrate problem.

J\/a+b5ec[e+fx]2 dx

Optimal (type 3, 79 leaves, 6 steps):
\/?Ar‘cTan{ \/a Tan[e+fx ] \/FAr‘cTanh[ /b Tan[e+fx ]

a+b+b Tan[e+f x]2 a+b+b Tan[e+f x]2

+

f f
Result (type 8, 18 leaves):

J\/aerSec[eJr-Fx]2 dx

Problem 238: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[eJrFx}Z\/a+bSec[e+-Fx]2 dx
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Optimal (type 3, 82leaves, 4 steps):

(a+b) Ar‘cTan[—\L[—]—a Tan[e+f x

a+beb Tan[e+f x)? Cos[e+fx] Sin[e +fx] \/a +b+bTan[e+ fx]?
.

2+/a f 2f
Result (type 3, 322 leaves):

e i (erfx) \/4b+a e 21 (erfx) (1+ e2i (e+fx)>2

Cos[e+Ffx] |-1 <—1+e“(e*‘:x)) + (2 (a+b) g2t (erfx)

2fx-ilogla+2b+ae?’ (®F¥ 14/a J4b<»e“<e“cX> +a (1+e”(e*fx>)2 |+

]']_Log[a+a(ezi(e+fx) L2 b2t (exfx) | /a \/4bezi(e+fx) +a (1+eu(e+fx))2 }J]/

\/?\/4b<82i(e*fx> +a (1+e”(e*fx>)2 ]J \/a+bSec[e+fXJ2 J/

(4\/7f\/a+2b+aCos[2e+2Fx] )

Problem 239: Unable to integrate problem.

jCos[e+fx}4\/a+b5ec[e+fx]2 dx

Optimal (type 3, 140leaves, 5steps):

(3 a- b) (a + b) ArcTan [ M—]
\/ a+b+b Tan[e+f x]2

8a32f

(3a-b) Cos[e+fx]Sin[e+fx] \/a+b+bTan[e+1“x12
8af

+

Cos[e+fx]>Sin[e+fx] (a+b+bTan[e+fx]2)*?

4af

Result (type 8, 27 leaves):

JCos[e+-Fx}4\/aerSec[eJr-Fx]2 dx
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Problem 240: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

JCos[eJHCx}G\/a+bSec[e+1‘:x]2 dx

Optimal (type 3, 196 leaves, 7 steps):
(a+b) (5a2-2ab+b?) ArcTan[M]

a+b+b Tan[e+f x]?

16 a°/2 f

(3a-b) (5a+3b) Cos[e+fx]Sin[e+fx] \/a+b+bTan[e+-Fx]2
+
48 a2

(5a+b) Cos[e+fx]3Sin[e+fx] \/a+b+bTan[e+1‘:x12
N
24 af

Cos[e+fx]°Sin[e+fx] \/a+b+bTan[e+1Cx}2
6f

Result (type 6, 1902 leaves):

aSin[e+fx]?
, Sin[e+fx]?, #}

3
a+b

N |
N w

2

1
[3 (a+b) AppellF1[—, -2, -
Cos[e+fx]1a\/a+2b+aCos[2 (e+fx>] \/a+bSec[e+Fx]2 Sinfe + f x]

/

aSin[e+Fx}2]

3 . )
;, Sin[e +fx]°,

3
a+b

N |

1
f [3 (a+b) AppellFl[;, ~2, -

aSin[e +fx]?
gt

, Sinfe+ fx]2,
a+b

N n

3 1
(a AppellFl[ =, -2, =,
2 2

3 1 5 , aSinfe+fx]? . ;
4 (a+b) AppellF1| =, -1, - =, =, Sin[e+fx]?, —————— ]| Sin[e+fx]
2 2 2 a+b
1 1 3 , asin[e+fx]?2 s
3 (a+b) AppellF1[—, -2, - —, =, Sin[e+fx]?, ———————| Cos[e+ fx]
2 2 2 a+b

1 1
/ [3 (a+b) AppellFl[;, -2, T

\/a+2b+aCos[2 (e+fx)]

aSin[e+fx]? 3 1 5 5
————————] - |aAppellF1[ =, -2, =, =, Sin[e+fx]?, |+
a+b 2 2 2 a+b
1 aSinfe +fx]? . 5
—] Sin[e+fx]?| -

3 5 ,
4 (a+b) AppellFl[g, -1, e Sin[e + fx]2, "
a-+
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aSin[e+fx}2}

2 2 a+b

/

aSin[e+fx]2}

1 1 3 R
12 (a+b) AppellF1|—, -2, - =, =, Sin[e+fx]?,
2

Cos[e+fx}3\/a+2b+aCos{2 (e+fx)] sinfe+fx]?

3 . )
, —, Sin[e+fx]*%,
2 a+b

N |

1
{3 (a+b) AppellFl[;, -2, -

aSin[e+Fx]2]
- +

3 1 5 . )
aAppellFl[f, -2, —, —, Sin[e+fx]*,
2 2 2 a+b

aSin[e+fx]?
2 .

]] Sinfe + fx]?

3 15 ,
4 (a+b) AppellFl{;, -1, Sy Sinfe + fx]?, A
a+

- #a f AppellF1l [
3 (a + b)

[3 (a+b) Cos[e+-Fx]4\/a+2b+aCos[2 (e+fx)] sinfe+fx]

3 1 5 , aSinfe+fx]? . 4
-y -2, —, —, Sin[e+fx]*, —} Cos[e+fx] Sin[e+fx] - —f
2 2 2 a+b 3
3 1 5 , aSinfe+fx]? .
AppellFl[ =, -1, - =, =, Sin[e+fx]?, — ] Cos[e+fx] Sin[e + fX] /
2 2 2 a+b
1 1 3 , aSinfe+fx]?
(3 (a+b) AppellF1[=, -2, - =, =, sinfe+fx]2, ] -
2 2 2 a+b

aSin[e+fx]2]
- | +

3 1 5 R
aAppellFl| =, -2, —, =, Sin[e+fx]?,

2 202 a+b
aSinfe +fx]? . 5
—] Sinf[e + f x] -

3 15 ,
4 <a+b) AppellFl[f, -1, -—, —, Sin[e + fx]?,
2 2 2

a+b
1 1 3 , aSinfe+fx]? 4
3 (a+b) AppellF1[—, -2, - =, =, Sin[e+fx]?, —————————| Cos[e + fx]
2 2 2 a+b

\/a+2b+aCos[2 (e+fx)] sinfe+fx]

3 1 5 . , asinf[e+fx]? 3
-2f |aAppellF1|—, -2, —, =, Sin[e+fx]?, ————————| +4 (a+b) AppellF1| -,
2 2 2 a+b 2
1 5 , aSinfe+fx]? .
-1, -—, —, Sin[e+fx]?, ——————— ]| Cos[e+fx] Sin[e+fx] +3 (a+b)
2 a+b
3 1 5 , aSinfe+fx]?
- afAppellfFi[ =, -2, =, =, Sin[e+fx]?, ———————| Cos[e + fx]
3 (a+b) 2 272 a+b
. 4 3 1 5 , asSinfe+fx]?
Sinf[e + f x] —f-FAppellFl[f, -1, -—, —, Sin[e+fx]7, —}
3 2 2 2 a+b
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3

1 5
Cos[e+fx] Sin[e+fx]|-Sinfe+fx]? |a|————3afAppellFl]—, -2, =
5 (a+b) 2 2

7 . , aSinfe+fx]? . 12
—, Sin[e+fx]°, —}Cos[ewa} Sln[e+fx]—fFAppellF1[
2 a+b 5
5 1 7 . , aSinfe+fx]? .
-, -1, —, —, Sin[e+ fx]°, —]Cos[e+¥x] Sin[e+fx]| +
2 2 2 a+b
1 5 17 . , aSinfe+fx]?
4 (a+b) -————3afAppellF1][~, -1, =, —, Sin[e+fx]?, —— ]
5 (a+b) 2 272 a+b
. 6 . aSinfe+fx]2)%2
Cos[e+fx] Sin[e+fx] - —fCos[e+fx] Sin[e+fx] [1-————
5 a+b
5 2aSin[e+fx]?
+]5 (a+b)’Cscle+fx]® |- le+TX]7
6 (1 2sin e+fx]2) a+b
a+b
. ra Sinfe+fx .
4a?sinfe+fx]? Z\EArcSm[ — ] Sinfe + f x]
5 + /32
3(a+b) .
_ aSinfe+fx]?
Vva+b 1 b
23 17aSin[e+1Cx}2 ] /
a+b

1 1 3 , asinf[e+fx]?
f |3 (a+b) AppellF1|—, -2, - =, =, Sinfe+fx]?, —————| -
2 2 2 a+b

3 1 5 , asSinfe+fx]?
aMppellfFl[ =, -2, —, =, Sin[e+fx]?, ———————] +4 (a+b)

2 2 2 a+b

3 1 5 , asSinfe+fx]? . 5 2
AppellFl[ =, -1, - =, =, Sin[e+fx]?, ———————] | Sin[e + fx] -
2 2 2 a+b
1 1 3 , aSinfe+fx]? 4
3a(a+b) AppellF1[~, -2, - ~, =, Sin[e+fx]?, — | Cos[e + fx]

2 2 2 a+b

Sinfe+fx] Sin|[2 (e+fx)]

™~

(\/a+2b+aCos[2 (e+fx”

3. , aSinfe+fx]?
, —, Sin[e+fx]?2, —} -

1
{3 (a+b) AppellFl[;, -2, - A "
a+

N |-
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3 1 5 , aSinfe+fx]?
aAppellFi[ =, -2, =, =, Sin[e+fx]?, ————————| +4 (a+b)
2 202 a+b
3 1 5 , asinfe+fx)?2 . 5
AppellF1l[ =, -1, - —, =, Sin[e+fx]?, —————— || Sin[e+ fx]
2 202 a+b

Problem 241: Unable to integrate problem.

JSEC[E-%—'FX}S (a+bSec[e+fx]2)3/2d1x

Optimal (type 4, 572 leaves, 12 steps):

7([2 (a+2b) (a274ab74b2)\/a+bSec[e+fx}2 Sinfe + f x] \/aerfaSin[emcx]2
]+

a
(2 (a+2b) (a®-4ab-4b?) +/Cos[e+fx]? EllipticE [ArcSin[Sin[e+fx]],

a+b

aSin[e+fx]?
35b21:\/b+aCos[e+-Fx}2 \/1M -

/

(35b2f\/b+aCos[e+fx]2

\/a+bSec[e+1‘:x12 \/a+b—aSin[e+1‘:x12

a+b

(a+b) (a>-16ab-16b?) \/Cos[e+fx]? EllipticF|[ArcSin[Sinfe+fx]], a ]

a+b

a+b

2 aSin[e +fx]?
\/a+bSec[e+fx} 1-—— /

+

35b1c\/b+aCos[e+Fx]2 \/a+bfasin[e+fx]2

( a’*+1lab+8b?) Sec[e +fx] \/a+bSec[e+1:x]2 \/aer—aSin[eH:x]2 Tan[e + f x]

/

+

(
(BSb-F\/b+aCos[e+fx]2
2

( (4a+3D) Sec[e+-Fx]3'\/a+bSec[e+1‘:x]2 \/aer—aSin[eﬂ‘:x]2 Tan[e + f x]

/

+

[351"\/b+aCos[e+1°x]2

(bSec[e+-Fx]5\/a+bSec[e+1:x12 \/a+b—asin[e+1=x12 Tan[e + f x]

/

[7F\/b+aCos[e+fx}2
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Result (type 8, 27 leaves):

JSEC[E-%—'FX]S (a+bSec[e+-Fx]2)3/2d1x

Problem 242: Unable to integrate problem.

JSec[ewa}3 (a+bSec[e+-Fx]2)3/2d1X

Optimal (type 4, 470leaves, 11 steps):

[(3a2+13ab+8b2) \/a+bSec[e+1“x]2 Sinf[e + f x] \/aer—aSin[eH‘x]2

/

[15b-F\/b+aCos[e+1‘:x]2

2 2 2 . . . . a 2
(3a®+13ab+8b%) \/Cos[e+fx]* EllipticE|ArcSin[Sin[e+fx]], | Ja+bSecle+fx]

a+b

aSin[e+fx]?
/15bf\/b+aCos[e+fx]2\/1—# .

a+b

\/aer—aSin[eH‘:x]2

(a+b) (9a+8b) +/Cos[e+fx]? EllipticF|ArcSin[Sin[e+fx]], @ }\/a+bSec[e+fx]2

a+b

+

a+b

asSinf[e+fx]?
\/1—# /(15F\/b+aCos[e+fx}2 \/a+b—aSin[e+1°x]2

(2 (3a+2b) Sec[e+fx] \/a+bSec[e+1‘:x12 \/a+b—aSin[e+1‘:x12 Tan[e + f x]

/

+

[151“\/b+aCos[e+1‘:x]2

bSec[e+-Fx]3'\/aerSec[eercx}2 \/a+b7asin[e+1cx}2 Tan[e + f x]

/

(SF\/b+aCos[e+fx}2

Result (type 8, 27 leaves):

JSec[e+fx}3 (a+bSec[e+-Fx]2)3/2d1x

Problem 243: Unable to integrate problem.

JSec[ewa} (a+bSec[e+-Fx}2)3/2dlx

Optimal (type 4, 366 leaves, 10 steps):
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2 (2a+b)+/a+bSec[e+fx]? Sin[e+fx]/a+b-aSin[e+fx]?
22:0)

31C\/b+aCos[e+1cx]2

a
(2 (2a+b) /Cos[e+fx]? EllipticE[ArcSin[Sinfe+fx]], ] \/a+bSec[e+1cx]2

a+b

Sinfe + fx)?
/3-F\/b+aCos[e+1cx]2 \/1a1n[e+x] +

\/a+b—aSin[e+Fx]2

a+b

(a+b) (3a+2b) +/Cos[e+fx]? EllipticF|ArcSin[Sin[e+fx]], a }\/a+bSec[e+fx]2

a+b

+

aSin[e+fx]?
\/lm /(B-F\/b+aCos[e+Fx]2 \/a+b—aSin[e+Fx]2

a+b

(bSec[e+fx] \/a+bSec[e+1Cx]2 \/a+b—aSin[e+1cx}2 Tan[e + f x]

(BF\/b+aCos[e+fx}2

Result (type 8, 25leaves):

JSec[emcx} (a+bSec[e+fx}2)3/2dlx

Problem 244: Unable to integrate problem.

JCOS[E-%—'FX] (a+bSec[e+fx12)3/2dlx

Optimal (type 4, 277 leaves, 9 steps):

b\/a+bSec[e+fx]2 Sin[e + f x] \/a+b—aSin[e+1‘x]2

+

1C\/b+aCos[e+1°x]2

a
((a—b) \/Cos[e+fx]? EllipticE[ArcSin[Sin[e+fx]], ] \/a+bSec[e+-Fx]2

a+b

Si f x]?
/f\/b+aCos[e+fx]2 le +

\/a+bfasin[e+1:x]2

a+b

a
b (a+b)+/Cosfe+fx]? EllipticF|ArcSin[Sin[e+fx]], ] \/a+bSec[e+fx]2

a+b

aSin[e+fx]?
\/1M /(F\/bJraCos[eﬂcx]2 \/a+bfasin[e+1°x]2

a+b




172 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

Result (type 8, 25leaves):

JCOS[E-%—'FX] (a+bSec[e+Fx12)3/2dlx

Problem 246: Unable to integrate problem.

JCOS[G+'FX]5 (a+bsecle+fx]?)*>?adx

Optimal (type 4, 395leaves, 10 steps):

—([2 (a-3(a+b)) Cos[e+-Fx12\/a+bSec[e+-Fx]2 Sin[e + f x] \/a+b—aSin[e+1:x12

) ;

(aCos[e+fx]4\/a+b5ec[e+fx}2 Sinfe + f x] \/aerfaSin[eH:x]2

/

151“\/b+aCos[e+-Fx]2

/

(Sf\/b+aCos[e+fx}2

+

2 2 2 s . : a 2
(8a?+13ab+3b?) +/Cos[e+fx]? EllipticE[ArcSin[Sin[e+fx]], | \Ja+bsecle+fx]

a+b

Sinfe+fx]?
/15a-F\/b+aCos[e+-Fx]2 Jl—w -

\/aer—aSin[e+-Fx]2

a+b

b(a+b) (4a+3b)+/Cos[e+fx]? EllipticF[ArcSin[Sin[e+fx]], a }\/a+b5ec[e+fx]2

a+b

Sinfe+fx]2
Jl—w /(15af\/b+aCos[e+Fx12 \/a+b—aSin[e+1‘:x12

a+b

Result (type 8, 27 leaves):

JCOS[E-%—'FX]S (a+bSec[e+fx]2)3/2d1x

Problem 247: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[e+1:x16 (a+bsecle+fx]?)>?dx

Optimal (type 3, 243 leaves, 7 steps):
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(a+b)? (3a2-10ab +35b?) Ar‘cTanh[—\@M—]

a+b+b Tan[e+f x]?

128 b%/2 f

(a+b) (3a2-1@ab+35b2) Tan[e + f x] \/a+b+bTan[e+1“x]2

+

128 b2 f
(3a?-10ab+35b%) Tan[e + f x] (a+b+bTan[e+-Fx]2)3/2

192 b2 f
(3a-7b) Tan[e+fx] (a+b+bTan[e+fx]2)°>?
48 b? f :
Secle+fx]2Tan[e+fx] (a+b+bTan[e+fx]2)%?
8bf

Result (type 3, 512leaves):
1

96+/2 b5/2f (a+2b+aCos[2e+2-Fx])3/2

el (eF) \/4b+ae“<e*‘:x> (1+e2t (e F9)2 Cosfe+fx]?

1
(1 4 @2t (e+fx))8

(5+18 21 (e+fx) | g4l (e+fx)> +ab? (1+ezi (e+fx)>2 (145+948 21 (exfx) |
2758 e* 1 (77X 1 948 €81 (¢FX) 145 81 (&7 L b3 (105 + 910 €?F (¢ FX) 4

i\/g (_1+eu(e+fx)> (—9a3 <1+e2j1(e+'Fx))6+3a2b (1+eu(e+fx))4

3591 (64]'1 (e+f x) + 8644 eGJi (e+f x) + 3591 eS]l (e+f x) +910 elell (e+f x) +105 elZi (e+f x) ) ) _

-44/b (-1t £y

/

J4be2j(e+{x) +a <1+ezj(e+fx)>2 ]] (a+bSec[e+-Fx]2)3/2

21 (e+fx)

[3 (a+b)? (3a2-10ab+35b?) Log|
l+e

]

41J4be2j(e+fx) +a <1+e2j(e+fx))2 f

| 173

Problem 248: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

JSec[ewa]4 (a+bSec[e+-Fx]2)3/2d1X

Optimal (type 3, 165leaves, 6 steps):
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(a-5b) (a+ b)zArcTanh[m]

a+b+b Tan[e+f x]?

16b3/2 £

(a-5b) (a+b) Tan[e + fx] Ja+b+bTan[e+Fx}2

16b f
(a-5b) Tan[e+fx] (a+b+bTan[e+fx]2)*? Tan[e+fx] (a+b+bTan[e+fx]2)>?
+
24b f 6bf

Result (type 3, 400 leaves):

_ 1 ]-l\/F<71+esz(e+fx)>

(1 4 eZ]i (e+f x) >6

(332 <1+e2j1 (e+‘Fx))4+2ab (1+e2j (e+fx))2 (11-%—5@@21 (e+f x) +11 e41‘1 (e+‘Fx)> +

el (e+fx) \/4b+ae21(e+fx) (1+e“ (e+fx))2 Cos[e+fx}3

b2 (15 + 100 @21 (e FX) | 298 o4 1 (e+FX) | 1pg b1 (e+FX) | 15 81 (e+fX) ) ) .

-4+b (-1+e2t () o

/

(a+bSec[e+fx}2>3“]/ (1272 b¥2f (a+2b+aCos[2e+2Fx])>?)

21 (e+fx)

{3 (a-5b) (a+b>2Log[1+(E

]

4j_\/4b<821(9+1:x)+a(1+e21(e+fx))2 £

\/4b62j(e+fx) +a <1+621(e+fx))2 J]

Problem 249: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSEC[E-%—'FX}Z (a+bSec[e+fx]2)3/2d1x

Optimal (type 3, 111 leaves, 5steps):
3 (a+b)*ArcTanh {—*M‘M—]
a+b+b Tan[e+f x]?

8/b f

3 (a+b) Tan[e+fx] \/a+b+bTan[e+-Fx]2 Tan[e+fx] (a+b+bTan[e+fx]?)
+

8 f 4f

3/2

Result (type 3, 313 leaves):
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et (exfx) \/4b+ae21<e”:x) (1+e“(e”€x))2 Cos[e+fx]3

—;i (_1+ezj(e+fx)) (Sa (1+ezj(e+fx))2+b <3+14ezi(e+fx) +3e4j(e+fx)>) B
(1+621'L(e+fx)>4

-4+/b (—1+e“(e“€x)) f+41i

/[W\/4be21(e+~Fx)+a<1+e2j1(e+~Fx))2]]

<a+bSec[e+fx12>3/2J/ (2\/71: (a+2b+aCos[2e+2Fx])3/2>

(3 (a+b)?Log| S

l+e

]

\/4be21'1(e+fx) +a (1+(EZJ'L(e+'FX)>2 f

Problem 250: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+b$ec[e+fx]2)3/2d1x

Optimal (type 3, 118leaves, 7 steps):

_ ~/a Tanfe+fx]
33/2 Ar‘cTan[ a Tan[e+fx }
\/ a+b+b Tan[e+f x]?

.F

Vb (3a+b) Ar‘cTanh[M‘ﬂ]—
a+beb Tan[e+f x] 2 bTan[e + f x] \/a+b+bTan[e+1‘:x]2
+

2f 2f

Result (type 3, 527 leaves):
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1

\/?ei (e+f x) \/4b+aezi(e+fx) (1+e21(e+fx)>2
f(a+2b+aCos[2e+2fx])>?

jb(71+e2i(e*fx)> 1
Cos[e+fx]3 |- +

(1+<e“<e“°x))2 \/4bezjl(e+fx)+a (1+62j1(e+1'-x)>2

{2a3/2fx—ia3/2 Log[a+2b+ae“(e”cx) +vVa \/4beu(e*fx) +a (1+ezj(e*‘cx))2 ] +

ia3’2 Log[a+ae21(e+fx) L 2be2l(erfx) (/g \/4be21(e+fx) +a (1+‘821(e+fx)>2 } _

/

3a+/b Log[|-2Vb (-1+e?! e*”)f+21\/4be“<9+”>+a(1+<e“<e+”>)2f

(b(3a+b) (1+e2t&F))] -

b3/2Log[ \/—( 1+eie”cx))'f:+21'1\/4bzeu<e*fx>+a(1+eZi(e*fX>>2f

/

(b (3a+b) (1+e2j(e*‘c">)”] (a+bsecle+fx]?)>?

Problem 251: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jCos[e+fx}2 (a+bsecle+fx]?)>?dx

Optimal (type 3, 124 leaves, 7 steps):
\a (a+3b) Ar‘cTan[JL[—]—a Tan[e+fx ]

a+b+b Tan[e+f x]?

+
2f
bh3/2 Ar‘cTanh[m
a+b+b Tan[e+f x]? aCos[e+fx]Sin[e+fx] \/a +b+bTan[e+f x]?
n
f 2f

Result (type 3, 466 leaves):



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 177

1

2+/2 f(a+2b+aCos[2e+2Fx])>?

_ia (71+e2j1(e+-Fx))

e i (e+fx) \/4b+a<e‘“ (e+f x) (1+e“ (e+fx))2 Cos[e+'Fx]3 .

1

2 (EZ i (e+fXx)

2a%2fx+6+a bfx-iva (a+3b) Log |

\/4be2i1(e+'Fx) +a <1+e21'1 (e+‘Fx))2

e2te {a+2b+ae21(e+fx)+\/?\/4be2jl(e+fx)+a <1+ezj(e+fx)>2 ]} +iva (a+3b>

Log[e—Zie {a+a621(e+fx) +2be21‘1(e+fx) +q/a \/4be2j1(e+~Fx) +a <1+621(e+fx)>2 ]} _

/

4b*2 Log|- f

ije [\/F (_1+e2j(e+-Fx))_i\/4b621(e+-Fx)+a(1+e2j1(e+-Fx))2

(2b2 (1+e“<e+”>))]]” (a+bSecfe+fx]?)*?

Problem 252: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCOS[E-%—'FX]“' (a+bSec[e+Fx]2)3/2d1x

Optimal (type 3, 125leaves, 5 steps):

3 (aer)zAr‘cTan[QL[—u Tan[e+f x ]

arbib Tan e f x]2 3 (a+b) Cos[e+fx] Sinf[e+fx] \/a+b+bTan[e+1cx]2
+ +

8a f 8 f

}2)3/2

Cos[e+fx]>Sin[e+fx] (a+b+bTan[e+fx

4f

Result (type 3, 369 leaves):
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[e3i(e+fx) \/4b+ae“<e*‘cx) (1+e21(e+fx))2 Cos[e+'FX]3

{—j_ (_1+621(e+fx)> (1eb621(e+fx) +ra <1+8621'1(e+'Fx) +e4i(e+fx)>) + 112 <a+b>2€4i(e+fx)

fo—jLOg[a+2b+ae“(e”:X) +a \/4be21(e+fx) +a (1+e2j‘(e*fx>)2 } +

jLog[a+a(eZi(e+fX) +zb(e21'1(6+‘fzx) + /a \/4b621(e+fx) +a (1+e2j1(e+fx))2 }J]/

\E\/4bezi(e+fx)+a (1+e21(e+fx))2]] (a+bSec[e+'FX]2)3/2]/

1697 ¢ o220 eacosize 2 00) )

Problem 253: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[eH‘:x}6 (a+bSec[e+fx]2)3/2d1x

Optimal (type 3, 193 leaves, 6 steps):
(5a-b) (a+ b)ZArcTan[m]

a+b+b Tan[e+f x]2

16 a3/2 f

(5a-b) (a+b) Cos[e+fx]Sinf[e+fx] \/a+b+bTan[e+1Cx]2
l16af
(5a-b) Cosfe+fx]>Sin[e+fx] (a+b+bTan[e+fx]?)
24af

Cos[e+fx]°Sin[e + fx] (a+b+bTan[e+-Fx}2)5/2

+

3/2

6af

Result (type 3, 453 leaves):
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1

962 a¥2f (a+2b+aCos[2e+2fx])>?

e 51 (erfx) \/4b+a<e'“ (e+f x) (1+e“ (e+fx)>2 Cos[e+‘Fx]3

[_]']_,‘/a (_1+ezj(e+fx)) <6b2(e41'1(e+fx) +ab(eZ]'l(e+‘FX) (7+58(EZJ'1(6+‘FX) +7e41‘1(e+fx)> +

aZ (1+9e21 (e+f x) + 46 e4]'l (e+f x) +gefill (e+f x) +(e8]'l (e+~Fx))> + [12 (5a7b> (a+b>2

es i (e+fXx)

2fx-ilogla+2b+ae?’ ®F¥ 1+/a \/4be“(e*fx> +a (1+e”<e*‘cx>)2 |+

JiLog[a+a<e”(e*fX) +2bezi(e+fx) N /a \/4bezﬁ(e+fx) +a <1+ezi(e+fx)>2 ]]]/

\/4be2j(e+{x) +a <1+e2ﬁ(e*fx))2 ]] (a+bSec[e+-Fx]2)3/2

Problem 254: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+b$ec[c+dx]2)5/2dlx

Optimal (type 3, 166 leaves, 8 steps):
a5/2Ar‘cTan[M} Vb (15 a’+10ab+3b?) ArcTanh[M
A/ a+b+b Tan[c+d x]? \/a+b+b Tan[c+d x]?
+ +
d 8d

b(7a+3b) Tan[c+dx] \/a+b+bTan[c+dx]2
N
8d

Result (type 3, 706 leaves):

bTan[c+dx] (a+b+bTan[c+dx]2)??

4d
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1
V2 d(a+2b+aCos[2c+2dx])°>?

ejl (c+d x) \/4b+aezil(c+dx) (1+e21(c+dx)>2 COS[C+dX]5

_ 1 ]-lb(71+e211(c+dx)) (9a<1+eZJi(c+dx)>2+b<3+14(E21'1(c+dx)+3(e4j1(c+dx))>+
<1+ez]'1(c+dx))4

\/4bejc+dx a<1+e2]'1(c+dx))2

{8a5/2dx—4j1a5/2 Log[a+2b+ae?® (<99 4 +/a \/4be2i(c*dx> +a (1+e“(c*dx>)2 |+

4]'1a5/2 Log[a+aeu(c*dx> +2be21(c+dx) 4 /a \/4b621(c+dx) +a (1+ezi(c+dx)>2 ] B

15a2+/b Log]|

~4+/b d (-1+e2t(crdn) +4jd\/4be“<c+dx) va (1+e?t(edn)? J/

(b(15a®+10ab+3b%) (1+e>! (99} )]| —18ab>?Log|

~4/b d (-1+e2i ()

4jd\/4be21(c*dx)+a (1+e“<“dx>)2J/(b(15a2+1eab+3b2) (1+e2i(cd))] -

3b°? Log]|

~4/b d(-1+e2t! C+dx>)+4]1dJ4be“<c+dX>+a(1+e“<c+dx>)2]/

(b (15a2+18ab +3b?) (1+e21<c+dX>))]]] (a+bSecfc+dx]?)®?

Problem 255: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(1+Sec[x]2)3/2 dx

Optimal (type 3, 42 leaves, 6 steps):

_ Tan[x] Tan[x] 1
2 ArcSinh]| | +ArcTan| ————————] + = Tan[x] /2 + Tan[x]?
V2 2+ Tan[x]? 2
Result (type 3, 109 leaves):
= (1+Cos[x]?) sec[x] /1+Sec[x]? 4\/7Ar‘cTanh[M] Cos[x]?%-
(3+Cos[2x])%? \/3+Cos [2x]

2i+/2 Cos[x]?Log[v/3+Cos[2x] +i+/2 Sin[x]]++/3+Cos[2x] Sin[x]
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Problem 256: Result more than twice size of optimal antiderivative.
J 1+Sec[x]? dx

Optimal (type 3, 24 leaves, 5 steps):

Tan [x]

Tan [x] ]

ArcSinh + ArcTan
[ ] [

V2 2 +Tan[x]?

Result (type 3, 57 leaves):

72 (Ar‘cSin[Si—”m] +ArcTanh[M}) Cos[x] /1 +Sec[x]2
\/T 3+Cos[2 x]

V3 +Cos[2X]

Problem 257: Unable to integrate problem.

Sec[e +fx]°

dx

\/a+bSec[e+1‘:x]2

Optimal (type 4, 380 leaves, 10 steps):

a }\/aer—aSin[eﬂ‘:x]2

(2 (a-b) \/b+aCos[e+1Cx]2 EllipticE[ArcSin[Sinfe+fx]],

/

a+b

aSin[e+fx]?
3b2fx/Cos[e+fx]2 \/a+bSec[e+fx}2 \/1# -
a+b

3 L . . a aSin[e+fx]?
(a-2b) \/b+aCos[e+Fx1 EllipticF [ArcSin[Sinfe+fx]], | [1-—rirm /
a+b a+b

(3bf\/Cos[e+fX]2 \/a+bSec[e+1°x]2 \/aerfaSin[eH:x]2

(2 (a-b) \/b+aCos[e+-Fx}2 Sec[e + fx] \/aer—aSin[e+-Fx]2 Tan[e + f x]

/

+

(3b2f\/a+b5ec[e+fx]2

(\/b+aCos[e+fx}2 Sec[e+fx}3\/a+bfaSin[e+fx}2 Tan[e + f x]

/

(Bbf\/a+b5ec[e+fx}2

Result (type 8, 27 leaves):

Sec[e +fx]°

dx

\/a+bSec[e+1Cx]2
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Problem 258: Unable to integrate problem.

Sec[e +fx]3

dx

\/a+bSec[e+1Cx]2

Optimal (type 4, 202 leaves, 7 steps):

- |1"a Va+b \/b+aCos[e+1:x}2

EllipticE[ArcSin|

\a sinfe +fx] a+b aSin[e+fx]?
IR

a+b a a+b

+

/

(b1:\/Cos[e+1:x12 \/a+bSec[e+1‘:x]2 \/a+b—aSin[e+fx]2

(\/b+aCos[e+fX}2 Sec[e + fx] \/a+b—aSin[e+1‘:x]2 Tan[e + f x]

[bf\/a+b5ec[e+fx12

Result (type 8, 27 leaves):

Sec[e+fx]3

dx

\/a+bSec:[e+1‘:x]2

Problem 260: Unable to integrate problem.

Cos[e + fx]

dx

\/aerSec[eJrfx]2

Optimal (type 4, 128 leaves, 5steps):

[\/;Sin[ewa] }

a+b] 1 aSin[e +fx]? /
a+b ’ a a+b

(\/a_f\/Cos[eﬂcx]z \/a+bSec[e+fx}2 \/a+b—aSin[e+fx}2

Vva+b \/b +aCos[e+fx]? EllipticE[ArcSin

Result (type 8, 25leaves):

Cos[e + fXx]

dx

\/a+bSec[e+1Cx]2
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Problem 261: Unable to integrate problem.

Cos[e+fx]3

dx

\/a+bSec[e+1Cx]2

Optimal (type 4, 296 leaves, 9 steps):

\/bJraCos[eJrFx]2 Sin[e + f x] \/aerfaSin[eHCx]2

+

3a1"\/a+bSec[e+1‘:x]2

a

]\/aer—aSin[e+-Fx]2

/

(2 (a-b) \/b+aCos[e+1=x}2 EllipticE[ArcSin[Sin[e+fx]],

a+b

aSin[e +fx]?
3a2f\/Cos[e+fx]2 \/aerSec[eﬂcx}2 \/1—# _
a+b

2 L . . a aSin[e+fx]?
(a-2b) b\/b+aCos[e+fx] EllipticF [ArcSin[Sin[e+fx]], | [1-—7 /
a+b a+b

(3a2f\/Cos[e+fx]2 \/a+bSec[e+-Fx}2 \/aer—aSin[eJr-Fx]2

Result (type 8, 27 leaves):

Cos[e+fx]3

dx

\/a+bSec[e+1=x]2

Problem 262: Unable to integrate problem.

Cos[e+fx]®

dx

\/a+bSec[e+1Cx]2

Optimal (type 4, 395leaves, 10 steps):
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4 (a-b) \/b+aCos[e+1Cx]2 Sinf[e + f x] \/a+b—aSin[e+1‘:x]2

+

15a21c\/a+bSec[e+1cx]2

Cos[e+-Fx]2\/b+aCos[e+1‘:x12 Sin[e + f x] \/a+b—aSin[e+1‘:x]2

/

[Sa-F\/aerSec[eJA:x}2

+ ((8a2—7ab+8b2) \/b+aCos[e+-Fx]2

a
EllipticE[ArcSin[Sinfe+fx]], ] \/a+b—aSin[e+1:x12 )/
a+b

aSinf[e+fx]?
15a3f\/Cos[e+fx}2 \/a+bSec[e+fx]2 \/1# -
a+b

a
b(4a*-3ab+8b? \/b+aCos[e+1Cx]2 EllipticF [ArcSin[Sin[e+fx]],

a+b

aSin[e+fx]?
\/1—# /(15a31c\/Cos[e+1cx]2 \/a+bSec[e+1°x]2 \/a+b—aSin[e+1°x]2
a+b

Result (type 8, 27 leaves):

Cos[e+fx]>

dx

\/a+bSec[e+1‘:x]2

Problem 263: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]®

dx

\/a+bSec[e+1‘:x]2

Optimal (type 3, 137 leaves, 5steps):
(3a2-2ab+3b?) Ar‘cTanh[m]

a+b+b Tan[e+f x]?

8b5/2f

3 (a-b) Tan[e+fx] \/a+b+bTan[e+1:x]2 Sec[e+fx]2Tan[e +fx] \/a+b+bTan[e+Fx]2

+

8b2f 4bf

Result (type 3, 326 leaves):
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el (e+fXx) \/4b+ e 21 (e+fx) (1+ e2i (e+fx))2

_ 1 1\/—<1+eie+fx)>

(1 4 @21 (erfx) )4

va+2b+aCos[2e+2fx]

(-3a (12t ©F0) 20 (31142 (170 3 etE (@) ) [(3a2-2ab+3b2) Log|

1

1+ eZJi (e+f x)

]

-4+/b (-1+e?t! e*‘cx)>f+4jJ4be“(e"“>+a (1+e2t(efx)2 ¢

/

/[S\EbS/ZF\/aerSec[eJr-Fx]z)

J4b621(e+fx) +a (1+e2j1(e+fx)>2

JSec[eJrfx]

Problem 264: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]*

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 81 leaves, 4 steps):

(a _ b) ArcTanh[m]
</ a+b+b Tan[e+f x]2 Tan[e + f Xx] \/a+b+bTan[e+Fx]2
+

2032 f 2bf

Result (type 3, 266 leaves):

eﬁ<e*fx)\/4b+ae“<e*f") (1+<e2j1(e*‘°"))2 va+2b+aCos[2e+2fx]

-4+/b ( 1+e?t (et fx)) f+4 1 JAbe“ (eFx) 4a (1+eZ]l (e+fx) )2 f

2 (e+fx) ]

/b (~1+e2i (o) (a-b) Log|

N
(1+e“<e*‘cx>)2 \/4be i(erfx) | g <1+eu<e+fx)>2

l+e

Sec[e + fx] /[2\/7b3/2f\/a+b5ec[e+fx]2
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Problem 265: Unable to integrate problem.

Sec[e + fx]?

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 39leaves, 3 steps):

_ /b Tanfe+fx]
Ar‘cTanh[ b Tan[e+fx
\/ a+b+b Tan[e+f x]2

Vb f
Result (type 8, 27 leaves):

Sec[e +fx]?

dx

\/a+bSec[e+fx]2

Problem 266: Unable to integrate problem.

J dx
\/a+bSec e+fx]?

Optimal (type 3, 39 leaves, 3 steps):
Ar‘cTan[ W a Tan[e+fx ]

a+b+b Tan[e+f x]2

Va f
Result (type 8, 18 leaves):

\J\ a+bse( e+'F>(2
dx

Problem 267: Unable to integrate problem.

Cos[e +f x]?

dx

\/a+bSec[e+fx]2

Optimal (type 3, 87 leaves, 4 steps):

(a-b) ArcTan | —(2Tanle-fxi
a+b+b Tan[e+f x]? Cos[e+fx] Sin[e + fx] \/a+b+bTan[e+-Fx}2
+

2a%2f 2af

Result (type 8, 27 leaves):

Cos[e+fx]?

dx

\/a+bSec[e+1Cx]2
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Problem 268: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[e+fx]*

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 143 leaves, 6 steps):
(3a?-2ab+3b?) ArcTan[M}

a+b+b Tan[e+f x]2

8a%2f

3 (a-b) Cos[e+fx]Sin[e+fx] \/a+b+bTan[e+1‘:x]2
8a’f

Cos[e+fx]3Sin[e+fx] \/aererTan[eJr-Fx}2
4af

Result (type 6, 1840 leaves):
1 aSin[e+fx]? 8 s
= —————— ] Cos[e+fx]®Sin[e+fx]
2

/

3 A )
, — Sin[e+fx]*,
2 a+b

1
[3 (a+b) AppellFl[;, -2,

f\/a+2b+aCos[2 (e+fx)] \/a+bSec[e+-Fx]2

. , asinfe+fx)?
, Sinfe+fx]?, ————————] +
a+b

)

1
(3 (a+b) AppellFl{;, -2,

N |
N W

3 3 5 , aSinfe+fx]?
aAppellFl[ =, -2, =, =, Sinfe+fx]?, ——| -
2 2 2 a+b
3 1 5 , asinf[e+fx]? . )
4 (a+b) AppellF1| =, -1, =, —, Sin[e+fx]?, ————— ]| Sin[e+fX]
2 2 2 a+b

aSin[e +fx]? 5
————————] Cos[e+fx]

/

1 13 ,
3 (a+b) AppellFl[;, -2, S5 Sinf[e + fx]?, A
a+

, -2, , Sin[e + fx]2,

N |
N | W

)

[\/a+2b+aCos[2 (e+fx)] [3 (a+b) AppellF1|

aSin[e+fx]? 3 . , asinf[e+fx]?
_ » =2, =, =, Sinfe+fx)?, ———] -
2

|+

a AppellFi|

NV N R

a+b a+b

| W

aSin[e+fx]?

, Sinf[e + fx]2,

oo N W

4 (a+b) AppellF1|—, -1, 1, ]] Sinfe + f x]?
2

a+b

. , aSinfe+fx]? 3
, — Sin[e + fx] ,—]Cos[e+fx]

N RN

1
(12 (a+b) AppellFi[ =, -2,
2 a+b

N W
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Sin[e+fx]?

/{\/a+2b+aCos[2 (e+fx) ]

1 1
{3 (a+b) AppellFl[;, -2, N

. , aSinfe+fx]?
, Sinfe+fx]?, —————— ] +
a+b

B

N W

3 3 5 , aSinfe+fx]?
aAppellFl| =, -2, =, =, Sinfe+fx]?, —————| -
2 2 2 a+b

3 1 5 , aSinfe+fx]? . 5
4 (a+b) AppellF1[ =, -1, =, =, Sin[e+fx]?, ————————] | Sin[e+fx]?|| +
2 2 2 a+b
. 1 3 305
3 (a+b) Cos[e+fx]*sSinfe+fx] afAppellfFi[—~, -2, =, =,
3 (a+b) 2 272

aSin[e+fx]? . 4
————————| Cos[e+fx]Sin[e+fx] - —f
a+b 3

aSin[e +fx]?

Sinf[e + fx]?,

5 . 2
, —, Sin[e+ fx]°,

| Cose+fx] Sin[e +fx]
2 a+b

3
AppellFl| =, -1,
2

N |

/

[-F\/a+2b+aCos[2 (e+fx)] [3(a+b) AppellFl{l, -2, 1, , Sin[e + fx]2,
2

3
272

aSin[e+fx]? 3 3 5 , aSinfe+fx]?
o= ]+ |aAppellFi[ =, -2, =, =, Sin[e+fx]?, — ] -
a+b 2 2 2 a+b
3 1 5 , aSinfe+fx]? . 5
4 (a+b) AppellF1| =, -1, =, =, Sin[e+fx]?, ———————] | Sin[e+fX] -
2 2 2 a+b

3 . , asSin[e+fx]?2
, —, Sin[e+fx)2, ——mM8M—

1
3 (a+b) AppellFl[;, -2, A "
a+

N | =

| coste+fx]*

aSin[e+fx]?
, Sin[e + £x]2, #} -

3
Sinfe+fx] [2f |aAppellFl| =, -2,
a+b

2

N W
N w

3

3 1 5 , aSinfe+fx]?
4 (a+b) AppellF1[ =, -1, =, =, Sin[e+fx]?, ———— |
2 2 2 a+b
. 1 3 3
Cos[e+fx] Sin[e+fx] +3 (a+b) —a-FAppellFl{—, -2, —,
3(a+b 2 2

5 . , aSinfe+fx]? . 4

—, SinJe+ fx]°, —]Cos[e+1‘x] Sin[e+fx] - —f

2 a+b 3
3 1 5 , aSinfe+fx]?

AppellFl[ =, -1, =, =, Sin[e+fx]?, ——— ]
2

Cos[e+fx] Sin[e+fx] | +
2 2 a+b

2

. aSin[e +fx]?
, Sin[e+fx]°, —}

. ) 1 5 5
Sin[e+fx]° |a —9aFAppellF1[—, -2, —,
5 (a+b) 2 2

N[N

a+b
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, Sinfe+fx]2?,

NN

. 12 5 3
Cos[e+fx] Sin[e+fXx] - fFAppellFl[f, -1, —,
5 2 2

3afAppellFl]|

aSin[e+fx]? .
—————— ] Cos[e+fx]Sin[e+fx]| -4 (a+b)
5(a+b

a+b

aSin[e +fx]? .
—] Cos[e+fx] Sin[e+fx] - —

2
8 a3

5 7 i
- -1, —, —, Sin[e+ fx]°,
2 2 a+b

3 . aSin[e+fx]? 2aSin[e+fx]?2
9 (a+b)’fCot[e+fx] Cscle+fx] 1- -
a+b a+b

ZﬁArcSin[@[e*—fo] Sin[e + f x]

4aZSin[e+-Fx]4+ e /

2
3<a+b> m 1,aSi” e+f x]?

a+b

Bl 3

1 3
2 2

[-F\/a+2b+aCos[2 (e+fx)] 3 (a+b) AppellFl[l, -2,
2

. , aSinfe+fx]?

Sinfe+ fx]2, ———————] «

a+b
5 aSin[e+fx]?

, =, Sin[e+fx]?, #}—4(a+b)

a+b

3 3
[a AppellFl[ =, -2, =
2 2

5 . , aSinfe+fx]?
, -1, =, =, Sin[e+fx]%?, —mMM—

| =

2
]] Sin[e + fx]? ]+

AppellF1|
a+b

aSin[e + fx]?
, Sin[e + £x]2, #} Cos[e+fx]*

)

2
3
2

NP

-2,
a+b

DR S W
.

(3 a (a+b) AppellF1]

Sin[e+fx] Sin[2 (e+fx) | (a+2b+aCos[2 (e+fx)])*?

™~

aSin[e+-Fx]2]
- +

3, )
g, Sin[e +fx]*,

a+b

1 1
[3 (a+b) AppellFl[g, 2,

3 5 . , asinfe+fx]?2
aAppellFl| =, -2, =, =, Sinfe+fx]?, ——————] -
2 2 2 a+b

aSin[e+fx]?

, —, Sin[e+fx]?,

]] Sinf[e + f x]?
a+b

N w

3 1
4 (a+b) AppellFl{;, -1, N

Problem 269: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

Cos[e+fx]®

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 204 leaves, 7 steps):

(a—b) <5a2+2ab+5b2)ArcTan[m

a+b+b Tan[e+f x]?2 1

4
16a’/2 f 48 a3 f

(15a*-14ab+15b%) Cos[e+ fx] Sin[e + f x] \/a+b+bTan[e+Fx]2 +

5(a-b) Cos[e+fx]?Sin[e+fx] \/a+b+bTan[e+1cx}2
24 a% f

+

Cos[e+fx]°Sin[e+fx] \/aererTan[eJr-Fx}2
6af

Result (type 6, 1739 leaves

):
1 1 3 , aSinfe+fx]?
3 (a+b) Appe11F1[—, -3, =, =, Sin[e+fx]%, ————
2 272 a+b

]Cos[e+fx]1zsin[e+fx])/

(F\/a+2b+aCos[2 (e+fx>] \/a+bSec[e+Fx]2

. , asSinfe+fx)?2
, Sinfe+fx]?, ——————| +

)

1 1
(3 (a+b) AppellFl[;, -3, N

N oW

a+b
3 3 5 , aSinfe+fx]?
aAppellFl[*, -3, —, —, Sin[e+ fx]°%, —}
2 2 2 a+b
3 1 5 . , asinfe+fx]? . 5
6 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ————— ]| Sin[e+ fx]
2 2 2 a+b
1 1 3 , asinf[e+fx]? ;
3 (a+b) AppellF1[—, -3, =, =, Sin[e+fx]?, ————— | Cos[e+fX] /
2 2 2 a+b
1 1 3 .
\/a+2b+aCos[2 (e+fx)]| |3 (a+b)AppellF1][—, -3, =, =, Sin[e+fx]?,
2 2 2
aSin[e+fx]? 3 3 5 , aSinfe+fx]?
————————] + |aAppellF1[ =, -3, =, =, Sin[e+fx]?, — | -
a+b 2 2 2 a+b
3 1 5 , aSinfe+fx]? . ;
6 (a+b) AppellF1|—, -2, =, —, Sin[e+fx]?, —————— || Sin[e+fx]?|| -
2 2 2 a+b
1 1 3 , aSinfe+fx]? 5
18 (a+b) AppellF1[—, -3, =, =, Sin[e+fx]?, ——————— ] Cos[e + fX]
2 2 2

a+b

Sin[e+ fx]?

/(\/a+2b+aCos[2 (e+fx)]

1 1 3 , aSinfe+fx]?
3 (a+b) AppellFl[—, -3, =, =, Sin[e+fx)?, ————
2 2 2 a+b
aSin[e+fx]?

]+
3 3 5 ,
aAppellFl| =, -3, =, =, Sin[e+fx]?, ] -
2 2 2

a+b
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3 1 5 , aSinfe+fx]? . ;
6 (a+b) AppellF1|—, -2, =, =, Sin[e+fx]?, —————— || Sin[e+fx] +
2 2 2 a+b
6 s 1 3 3 5
3 (a+b) Cos[e+fx]°Sin[e+fx] aFAppellFl[—, -3, =, —,
3(a+b 2 272
. , aSinfe+fx]? .
Sin[e +fx]*, —]Cos[e+-Fx] Sin[e + fx] -
a+b
3 1 5 , asSinfe+fx]? .
ZprpellFl[f, -2, —, —, Sin[e+fx]"%, —} Cos[e+fx] Sin[e + f x] /
2 2 2 a+b

1 13 ,
3 (a+b) AppellF1l|~, -3, =, =, Sin[e + fx]?,

[-F\/a+2b+aCos[2 (e+-Fx)]
2 2 2

aSin[e+fx]? 3 5 , aSinfe+fx]?
el ML -3, 2, 2 sinfe+fx]?, 2

2 2 a+b
aSin[e+fx]?

|+ [a AppellF1| =, ] -

a+b

, Sin[e+fx]?,

NW.,N|w

6 (a+b) AppellFl{i, -2, ]] Sinf[e + f x]?
2

1
2 a+b
aSin[e +fx]?

1 3
( (a+b) AppellFl[—, -3, =, =, Sin[e+fx]?, | Cosfe+fx]®
2

1
2’ 2 a+b

. 5 . , aSinfe+fx]?
Sinf[e + f x] —, Sin[e+fx]*, ———
2 a+b

} ,

3 3
2f (a AppellFl[f, -3, —,
2 2

3 1 5 . ) asln e+fx]?
6 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?,
2 2 2 a+b
. 1 3
Cos[e + fXx] Sln[e+-Fx]+3(a+b) —aprpellFl{ -3, —,
3(a+b 2’ 2
. , aSinfe+fx]? .

, Sinfe+fx]?, —————————| Cos[e+fx] Sin[e+fx] -2f

a+b

aSin[e+fx]? .
—] Cos[e+fx] Sin[e + fXx]

+

3 1 5 . )
AppellFl[;, -2, —, —, SinJe+fx]*,

2 2 a+b
. ) 5 5 7 . , asin[e+fx)?2
Sinfe+fx]?|a|————9afAppellF1|~, -3, =, —, Sin[e+fx]?, —— ]
5 (a+b) 2 272 a+b
, 18 5 37, >
Cos[e +fx] Sin[e + f x] —f-FAppellFl[f, -2, —, —, Sin[e+fx]°%,
5 2 2 2
aSin[e+fx]? . 1
———— ] Cos[e+fx]Sin[e+fx]|-6(a+b) | ———
a+b 5(a+b)
5 3 7 . , aSinfe+fx]?
3afAppellFl| =, -2, =, —, Sin[e+fx]?, — ] Cos[e + fX]
2 2 2 a+b

, Sin[e + fx]2,

aSin[e+-Fx]2}
, a->2fiierT Al

) 12 5
Sinfe+fx] - — fAppellFi[—, -1,
5 2

]/ [-F\/a+2b+aCos{2 (e +Fx)]

N R
N[N

a+b

Cos[e+fx] Sin[e + fX]

1 1 3 , aSinfe+fx]?
3 (a+b) AppellFl|~, -3, =, =, Sin[e+fx]?, ———————| +
2 2 2 a+b
3 3 5 . , asin[e+fx]?
aAppellfFl[ =, -3, =, =, Sin[e+fx]?, ————————| -6 (a+b)
2 2 2 a+b
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!

3 1 5 , aSinfe+fx]? . 5
AppellFl[—, -2, —, —, Sin[e+fXx]"°, —] Sin[e + f x]
2 2 2 a+b
1 1 3 . , aSinfe+fx]? 6
3a(a+b) AppellF1[~, -3, =, =, Sin[e+fx]?, ————————| Cos[e + fx]
2 2 2 a+b

(a+2b+aCos|2 (e+fx)])3/2

~

Sin[e+fx] Sin[2 (e+fx) | (
1 3 , aSinfe+fx]?
3 (a+b) AppellFi[—, -3, =, =, Sinfe+fx]?, ———————| +
2 2 2 a+b
3 3 5 , aSinfe+fx]?
aAppellFl] =, -3, =, =, Sin[e+fx]?, — | -
2 2 2 a+b
aSin[e+fx]? . ,
—————————]| sin[e+ fx]

a+b

3 15 ,
6 (a+b) AppellFl[ =, -2, =, =, Sin[e + fx]?,
2 2 2

Problem 270: Unable to integrate problem.

Sec[e+fx]°
J dx
(a+bSecle+fx]2)>?

Optimal (type 4, 367 leaves, 10 steps):

a(2a+b) \/b+aCos[e+1°x}2 Sin[e + f x]

b% (a+b) 1C\/a+bSec[e+1cx]2 \/a+b—aSin[e+1cx]2
. . . a .
((2a+b) \/b+aCos[e+1Cx}2 EllipticE[ArcSin[Sin[e+fx]], ]\/a+b—a51n[e+-Fx]2
a+b

/

aSin[e+fx]?
- +

bz(a+b)1c\/Cos[e+1cx]2 \/a+bSec[e+1Cx]2 -
a+b
2 L . . aSin[e+fx]?
\/b+aCos[e+Fx} ElllpthF[Ar‘cSm[Sln[e+fx}], ——/
a+b a+b

+

(b-F\/Cos[eJr-Fx]2 \/a+bSec[e+fx]2 \/a+b—aSin[e+fx]2

\/b+aCos[e+1‘:x12 Sec[e+fx] Tan[e + fx]

bF\/aerSec[eJr-Fx]2 \/a+b—aSin[e+-Fx]2

Result (type 8, 27 leaves):

Sec[e +fx]°
J dx
(a+bSec[e+fx]2)*?
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Problem 272: Unable to integrate problem.

Sec[e + f x]
J dx
(

a+bSecle+fx]2)*?

Optimal (type 4, 284 leaves, 9 steps):

\/b+aCos[e+Fx}2 Sin[e + f x]

(a+b) -F\/a+bSec[e+fx]2 \/a+b—aSin[e+fx]2

2 ]\/a+b—aSin[e+1‘:x]2

(\/b +aCos[e+fx]% EllipticE [Ar‘csin [Sin[e+fXx]],

/

a+b

aSinf[e+fx]?
a(a+b)f\/Cos[e+fx}2 \/a+bSec[e+1=x]2 \/1—# +

a+b

2 L . . a aSin[e+fx]?
\/b+aCos[e+Fx1 EllipticF [ArcSin[Sinfe+fx]], | J1-— /
a+b a+b

(a'F\/Cos[eJr-Fx}Z \/aerSec[e+-Fx]2 \/aer—aSin[e+-Fx]2

Result (type 8, 25leaves):
Sec[e + fx]
J dx
(

a+bSec[e+-Fx]2)3/2

Problem 273: Unable to integrate problem.

Cos[e + fXx]
J dx
(

a+bSec[e+1‘:x]2)3/2

Optimal (type 4, 295 leaves, 9 steps):
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b\/b+aCos[e+1‘:x]2 Sin[e +f x]

+

a (a+b)f\/a+b5ec[e+1‘x}2 \/a+b7aSin[e+Fx}2

a

((a +2b) \/b +aCos[e+fx]? EllipticE[ArcSin[Sinfe+fx]],
a+b

aSinf[e +fx]?
a2(aer)-I:\/Cos[eJr-Fx]2 \/a+bSec[e+1cx]2 \/1M -

a+b

; L . . a aSin[e + fx]?
2b\/b+aCos[e+-Fx] EllipticF [ArcSin[Sin[e+fx]], | [1-—7 /
a+b a+b

[azwc\/Cos[e+-Fx]2 \/a+b5ec[e+1:x}2 \/a+b—aSin[e+fx12

Result (type 8, 25leaves):
Cos[e + fXx]
J ( dx

a+bSec[e+fx]2)*?

Problem 274: Unable to integrate problem.

dx

J Cos[e+fx]3
(

a+bSecle+fx]2)>?

Optimal (type 4, 399 leaves, 10 steps):

bCos[e+-Fx]2\/b+aCos[e+1Cx]2 Sin[e + f x]

- +

a (a+b)1‘x/a+b5ec[e+fx}2 \/a+bfaSin[e+fx}2

(a+4b) \/b+aCos[e+-Fx}2 Sin[e + fx] \/a+b—asin[e+fx]2

+

3a? (a+b)F\/a+bSec[e+fx}2

((2a2—3ab—8b2) \/b+aCos[e+1Cx]2

a
EllipticE [ArcSin[Sin[e+fx]], ] \/a+b—aSin[e+1‘:x}2 )/
a+b

aSin[e+fx]2
3a3(a+b)F\/Cos[e+Fx]2 \/a+bSec[e+-Fx}2 \/1M -

a+b

]\/a+b—aSin[e+1Cx]2

5 L . . a aSin[e+fx]?
(a-8b) b\/b+aCos[e+Fx} EllipticF [ArcSin[Sinfe+fx]], | J1-—iirm
a+b a+b

[3a3f\/Cos[e+fx]2 \/a+bSec[e+1:x12 \/a+b—aSin[e+1=x12

/

/
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Result (type 8, 27 leaves):

Cos[e+fx]3
J dx
(a+bsecle+fx]?)*?

Problem 275: Unable to integrate problem.

Cos[e+fx]>
J( dx

a+bSecle+fx]2)*?

Optimal (type 4, 509 leaves, 11 steps):

bCOS[e+'FX]4\/b+aCOS[e+'FX]2 Sin[e + f x]

a(a+b) f\/a+bSec[e+fx}2 \/a+b—aSin[e+1Cx}2

( 4a*-5ab-24b?) \/b+aCos[e+-Fx}2 Sinfe + f x] \/aer—aSin[e+-Fx]2

/

+

( a+6b) Cos[e+fx] \/b+aCos[e+fx}2 Sinfe + f x] \/a+b aSin[e+fx]?

/

(8a3—9a2b+16ab2+48b3) \/b+aCos[e+1cx}2

\/a+b—a51n[e+fx} )/

(
(15a3 (a+b) f\/a+bSec[e+fx]
(

5a% (a+b) f\/a+bSec[e+fx}2)+

EllipticE |[ArcSin[Sin[e+fx]],
a+ b

aSinfe +fx]?

15a* (a+b) -F\/Cos[e+fx}2 \/a+bSec[e+fx]2 \/1 -

a+b

a
4b (a*>-2ab+12b?) \/bJra(Zos[eJr-Fx]2 EllipticF [ArcSin[Sin[e+fx]],

a+b

a+b

aSin[e+fx]?
\/1[+] /(15a4'F\/Cos[e+-Fx]2 \/aerSec[eJr-Fx]2 \/aer—aSin[eJr-Fx]2

Result (type 8, 27 leaves):

Cos[e+fx]°>
j dx
(

a+bSecle+fx]2)*?

Problem 276: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[e +fx]®
J< dx

a+bSec[e+fx]2)*?
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Optimal (type 3, 138 leaves, 5steps):
(3a-b) ArcTanh| —fb Tanesfx] ]

a+b+b Tan[e+f x]?

2052 f

aSec[e+fx]2Tan[e + f x] (3a+b) Tan[e + fx] \/a+b+bTan[e+-Fx]2
+
2b% (a+b) f

b (a+b>f\/a+b+bTan[e+-Fx]2

Result (type 3, 375leaves):

el (e+fXx) \/4b+ani (e+f x) (1+(EZJ'1 (e+‘Fx))2

(a+2b+aCos[2e+2fx])>? (((1\/3 (“1+e2i (efx))
(4b2 @2l (e+fx) | 332 (1+ezi(e+fx)>2+ab (1+6e21(e+fx) +e4i(e+fx))))/

(<a+b> <1+e2i(e+fx)>2 (4be2i(e*fx) +a <1+<e2“e*fx)>2>)> + [(3a—b> Log |

1

1+ eZiL (e+f x)

]

-4+/b (—1+e21<e*“))-F+4J'1\/4be“(e”cx>+a (1+e2iefa)2 ¢

/

/

\/4beu(e+fx) +a (1+e2j1(e+fx))2

JSec[e+fx]3

(4\/7b5/21: (a+bSec[e+fx]2)3/2)

Problem 277: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[e +fx]*
(

a+bSec[e+fx]2)*?

Optimal (type 3, 77 leaves, 4 steps):

ArcTanh[M}
a+b+b Tan[e+f x]? aTan[e + f x]

b*’2 £ b(a+b)-F\/a+b+bTan[e+1‘:x]2

Result (type 3, 289 leaves):
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e]‘l (e+f x) \/4b+ae‘21 (e+f x) <1+e2j1 (e+~Fx))2

iavb (—1+<ezjl (e*‘c"))

(a+2b+aCos[2e+2fx])>? -
<a+b) (4be“<e+1’X) ta (1+ezﬁ(e+fx)>2)

2

—4\/? (—14—@2i (e+fx)) f+4 i J4 b e?t (e+fx] 45 (1+ueZJI (e+fx) ) f
21 (e+fx) ]

Log|

l+e

\/4b621(e+fx) +a <1+e2j(e+fx))2

Secle+fx]? /(ZN/?bB/Z'F(a+bSec[e+fx]2)3/2)

Problem 279: Unable to integrate problem.

1
J dx
(a+bSec[e+1‘:x]2)3/2

Optimal (type 3, 77 leaves, 4 steps):

Ar‘cTan[ +/a Tan[e+fx ]
atbibTan[e+f x]2 bTan[e + f x]

a3/2 f

a(a+b) 1C\/a+b+bTan[e+1°x}2

Result (type 8, 18 leaves):

1
J dx
(a+bSec[e+1‘:x]2)3/2

Problem 280: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx
3/2

J Cos[e +f x]?
(

a+bSecle+fx]?)

Optimal (type 3, 131 leaves, 6 steps):
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(a-3b) ArcTan| —fa Tanfesfx] ]

a+b+b Tan[e+f x]?

2252 f

Cos[e+fx] Sin[e+fx] b(a+3b) Tan[e+fx]
+

2a1c\/a+b+bTan[e+1cx]2 2a (a+b) 1C\/a+b+bTan[e+1Cx]2

Result (type 6, 2059 leaves

~

3 . , aSinfe+fx]?
, =, Sin[e+fx])?, —F————

1
[3 (a+b) AppellF1|—, -2, A A
a+

2

N W

| Cos[e+fx]®Sinfe+fx]

/

(Z-F\/a+2b+aCos[2 (e+fx)] (a+bSec[e+fx]2)3/2 (a+b-asin[e+fx]?)

. , asinfe+fx)?2
, Sin[e+fx]2, ————

3

]+

1
[3 (a+b) AppellFl[;, -2,

N oW

a+b

N N W

3 5 . , aSinfe+fx]?
3aAppellfFl[ =, -2, =, =, Sin[e+fx]?, ——|
2 2 a+b
3 3 5 . , asinf[e+fx]? . 5
4 (a+b) AppellF1| =, -1, =, —, Sin[e+fx]?, ———————]| Sin[e+fX]
2 2 2 a+b
1 3 3 , asinf[e+fx]? 5
3a (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, —————— ] Cos[e+fX]
2 2 2 a+b

Sinf[e + f x]?

/[\/a+2b+aCos[2 (e+fx) | (a+b—asin[e+1=x}2)2

3

1 aSin[e+fx]?
{3 (a+b) AppellFl[;, -2, —_—]

3 R
, —, Sin[e+fx]°,
2 a+b

aSin[e+fx]?
, Sin[e + fx]2, #]—
a+b

3

2
3 5
(BaAppellFl[—, -2, =
2 2

. 2
4 (a+b) AppellF1| 2 M]

, Sin[e + fx]%, +

N jw N un

3 . R
, -1, —, Sinfe + f x]
2

N u

a+b

1 3 3 , aSinfe+fx]? 5
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ———————] Cos[e + fx]
2 2 2 a+b

[2\/a+2b+aCos{2 (e+fx)] (a+b-asinfe+fx]?)

. , aSinfe+fx]?
, Sinfe+fx]?, ———————] +

a+b
aSin[e+fx]?

J

1
{3 (a+b) AppellFl[g, -2,

N W

2

N N W

3
(3aAppellF1[—, -2, , Sinfe + £x]2,
2

] _

aSin[e+Fx}2]

a+b

4 (a+b) AppellF1] , Sin[e+fx]?,

N jw N un

N u

3
) _1) )
2 a+b
aSin[e+fx]?

]Sin[le-Fx]2

(6 (a+b) AppellF1]| | Cosfe+fx]?

/

3 3 . ,
y -2, —, —, Sin[e +fx]*,
2 2 a+b

Sin[e+fx]?

- SN |

a+2b+aCos[2 (e+fx)] (a+b-asSin[e+fx]?)
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1 3 3 , asinfe+fx]?2
3 (a+b) AppellFi[ =, -2, =, =, Sinfe+fx]?, ——————| +
2 2 2 a+b
3 5 5 | , aSinfe+fx]?
3aAppe11F1[7, -2, —, —, Sin[e+fx]*, —] -
2 2 2 a+b
3 3 5 , asinfe+fx]?2 . 5
4 (a+b) AppellF1| =, -1, =, =, Sin[e+fx]?, ————— ]| Sin[e+fX] +
2 2 2 a+b
. 1 3 5 5
3 (a+b) Cos[e+fx]*Sin[e+fx] afAppellF1[ =, -2, =, =,
a+b 2 2 2
. , asinfe+fx]?2 ) 4
Sinfe+fx]?, ———————| Cos[e+fx]Sin[e+fx] - —f
a+b 3

aSin[e+fx]? .
—] Cos[e+fx] Sin[e + f x]

/

3 3 5 . )
AppellFl[f, -1, —, —, Sin[e + fx]°,
2 2 2 a+b

[Z-F\/a+2b+aCos[2 (e+-FxH (a+b-asin[e+fx]?)

1 3 3 , aSinfe+fx]?
3 (a+b) AppellF1[—, -2, =, =, Sinfe+fx]?, ———————| +
2 2 2 a+b
3 5 5 . , aSinfe+fx]?
3aAppellF1][~, -2, =, =, Sinfe+fx]?, —————| -
2 2 2 a+b
3 3 5 , aSinfe+fx]? . ;
4 (a+b) AppellF1| =, -1, =, =, Sin[e+fx]?, ———————] | Sin[e+fX] -
2 2 2 a+b

1 3 3 . , aSinfe+fx]? .
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ———————] Cos[e + fx]
2

2 2 a+b
. 3 5 5 . , aSinfe+fx]?
Sin[e+fx] [2f |3aAppellF1[ =, -2, =, =, Sin[e+fx]?, ————————| -4 (a+b)
2 2 2 a+b
3 3 5 , aSinfe+fx]? .
AppellFl[ =, -1, =, =, Sin[e+fx]?, — ]| Cos[e+fx] Sin[e+fx] +
2 2 2 a+b

aSin[e+fx]?

3 5
3 (a+b) aprpellFl[;,—Z, ,;,Sln[e+fx]2, ]

Nw

a+b a+b

3 2

. 4 3 3 5

Cos[e+fx] Sinfe+fx] - — fAppellF1[—, -1, =, =
3 2 2 2

aSin[e+fx]?

Sinfe + fx]?, | cosfe+fx]sinfe+fx] |+

a+b

aSin[e+fx]?
3a _——

Sinfe + f x]? , Sin[e + £x]2, ]

3

5
3afAppellFl|—, -2,
2

N[N

a+b a+b

NV o

_ 12 5 7 ,
Cos[e+fx] Sinfe+fx] - — fAppellF1| =, -1, =, —, Sin[e+fx]?,
5 2

aSin[e+fx]? .
————————] Cos[e+fx] Sin[e + fx]

1
-4 (a+b) {—9 a f AppellF1|

a+b 5(a+b
5 5 7 . , asinfe+fx]?2 . 6
-, -1, —, —, Sin[e + fx]°, —]Cos[e+-Fx] Sinfe+fx] - —F
2 2 2 a+b 5
. 3 5 7 aSin[e+fx]?, .
Cos[e + f x] Hypergeometric2F1[~, =, -, ————————| Sin[e + fx] /
2 2 2 a+b
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Zf\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

1 3 3 , aSinfe+fx]?
3 (a+b) AppellF1[~, -2, =, =, Sin[e+fx]?, ———————| +
2 202 a+b

3 aSin[e+fx]?

| v
| u

» =2, , Sin[e + fx]2, | -4 (a+b)

-

[3 aAppellF1]|
a+b

lw N
lwn N

2
3 . , aSinfe+fx]? . ;
= , Sinfe+fx]?, ———————|| sin[e+ fx]

AppellF1|
a+b

E) _1)

-

!

aSin[e+fx]?

, -2, , Sin[e + £x]2, | Cosfe+fx]*

-

2
1
2

Nw
Nw

(Ba (a+b) AppellF1]| A
a+

Sin[e+fx] Sin[2 (e+fx) |

/

[2 (a+2b+aCos|2 (e+fx)])3/2 (a+b-asSinfe+fx]?)

| W

aSin[e+fx]?

[3 (a+b) Appell 1 3 s 2
ppellFl]—, -2, =, =, Sin[e + fx]?, ]+
2 2

a+b

N N

aSin[e+-Fx]2]

, —, Sin[e+fx]?,

3
[3 aAppellFl] =, -2,
2 a+b

5 . , aSinfe+fx]?
4 (a+b) AppellF1| =, -1, =, Sinfe+fx]?, —————]
2 a+b

)

N jw N U

N w

]Sin[e+-Fx]2

|

Problem 281: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[e+fx]*
J dx
(

a+bSec[e+-Fx]2)3/2

Optimal (type 3, 194 leaves, 7 steps):
3 (a?-2ab+5b?) Ar‘cTan[—\Lf—]—al Tan e-fx

a+b:bTan [erf x]2 (3a-5b) Cos[e+fx] Sin[e+fx]
+ +
7/2
galitf 8a2-F\/a+b+bTan[e+-Fx]2
Cos[e+fx]3Sin[e+fx] (a-3b) b (3a+5b) Tan[e + fx]

+

4a-FJa+b+bTan[e+-Fx}2 8a’ (a+b) 'F\/a+b+bTan[e+-Fx}2

Result (type 6, 2046 leaves):

1 3 , ,
(a+b) AppellFl[;, -3, =, =, Sin[e + fx]?,

3 aSin[e+fx]?
2 2 a+b

]Cos[e+-Fx]1eSin[e+Fx1)/

(Zf\/a+2b+aCos[2 (e+fx)] (a+bSec[e+fx]2)3/2 (a+b-asinfe+fx]?)

aSin[e +fx]?
e .

1 303 ,
(a+b) AppellFl[;, -3, ;, ;, Sinf[e + fx]?2, X
a+
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. , aSinfe+fx]?
, Sin[e+fx]?, ——— "

} _

aSin[e+fx]2}

3 5
(a AppellFl[ =, -3, =,
2 2

N w

a+b

3 5 ,
2 (a+b) AppellFl[;, -2, =, g, Sinfe + fx]?2,

)Sin[e+-l:x]2
a+b

2

. aSinfe +fx]?
, Sin[e+fx]%, —]

Cos[e+fx]7”Sin[e+fx]?

N W N w

1 3
([a (a+b) AppellFl[;, -3, S’

/

a+b

[Ja+2b+a€os[2 (e+-Fx)] (aer—aSin[eJr-Fx}z)2

1 3 3 , aSinfe+fx]?
(a+b) AppellFl[—, -3, =, =, Sin[e+fx]?, ——————| +
2 2 2 a+b
3 5 5 . , asinfe+fx]?2
aAppellFl| =, -3, =, =, Sinfe+fx]?, —————] -
2 2 2 a+b

aSin[e+fx]? . 5
—] Sin[e + f x]

/

, Sinfe + fx]2, +

3 3
2 (a+b) AppellFl[;, -2, >’

Nw

a+b

aSin[e+fx]?

1 3
((a+b) AppellFl[;, -3, > Sinf[e + fx]?, | coste+fx)7

N w

a+b

{2\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

aSin[e+-Fx}2]

, —, Sin[e+fx]?, +

1
[ (a+b) AppellF1|—, -3,
2

N W

a+b

Sinfe + )2 aSin[e+fx]?
B B

] -

aSin[e+-Fx}2]

)

N N wW

3 5
aAppellFl| =, -3, =
2 2 a+b

, Sin[e + fx]2,

3 3
2 (a+b) AppellFl[g, -2, >’

N w

]Sin[e+-Fx]2
a+b

3 . , asin[e+fx]?
, — Sin[e+fx)2, ——mM8—
2 a+b

(3 (a+b) AppellF1[—, -3, | Coste+ fx)°

N R
N w

Sinf[e +f x]?

/[\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

1 3 3 , aSinfe+fx]?
(a+b) AppellF1[ =, -3, =, =, Sin[e+fx]?, —————— ] +
2 2 2 a+b
3 5 5 . , aSinfe+fx]?
aAppellFl| =, -3, =, =, Sinfe+fx]?, — | -
2 2 2 a+b

aSin[e+Fx}2]

3
2 (a+b) AppellF1[—, -2, , Sinfe+ fx]2, ]Sin[e+-Fx]2 +
2

N u

3
)
2 a+b
1

. 3 5 5 ,
(a+b) Cosfe+fx]®Sinfe+fx] afAppellF1[ =, -3, =, =, Sin[e+fx]?,
a+b 2 2 2
aSinfe +fx]? .
—}Cos[ewa} Sin[e + fx] -
a+b

. , aSinfe+fx]? .
, Sinfe+fx]?, ————————] Cos[e+fx] Sin[e + fX]

3

3
2 f AppellFi[ =, -2,
2

|/

N W
[IRY|

a+b

{Zf\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)
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aSin[e +fx]?

, —, Sin[e+fx]?2,

1
( (a+b) AppellF1|—, -3,
2

N w

]+

a+b

3 5
(a AppellF1 [ - =3, —
2

aSin[e+-Fx]2]
2

, Sin[e + fx]2,

N N W

a+b
3 3 5 , asinfe+fx]?2
2 (a+b) AppellF1[ =, -2, =, =, Sin[e+fx]?, ————— |
2 2 a+b

Sinfe + fx]2

N

1 3 3 . , asinfe+fx]? 6
(a+b) AppellF1[—, -3, =, =, Sin[e+fx]?, ———— ] Cos[e+fX]
2 2 2 a+b
. 3 5 5 . , asSinfe+fx]?
Sinfe+fx] [2f |aAppellF1][—, -3, =, =, Sin[e+fx]?, —————————| -2 (a+b)
2 2 2 a+b

. , aSinfe+fx]?
, Sinje+fx]?, ————

3

]

aSin[e+-Fx]2]

3 3
AppellFl| =, -2, =
2 2

a+b

N jw N w

(a+b)(

5 5 i )
, -3, —, —, Sin[e+fx]%,
2 2 a+b

a-FAppellFl[
a+b

3 3 5
Cos[e+fx] Sin[e + fx] —ZprpellFl{—, -2, =, =, Sin[e +fx]?,
2 2 2
aSin[e + fx]? . . 5
————————| Cos[e+fx]Sin[e+fx]| +Sin[e+fx]
a+b

aSin[e+fx]?
, a-inie+Txj~

1 5
a [ 3afAppellFi|~, -3,
a+b 2

NN
N[N

, Sin[e + £x]2, | Coste+fx]

a+b

. 18 5 5 7 . , aSinfe+fx]?
Sin[e +fx] - f-FAppellFl[—, -2, —, —, Sin[e+ fx]°%, —}
5 2 2 2 a+b
1

Cos[e + fx] Sin[e + f x]

N

5 5
9afAppellFl] =, -2, =,
5 (a+b) 2 2

-2 (a+b) (

, aSinfe+fx]? . 12
, ———————| Cos[e+fx] Sin[e+fx] - — fAppellF1]|
5

5

Sin[e + f x]

N N

aSin[e+fx]?
_11 ) -

, Sin[e + fx]?,
2

w
NN

| Cosfe+fx]Sinfe+fx]
a+b

Zf\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

. , aSinfe+fx]?
, Sinfe+ fx]%, ———"—

3

1
( (a+b) AppellF1|—, -3,
2

N W

|+

N W

a+b

3 5 5 . , asSinfe+fx]?
aMppellfFl[ =, -3, =, =, Sin[e+fx]?, ————————]| -2 (a+b)
2 2 2

a+b

3 . , aSinfe+fx]?
AppellFl[g,—Z, R ,Sln[e+fx],—}

Sinf[e +fx]?

N w

3
2

!

a+b

1 3 3 . , asSinfe+fx]?
a(a+b) AppellFl[g, -3, =, =, Sinfe+fx]?, ———|

)

2 2 a+b

/

[2 (a+2b+aCos|2 (e+fx)])3/2 (a+b-asin[e+fx]?)

Cos[e+fx]®

Sinfe+fx] Sin|2 (e+fx)]

Cos[e+fx] Sin[e+fx] +

)

3
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1 3 3 , asinfe+fx]?2
(a+b) AppellF1[—, -3, =, =, Sin[e+fx]?, ————— | +
2 2 2 a+b
3 5 5 . , aSinfe+fx]?
aAppellFl[f, -3, —, —, SinJe+fx]°, —] -
2 2 2 a+b
3 3 5 , asSinfe+fx]? . 5
2 (a+b) AppellF1|—, -2, =, =, Sin[e+fx]?, ——————— || Sin[e+fx]
2 2 2 a+b

Problem 282: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Cos[e+fx]®
(

a+bSecle+fx]2)>?

dx

Optimal (type 3, 271 leaves, 8 steps):
(5a%-9ab+15ab? - 35 b3) ArcTan| (2 Taniesfxi |

a+b+b Tan[e+f x]?

1622 f
(15a®-22ab+35b%) Cos[e+fx] Sin[e+fx] (5a-7b) Cos[e+fx]3Sin[e+fx]

+

+
4833.F\/a+b+bTan[e+-Fx]2 24a2-F\/a+b+bTan[e+-Fx]2
Cos[e+fx]>Sin[e + fx] b (15a°-17a%b+25ab?+105b%) Tan[e + f x]
+
6a-FJa+b+bTan[e+fx]2 48 a* (a+b) f\/a+b+bTan[e+-Fx]2

Result (type 6, 2068 leaves

~

3. , aSinfe+fx]?
, — Sin[e+fx]*%, —]

1
[3 (a+b) AppellFi[—, -4,
2 2 a+b

N W

Cos[e+fx]14sin[e+fx])/

(2f¢a+2b+a€os[2 (e+fx)] (a+bSec[e+1Cx]2)3/Z (a+b-asinfe+fx]?)

1 3 3 . , asSinfe+fx]?
3 (a+b) AppellF1[—, -4, =, =, Sin[e+fx]?, ———————| +
2 2 2 a+b
3 5 5 . , asinfe+fx]?2
3aAppellFl[~, -4, =, =, Sin[e+fx]?, ————| -
2 2 2 a+b
3 3 5 , aSinfe+fx]? . 5
8 (a+b) AppellFl[ =, -3, =, =, Sin[e+fx]?, ————————| | Sin[e + f ]
2 2 2 a+b
1 3 3 , aSinfe+fx]? 5
3a(a+b) AppellF1[—, -4, =, =, Sin[e+fx]?, ——————— | Cos[e +fX]
2 2 2 a+b

Sin[e+ fx]?

/(\/a+2b+aCos[2 (e+fx)] (aerfaSin[eJrfx}z)2

1 3 , aSinfe+fx]?
3 (a+b) AppellFl[—, -4, =, =, sin[e+fx])?, ————
2 2

|+

a+b

aSin[e+fx]?
, Sin[e+fx]2, #]

N N W

3 5
[3 aAppellFl|[ =, -4, =,
2

2 a+b
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. , aSinfe+fx]?
, Sin[e+fx]*, ——— .

3 3 .
8 (a+b) AppellFl[;, -3, >’ ]]Sln[emcx]2

Now

a+b

1
(3 (a+b) AppellFl[;, -4,

N W

3 . , asSinfe+fx]? o
, =, Sinfe+fx])?, ————————] Cos[e+fx] /
2 a+b

[2\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

1 aSinf[e+fx]?
[3 (a+b) AppellFl[g, -4, e [

3 . )
, —, Sin[e+fx]°,
2 a+b

. , asinfe+fx]?
, Sin[e+fx]°, ——

-

| w
N N W

3
{3 aAppellFl| —, -4,
2

] -

aSin[e+fx]?

a+b

8 (a+b) AppellF1]|

)

3
-3, =
2

N w

, Sinf[e + fx]2,

]] Sinfe + f x]?2

a+b
aSin[e+fx]?

-

Njw N W N
“

1 3
(12 (a+b) AppellFi|—, -4, =, sin[e+fx]3, | Cosfe+fx]’
2 2

a+b

Sin[e +f x]?

/[\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

1 3 , aSinfe+fx]?
3 (a+b) AppellFl[g, -4, =, S’ Sinfe+fx]?, ———————| +

a+b

aSin[e+fx]?

, —, Sin[e+fx]?,

N N wW

3
{3 aAppellFl| =, -4,
2

] -

aSin[e+-Fx}2]

a+b

8 (a+b) AppellF1] =, -3, , Sinfe + fx]2,

> +

N jw N un

]Sin[e+-Fx]2

N w

a+b

N W
=

3 5 5
afAppellFi[=~, -4, =, =
2 2

2

(3 (a+b) Cos[e+fx]®Sinfe +fx] ,

a+b

. , aSinfe+fx]? . 8

Sin[e +fx]*, —] Cos[e+fx] Sin[e+fx] - —f
a+b 3

aSin[e+fx]?

5
, =, Sinfe+fx]?, ————————] Cos[e+fx] Sin[e +fX]
2 a+b

{2f\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

3
AppellfF1l[ =, -3,
2

N oW

/

1 3 3 , asin[e+fx]?
3 (a+b) AppellF1[—, -4, =, =, Sinfe+fx]?, ————| +
2 2 2 a+b
3 5 5 . , aSinfe+fx]?
3aAppellFl[ =, -4, =, =, Sinfe+fx]?, — | -
2 2 2 a+b
3 3 5 , aSinfe+fx]? . 5
8 (a+b) AppellF1|—, -3, =, =, Sin[e+fx]?, —————— ]| Sin[e+fx]?|| -
2 2 2 a+b

1 3. , asSinfe+fx]?
3 (a+b) AppellF1[~, -4, =, =, Sin[e+fx]?, —————|
2

Cos[e+fx]8
2 a+b

2
. 3 5 5 . , aSinfe+fx]?
Sinfe+fx] [2f |3aAppellF1[—, -4, =, =, Sin[e+fx])?, ———— ]
2 2

2 a+b

78<a+b)
3 3 5 , aSinfe+fx]?

AppellFl[=, -3, =, =, sin[e+fx]?, ——————]
2

Cos[e+fx] Sin[e+fx] +
2 2 a+b
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3(a+b)

3 5 5 . , aSinfe+fx]?
afAppellFi[ =, -4, =, =, Sin[e+fx]?, —— |
a+b 2 2 2 a+b

. 8 3 3 5 . )
Cos[e+fx] Sin[e+fx] - f-FAppellFl[f, -3, —, —, Sin[e+fx]°,
3 2 2 2

aSin[e+fx)? . . 2
—]Cos[e+-Fx] Sin[e+fx] | +Sin[e + fXx]
a+b

1 5 7 7 . , aSinfe+fx]?
3a 3afAppellFl[ =, -4, —, —, Sin[e+fx]?, ———————] Cos[e + fx]
a+b 2 2 2 a+b

aSin[e+fx]?
, Sin[e + £x]2, #}

) 24 5 5 7
Sinfe+fx] - — fAppellF1[~, -3, =, —

5 2 2 2 a+b
1

N

5 5
Cos[e+fx] Sin[e + fx] ————9afAppellF1|—, -3, -,

5 (a+b) 2 2

3

-8 (a+b) (

. , aSinfe+fx]?
Sin[e + f x] ,—] ’
a+b

N N

18
Cos[e+fx] Sin[e+fx] - — f AppellF1]|
5

1%

aSin[e+fx]?
-2, ;J —}

, Sin[e+fx]?, Cos[e+fx] Sin[e +fx]

w
NN

a+b

[Zf\/a+2b+aCos[2 (e+fx)] (a+b-asinfe+fx]?)

aSin[e+-Fx]2]
- | +

1 303 ,
3 (a+b) AppellF1[~, -4, =, =, Sin[e+fx]?,
2 2 2

a+b
3 5 5 . , aSinfe+fx]?
3aAppellFl[ =, -4, =, =, Sinfe+fx]?, ————————] -8 (a+b)
2 272 a+b
3 3 5 . , asinfe+fx]2 . ,) 2
AppellFl[ =, -3, =, =, Sin[e+fx]?, ———————| | Sin[e + fx] +

2 272 a+b
1 3 3 , aSinfe+fx]? 8

3a (a+b) AppellF1[—, -4, =, =, Sin[e+fx]?, ——————— ] Cos[e+fX]
2 272 a+b

Sinfe+fx] Sin[2 (e+fx)]

/

{2 (a+2b+acCos|2 (e+fx)])3/2 (a+b-asinfe+fx]?)

1 3 3 , aSinfe+fx]?
3 (a+b) AppellFi[—, -4, =, =, Sinfe+fx]?, ——————| +
2 2 2 a+b
3 5 , aSinfe+fx]?
3aAppe11F1[*, -4, —, —, Sinfe+fx]%, —] -
2 2 a+b

173)

)

N jw N U

. 2
8 (a+b) AppellF1]| M]

N W
N u

, Sin[e+fx]?, ]Sin[e+-Fx]2

|

a+b

Problem 284: Unable to integrate problem.

Sec[e+fx]3
J dx
(

a+bSecle+fx]?)*?

Optimal (type 4, 381 leaves, 10 steps):
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\/b+aCos[e+1‘:x}2 Sin[e + f x]

3 (a+b) F\/a+bSec[e+fx]2 (a+b-asinfe+fx]2)¥?

(a-b) \/b+aCos[e+-Fx}2 Sinfe + f x]

+

3b (a+b)2f\/a+b5ec[e+fx]2 \/aer—aSin[eﬂ‘:x]2

((a—b) \/b+aCos[e+-Fx}2 EllipticE[ArcSin[Sin[e+fx]], ]\/a+b—asin[e+fx]2

/

a+b

Sinfe+ fx]2
3ab(a+b)21‘:\/Cos[e+1‘:x]2 \/a+bSec[e+1:x}2 \/1_a1n[e+x1 N
a+b

> C . . . a aSin[e +fx]?
x/b+aCos[e+-Fx} ElllpthF[Ar‘cSm[Sln[e+-Fx]], ] 1-— /
a+b a+b

(Ba (a+b) -F\/Cos[e+1°x}2 \/a+bSec[e+1Cx]2 \/a+b—aSin[e+fx]2

Result (type 8, 27 leaves):

Sec[e +fx]3
J dx
(

a+bSecle+fx]2)>?

Problem 285: Unable to integrate problem.

Sec[e + fx]
J dx
(

a+bSec[e+-Fx]2)5/2

Optimal (type 4, 389 leaves, 10 steps):



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 207

b\/b+aCos[e+1Cx]2 Sin[e +f x]

+

3a(a+b) f\/a+bSec[e+fx]2 (a+b-asinfe+fx]2)??

2 (2a+b) \/b+aCos[e+1=x}2 Sin[e + f x]

-(2 (2a+b)

3a (a+b)2f\/a+b5ec[e+fx]2 \/aer—aSin[eﬂ‘:x]2

\/b+aCos[e+-Fx}2 EllipticE[ArcSin[Sin[e+fx]], ]\/a+b—asin[e+fx]2

/

a+b

Sinfe+ fx]2
3a2(a+b)2f\/Cos[e+fx]2 \/a+bSec[e+1:x12 \/1_aln[e+x1 +

a+b

5 L . . a aSin[e+fx]?
(3a+2b) \/b+aCos[e+-Fx} EllipticF [ArcSin[Sin[e+fx]], | J1-—m /
a+b a+b

(Ba2 (aJFb)wc\/Cos[eﬂcx]2 \/a+bSec[e+fx]2 \/a+b—aSin[e+1cx}2

Result (type 8, 25leaves):

Sec[e + fX]
J dx
(a+bsSecle+fx]2)>?

Problem 286: Unable to integrate problem.

Cos[e +fx]
J dx
(

a+bSec[e+-Fx]2)5/2

Optimal (type 4, 411 leaves, 10 steps):
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bCos[e+-Fx]2\/b+aCos[e+1‘:x}2 Sin[e + f x]

3a(a+b) f\/a+bSec[e+fx]2 (a+b-asinfe+fx]2)??

2b(3a+2b) \/b+aCos[e+-Fx}2 Sin[e + f x]

+

3a? (a+b)21:\/a+bS.ec[e+1‘:x12 \/a+b—aSin[e+fx12

((3a2+133b+8b2> \/b+aCos[e+fx}2

E1lipticE[ArcSin(Sinfe+fx]], | Ja+b-asSine+fx]?

/

aSin[e + fx]?

a+b

3a3 (a+b)2f\/Cos[e+fx]2 \/a+bSec[e+-Fx}2 \/1— - |b(9a+8b)

a+b

a ] 1 aSin[e+fx]? /
a+b a+b

[Ba3 (aer)-F\/Cos[ewa]2 \/a+bSec[e+fx}2 \/a+b—aSin[e+1"x}2

\/b +aCos[e+fx]? EllipticF|[ArcSin[Sinfe+fx]],

Result (type 8, 25leaves):
Cos[e + fXx]
J ( dx

a+bSecle+fx]2)>?

Problem 287: Unable to integrate problem.

dx
5/2

j Cos[e+fx]3
(

a+bsSecle+fx]?)

Optimal (type 4, 512leaves, 11 steps):
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bCos[e+-Fx]4\/b+aCos[e+1‘:x}2 Sin[e + f x]

3a(a+b) f\/a+bSec[e+fx]2 (a+b-asinfe+fx]2)??

2b (4a+3b) Cos[e+-Fx}2Jb+aCos[e+-Fx]2 Sin[e + f x]

+

3a? (a+b)21:\/a+bSec[e+1‘:x12 \/a+b—aSin[e+1‘:x12

((a2+11ab+8b2) \/b+aCos[e+fx}2 Sinfe + f x] \/a+bfasin[e+fx]2

/

+ (2 (a+2b) (a*-4ab-4b%) \/b+aCos[e+1Cx]2

(Ba3 (a+b)21c\/a+b5ec[e+1cx]2

a
EllipticE |[ArcSin[Sin[e+fx]], ] \/a+b—aSin[e+fx}2 )/
a+b

aSinfe+fx]?
3a4(a+b)21“\/Cos[e+1‘:x]2 \/a+bSec[e+fx}2 \/1[+] ~

a+b

b (a?-16ab-16b2) /b +aCos[e+fx]?

o . . a aSin[e+fx]?
EllipticF [Ar‘cSm [Sin[e+fXx]], } 1-—— /
a+b a+b

(Ba4 (a+b)F\/Cos[e+Fx]2 \/a+bSec[e+fx}2 \/;aerfaSin[emcx}2

Result (type 8, 27 leaves):

Cos[e+fx]3
J dx
(

a+bSecle+fx]2)>?

Problem 288: Unable to integrate problem.

Cos[e+fx]>
J( dx

a+bSec[e+fx]2)*?

Optimal (type 4, 639 leaves, 12 steps):
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bCos[e+-Fx]6\/b+aCos[e+1‘:xJ2 Sin[e + f x]

3a(a+b) f\/a+bSec[e+fx]2 (a+b-asinfe+fx]2)??

2b (5a+4b) Cos[eJr-Fx}“Jb+aCos[e+-Fx]2 Sin[e + f x]

+

3a? (a+b)21:\/a+bSec[e+1‘:x12 \/a+b—aSin[e+1‘:x12

/

(2 (2a®>-3a’b-42ab*-32b7) \/b+aCos[e+fx}2 Sinfe + f x] \/a+bfasin[e+fx}2

+

15 a* (a+b)2f\/a+b5ec[e+fx]2

((3a2+61ab+48b2) Cos[e+1‘:x}2\/b+aCos[e+1Cx]2 Sinfe + f x] \/a+b—aSin[e+Fx]2)/

15 a3 (a+b)2-lﬁ\/a+bSec[e+1‘:x}2

. ((8a4—11a3b+27a2b2+184ab3+128b4)

a

]\/a+b—asin[e+fx]2

/

\/b +aCos[e+fx]% EllipticE [Ar‘cSin [Sin[e+fXx]],
a+b

asSin[e+fx]2
15a5(a+b)2f\/Cos[e+-Fx]2 \/a+bSec[e+-Fx]2 \/1# -

a+b

b(4a’-9a’b+120ab’+128b°) x/b+aCos[e+Fx]2

.. . . a aSin[e+fx]?
ElllptlcF[ArcSm[Sln[e+Fx]}, } 1——/
a+b a+b

(15a5 (a+b) -I:\/Cos[e+1‘:x}2 \/a+bSec[e+fx]2 \/aer—aSin[eﬁcx]2

Result (type 8, 27 leaves):
J Cos[e+fx]°
(

a+bSec[e+fx]?)

dx
5/2

Problem 289: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Sec[e+fx]®
(

a+bSecle+fx]?)*?

Optimal (type 3, 133 leaves, 5steps):
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_ /b Tanfe+fx]
Ar‘cTanh[ b Tan[e+fx
A/ a+b+b Tan[e+f x]?

b5/2.f:

aSec[e+fx]2Tan[e+ fX] a(3a+5b) Tan[e+fx]

3b(avb) f(arbebTanles £x1%)7% 342 (5. p)2¢.[a b bTanle Fx]2

Result (type 3, 357 leaves):

el (e+F0 \/4b+ae2“e*f") (1+e2' )2 (ai2b+aCos[2e+2fx])®?

(Jla\/F (_1+(62Ji(e+fx)> (24b2 e2i (exfx) | 342 <1+ezue+fx)>2+

ab (5+26eu(e+fx> L5t (e++x))))/((a+b>2 (4be21(e+fx) +a (1+eu(e+fx>)2)2) B

~4y/b (-1ee?t (7)) £iai Jllbe“ (e:7) 1a (14e2 (Mx))z f

1121 (e+fx) }

3 Log|

Sec[e+fx]° /
\/4b(€2j (e+f x) +a <1+(EZiL(e+'FX)>2

(12\/7b5/2f (a+bSec[e+fX}2>5/2>

Problem 292: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
(a+bsec[e+fx]2)*?

Optimal (type 3, 125leaves, 6 steps):
Ar‘cTan[ a Tan[e+fx ]

a+b+b Tan[e+f x]?

a5/2 f

bTan[e +fx] b(5a+3b)Tan[e+fx}

3a <a+b) f (a+b+bTan[e+fx]2)3/2 3 a2 (a+b)2f\/a+b+bTan[e+-Fx}2

Result (type 6, 1927 leaves

~

3 . )
, —, SinJe+fx]°,

1
3 (a+b) AppellF1|—, -2,
2 2 a+b

[N |

aSinfe+fx]? 4
—] Cos[e+fx]*Sin[e + fXx]

/
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42 f(a+bSecle+fx]?)*? (a+b-asSin[e+fx]2)*?

1 5 3 . , asSinfe+fx]?
3 (a+b) AppellF1[ =, -2, =, =, Sinfe+fx]?, —————— | +
2 2 2 a+b
3 5 . , asinfe+fx]?2
5aAppellFl[~, -2, —, =, Sin[e+fx]?, ———| -
2 2 a+b

N jw NN

5 ,
4 (a+b) AppellFl[ =, -1, =, =, Sinfe+fx]?,

aSin[e+-Fx]2}
2 2

JSin[e+Fx]2
a+b

1 5 3 . , aSinfe+fx]?
15a (a+b) AppellFl[—, -2, =, =, Sin[e+fx)?, ————
2 2 2

]

a+b

Cos[e+fx]®>Sin[e+fx]2

/(4\5 <a+b—aSin[e+-Fx]2)7/2

1 5 3 . , aSinfe+fx]?
3 (a+b) AppellFl|—, -2, =, =, Sin[e+fx]?, ————————| +
2 2 2 a+b
3 7 5 . , asinf[e+fx]?
5aAppellFl][~, -2, —, =, Sin[e+fx]?, —————| -
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . 5
4 (a+b) AppellF1| =, -1, =, =, Sin[e+fx]?, ———————] | Sin[e+ fX] +
2 2 2 a+b
1 5 3 . , asSinfe+fx]? 5
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ———— ] Cos[e + fx] /
2 2 2 a+b

[4\5 (a+b—aSin[e+-Fx]2)5/2

1 5 3 ,
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?,
2 2 2

aSinfe +fx]?
e .

a+b

3 7 5 . , aSinfe+fx]?
5aAppellfFl[ =, -2, —, =, Sin[e+fx]?, ————| -
2 272

a+b
3 5 . , asinfe+fx]?2
4 <a+b) AppellFl{;, -1, —, —, Sin[e+fx]*, ——

5
2

N

]] Sinfe + f x]?

a+b

1 3 , aSinfe+fx]? 3
3 (a+b) AppellFl[g, -2, S5 Sinfe+fx]?, ———————] Cos[e +fX]

/(\/7 <a+b—aSin[e+fx]2)5/2

a+b
Sin[e+fx]?

| v

3 , aSinfe+fx]?
, =, sinfe+ fx]2, —/—————| +
2

a+b
aSin[e+-Fx]2]

1
{3 (a+b) AppellFl[;, -2,

, —, Sin[e+fx]?,

N N

3
[5 aAppellFl]~, -2,
2 a+b

. , asinfe+fx]?2
4 (a+b) AppellF1|—, -1, , Sin[e+fx]?, ———m———

> +

N jw NN

]] Sinfe + f x]?

N |
[IRY;|

a+b
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[3 (a+b) Cos[e+fx]*Sin[e+fx]

3 7 5
5afAppellFl[ =, -2, —, =,
3 (a+b) 2 202
. , aSinfe+fx]? . 4
Sin[e +fx]*, —]Cos[e+-Fx] Sin[e+fx] - —f
a+b

3

3 5 . )
AppellFl[g, -1, —, —, Sin[e + fx]°,

>
27 2

aSin[e+fx]? .
—] Cos[e +fx] Sin[e + f x]
a+b

/

[4\/?-F (a+b—aSin[e+-Fx]2)5/2 (3 (a+b) AppellFl[l, -2, >
2

3 . )
», —, Sin[e+fx]°%,
2 2

aSinf[e +fx]? 3 7 5 . 5
—} + 5aAppe11F1[f, -2, —, —, Sin[e+fx]°,
2

a+b 2 2

aSin[e+fx]2}

a+b
3 5 5 . , asinfe+fx]? . 5
4 (a+b) AppellF1| =, -1, =, —, Sin[e+fx]?, ——————— ]| Sin[e+fX] -
2 2 2 a+b

1 5 3 ,
3 (a+b) AppellFl[E, -2, =, =, Sin[e+fx]?,

aSin[e+-Fx}2}
2 2

Cos[e+fx]*4
a+b

. 3 7 . , asinfe+fx]?2
Sin[e+fx] |2F 5aAppellF1{—, -2, —, —, Sin[e+fx]*, ——
2 2

> ]
2 a+b

5

aSin[e+fx]?
, a-niexrTxl-

3 . )
4 (a+b) AppellF1|—, -1, , Sin[e + £x]2,
2

]

3 7
5afAppellFl[ =, -2, —
2 2

5
2

N

a+b

Cos[e+fx]Sin[e+fx] +3 (a+b) (
3(a+b

B
5 . , aSinfe+fx]? . 4
—, Sin[e+fx]*, —] Cos[e+fx] Sin[e+fx] - —F

2 a+b 3
3 5 5 . , aSinfe+fx]? .
AppellF1l[ =, -1, =, =, Sin[e+fx]?, ————————| Cos[e+fx] Sin[e+fx] | +
2 27 2 a+b

Sin[e+fx]? |5a , Sin[e + fx]?,

3

5
21afAppellFl[—, -2,
2

N | ©
N[N

5(a+b

aSin[e+fx]? . 12 5 7
—} Cos[e+fx]Sin[e+fx] - —FAppellFl[—, -1, —,
a+b 5 2

N

7 . , aSinfe+fx]?
;, Sinfe + fx]2, —}

Cos[e+fx]Sin[e+fx]| -4 (a+b)
a+b
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aSin[e+fx]?

, Sin[e+fx]?, | coste + fx]

5 7
3afAppellFl|—, -1, —,
2 2 a+b

NN

a+b

Sinfe+fx] - |6 (a+b)>fCot[e+fx] Cscle+fx]*|-1+

aSin[e+1‘:x]2)2
a+b

\/;Ar‘csin[w] Sinfe + f x]

P a?Sin[e+fx]*4

+ +
2 asinfe+fx]2 )2
/a+b 1_aSin e+f x]2 3(a+b) (—1+ 2:b )

a+b

2

aSin[e+fx]? / 2 [1 aSin[e + fx]
(a+b) (71+asin[e+fx]2> ( B

a+b

Il

a+b

) )

4-/2 f (a+b—aSin[e+-Fx}2)5/2 (3 (a+b) AppellFl[l, -2, 3
2 2

>
2

2

Sin[e + fx]*%,

aSin[e+-Fx]2}
- | +

a+b

. , aSinfe+fx]?
, Sin[e+fx]?, ———

3

]—4<a+b)

NN
N jn

3
[5 aAppellFl| =, -2,
2 a+b

5 . , asinfe+fx)?2 . 5
~, Sinfe+fx]?, ———————]| Sin[e + fx]
2 a+b

)

2]

Problem 293: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[e+f x]?
J dx
(a+bSec[e+fx]2)*?

3
AppellF1[ =, -1,
2

N |

Optimal (type 3, 187 leaves, 7 steps):
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(a _5 b) ArcTan{m
a+b+b Tan [e+f x]2 Cos[e+fx] Sin[e + fx]

.
22’2 f 2a-F(a+b+bTan[e+-Fx}2)3/2

+

b (3a+5b) Tan[e + fx] b (3a2+22ab+15b2) Tan[e + f x]

+

6a’(a+b) f(arbrbTan[e+Fx]?)>* 4. <a+b)21c\/a+b+bTan[e+1Cx}2

Result (type 6, 1775 leaves

~

. , aSinfe+fx]? 8
, > Sinfe+fx])?, ————————] Cos[e+fx]®Sinfe+fx]

1
[3 (a+b) AppellF1| =, -3, A A
a+

2

N U,

/

4~2 f <a+bSec[e+-Fx]2)5/2 (a+b—aSin[e+-Fx]2)5/2

1 3 . , asinfe+fx)?2
3 (a+b) AppellFl[—, -3, =, =, Sin[e+fx]?, ———
2 2

]+

a+b

aSin[e+-Fx}2]

, —, Sin[e+fx]?,

>

2

3 5

5aAppellF1[*, -3, — _
2 2 a+b

aSin[e+fx]?

N jw NN

5 5 . 2 . 2
6 (a+b) AppellF1|—, -2, > Sinf[e + fx]?, || sinfe+fx]

a+b
1 5 aSin[e+fx]?

15a (a+b) AppellF1[—, -3, = _—
2 2

)

/

, Sin[e + fx]2,

]

N | W

a+b

Cos[e+fx]”Sin[e+fx]2

—

4~/2 <a+b—aSin[e+-Fx]2)7/2

| v

aSin[e+-Fx]2]

5 +

1 3 ,
3 (a+b) AppellFl[;, -3, -, >’ Sinfe + f x]

a+b
aSin[e+fx]?

, Sinfe + fx]2, #] -

a+b

3

N N

3
(5 aAppellF1l| =, -3,
2

6 (a+b) AppellF1| , Sin[e+fx]?,

N jw NN

5 aSin[e +fx]?
)72) EJ —]

+

N u

]Sin[e+-Fx]2
a+b

1 5 3 . , aSinfe+fx]? ;
3 (a+b) AppellF1[—, -3, =, =, Sin[e+fx]?, ———————] Cos[e + fx] /
2

2 2 a+b

; 2\ 5/2 1 5 3 . )

4+/2 (a+b-asinfe+fx]?) 3 (a+b) AppellF1[—, -3, =, =, Sin[e+fx]?,
2 2 2

aSin[e+fx]? 3 7 5 . , aSinfe+fx]?
———————] + |5aAppellF1[ =, -3, —, =, Sinfe+fx]?, ————] -
a+b 2 2 2 a+b
3 5 5 . , aSinfe+fx]? . ;
6 (a+b) AppellF1|—, -2, =, =, Sin[e+fx]?, —————— || Sin[e+fx] -
2 2 2 a+b

5 3 . , asSinfe+fx]?
9 (a+b) AppellFl[ , -3, —, —, Sin[e+fx]2, —}

1
2 2 2 a+b

/[Z\E <a+b—aSin[e+-Fx]2)5/2

Cos[e+fx]°

Sinf[e + f x]?

) +

1 5 3 . , aSinfe+fx]?
3 (a+b) AppellFl|~, -3, =, =, Sin[e+fx]?, ——— ]
2 2 2 a+b
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3 7 5 . , aSinfe+fx]?
5aAppellfFl[ =, -3, —, =, Sinfe+fx]?, ————| -
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . ,
6 (a+b) AppellF1[ =, -2, =, =, Sin[e+fx]?, ———————]|Sin[e+fx]?|| +
2 2 2 a+b
1

3
(3 (a+b) Cos[e+fx]®Sin[e+fx] 5afAppellFl[—, -3, —, =,
2

NN
N w

3 (a+b
aSin[e + fx]?
+b

Sin[e +fx]2, | Cosfe+fx]Sin[e+fx] -

aSin[e + fx]?

/

, Sin[e + fx]2,

5
= | Cos[e+fx]Sinfe+fx]
2 a+b

3

Nu g

3
2 f AppellFi[ =, -2,
2

1 5 3
{4\/2 f (a+b—aSin[e+fx12)5/2 (3 (a+b) AppellF1[—, -3, =, =, Sin[e+fx]?,
2 2 2
5 . , aSinfe+fx]?
, =, Sinfe+fx]?, —————] -
2 a+b

aSin[e+fx]? 3
———————] + |5aAppellFi[—, -3,
2

N [N

a+b
aSin[e+fx]?

3 5 5
6 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, || sinfe+fx)?|| -
2 2 2

a+b

5 3 . , aSinfe+fx]?
sy -3, —, —, Sin[e+fx]°, ————

| Cosfe+fx]®
2 2 a+b

[3 (a+b) AppellF1|

N |

5 . , aSinfe+fx]?
—, Sin[e+ fx]%, —] -
2 a+b
aSin[e+Fx}2]]

Sin[e + f Xx]

3 7
2f (SaAppellFl[—, -3, —,
2 2

3 5 5 ,
6 (a+b) AppellFl[g, -2, Y Sin[e +fx]2, A
a+

1 3 7
Cos[e+fx]Sin[e+fx] +3 (a+b) | ————5afAppellFi[—, -3, —,
3 (a+b) 2 2

5 . , aSinfe+fx]? .
=, Sin[e+fx]?, —————————] Cos[e+fx] Sin[e+fx] -2Ff
2 a+b

5 . , asinfe+fx]? .
, =, Sinfe+fx]?, ————————| Cos[e+fx] Sin[e +fx]

2 a+b

+

3
AppellF1| =, -2,
2

A ST

. 2 S 7 _. 2
Sinf[e + f x] —, —, Sin[e+fx]°,
2 2

5
5a|————21afAppellF1[—, -3,
5(a+b 2

. 18 5 7
| Cosfe+fx] Sin[e+fx] - — fAppellF1|—, -2, —,
5 2
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Problem 296: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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AppellFl[ =, -2, —, =, Sin[c+dx]?, ———————] Cos[c+dx] Sin[c+dx] | +
2 2 2 a+b
, , 1 5 1 7 ,
Sin[c+dx]“|7a 27adAppe11F1[f, -3, —, —, Sin[c+dx]~°,
5 (a+b) 2 272

aSin[c+dx]?

3 3

) 18 5
| cos[c+dx] Sin[c+dx] - — dAppellF1[ =, -2,
5 2

N[O
N[N

a+b

. , aSin[c+dx]? . 1
Sin[c +dx] ,—]Cos[c+dx1$1n[c+dx} —_—
5 (a+b)

—6(a+b)[

aSin[c+dx]?

a+b

, Sin[c+dx]?,

5 9
21adAppellFl[ =, -2, =, | Cos[c+dx]
2 2

NN

a+b

aSin[c+dx]?
, Sin[c+dx]2, #}

a+b

3

) 12 5
Sin[c+dx] - — dAppellFi[—~, -1,
5 2

NN
NN

Cos[c+dx] Sin[c+dX]

]/ [8\/7d (a+b—aSin[c+dx]2)7/2

1 7 3 . , aSin[c+dx]?
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2 202

a+b



224 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

3 9 5 , aSin[c+dx]?
7aAppellF1[—, -3, =, =, Sin[c+dx]?, — | -6 (a+b)
2 2 2 a+b
3 7 5 . , aSin[c+dx]? . 5 2
AppellFl[ =, -2, —, =, Sin[c+dx]?, ————————| | Sin[c +d X]
2 2 2 a+b

Problem 297: Result more than twice size of optimal antiderivative.

J 1
——  dx
7/ 1+ Sec[x]?2

Optimal (type 3, 14 leaves, 3 steps):

]

Tan [X]
Ar‘cTan[—

2 +Tan[x]?
Result (type 3, 47 leaves):
ArcTan [M] \/3+Cos[2x] Sec[X]

4/ 3+Cos [2X]

A2 A/1+Sec[x]?

Problem 298: Result more than twice size of optimal antiderivative.

J(dSec[ewa])m (a+bsecfe+fx]?)Pdx

Optimal (type 6, 111 leaves, ? steps):

1 m 1 2+m , bSec[e+fx]?
prpellFl[f, —, -p, ——, Sec[e+fx]°, - ————
fm 2 2 2 a

bSec[e+fx]?

}Cot[ewa]

-p

(dsecle+fx])" (a+bSece+fx]?)P |1+ ~Tan[e + fx]?

a

Result (type 6, 2195 leaves):

1 m 3 , bTan[e+fx]?2
=,1-—,-p, =, -Tan[e+fx]2, - ———————
2 2 2 a+b
(a+2b+acCos[2 (e+fx)])P (dSec[e+fx])"

]

[3 (a+b) AppellFi|

(Sec[e+fx]2)’1+g+p (a+bSec[e+fx]2)pTan[e+Fx]J/

1 m 3 , bTan[e+fx]?
f |3 (a+b) AppellF1|—, 1- —, -p, =, -Tan[e+fx]?, - —— | +
2 2 2 a+b
3 m 5 , bTan[e+fx]2
2bpAppellF1[=,1-—,1-p, =, -Tan[e+fx]?, -———————| + (a+b) (-2+m)
2 2 2 a+b

3 m 5 , bTan[e+fx]?
AppellFl[*, 2-—, -p, —, -Tan[e+fx]°, - ————
2 2 2 a+b

1 m 3 , bTan[e+fx]?
3 (a+b) AppellFl|[ =, 1-—~, -p, =, -Tan[e+fx]?, - ———
2 2 2 a+b

]] Tan[e + f x]?

]
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(6 (a+b) (—1 + N + p) AppellF1|

a+2b+aCos|2 (e+fx Secle+fx]?)" % Tan[e + f x]
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|
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3 m 5
AppellFl[ =, 2- —, -p, —,
2 2 2
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/
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]
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bTan[e + fx]?

E

NN W
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]
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/
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/
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]

a+b

2

3

, —Tan[e + fx] |+

a+b
bTan[e + fx]?

NN W
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a+b

, bTan[e+fx]?
-Tan[e+fx]%, - ——m——— 4

]

Tan[e + f x]?

a+b

(3 (a+b) (a+2b+acCos|2 (e+fx)])P (Sec[e+fx]2)'1+2’+pTan[e+Fx]
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3 (a+b) 2
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Sec[e+fx]%?Tan[e+fx] - —
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3 m
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2 2
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2 2 2
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m 3 m 5
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/
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, -Tan[e+fx]2, |+

a+b

5 _bTan[e+fx}2

3

N N W
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a+b

, bTan[e+fx]?
-Tan[e+fx]%, - ————
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a+b
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m 3 , bTan[e+fx]?
y1-—,-p, g: -Tan[e +fx]°, *—]

(3 (a+b) AppellF1]| N
a+

1
2
(

(a+2b+acCos|2 (e+fx)])P (Sec[e+fx]2)'1+g+pTan[e+Fx]

3 m 5 , bTan[e+fx)?2
2 (2bpAppellF1[~,1-~,1-p, =, -Tan[e+fx]?, - —— | +
2 2 2 a+b
3 m 5 , bTan[e+fx]?
(a+b) (-2+m) AppellFl][ =, 2- —, -p, —, -Tan[e+fx]?, - — |
2 2 2 a+b
1 3 m 5
Sec[e+fx]?Tan[e+fx]+3 (a+b) [ ————2bpAppellF1[~,1-—, 1-p, —,
3(a+b 2 2 2
, bTan[e+fx]? 5 2 m
~Tan[e+fx]?, -————————] Sec[e+fx]?Tan[e+fx] - — (1—*) AppellF1|
a+b 3 2
3 m 5 , bTan[e+fx]? 5
-5 2-—, -p, —, —-Tan[e + fx] ,——]Sec[e+-Fx] Tan[e+fx] | +
2 2 2 a+b
, 1 5 m 7 ,
Tan[e+fx]?|2bp |-————6b (1-p) AppellF1[ =, 1- —, 2-p, —, -Tan[e+fx]?,
5 (a+b) 2 2 2
bTan[e+fx]?2 5 6 m 5 m
- ————————| Sec[e+fX] Tan[e+fx]——(1——) AppellFl[ =, 2 - —,
a+b 5 2 2 2
7 , bTan[e+fx]? 5
1-p, =, -Tan[e+fx]?, -———————| Secle+fx]?Tan[e+fx]| +
2 a+b
5 _om 7 ,
(a+b) (-2+m) 6bpAppellFl| =, 2-—,1-p, —, -Tan[e+fx]?,
5(a+b) 2 2 2

bTan[e + f x]?
- k)

6 m 5
| secle+fx]?Tan[e+fx] - — (27—) AppellFil[ =, 3 -
5 2 2

J

a+b
bTan[e + f x]?

™~ n |3

| secie+fx]2Tan[e +fx]

7 2
-p, —, -Tan[e+fx]*, -
2 a+b

1 m 3 , bTan[e+fx]?2
3 (a+b) AppellF1[—, 1-—, -p, =, -Tan[e+fx]%, - ——| +
2 2 2 a+b
3 m 5 , bTan[e+fx]?
2bpAppellFl[ =, 1-~,1-p, =, -Tan[e+fx]?, - ———| + (a+b) (-2+m)
2 2 2 a+b

2
7—bTan[e+FX] ]] Tan[e + f x]2

2)

3 m 5 )
AppellFl[f, 2-—, -p, —, -Tan[e+fx]*%,
2 2 2 a+b

Problem 299: Result more than twice size of optimal antiderivative.

jSec[eﬂcx}5 (a+bsec[e+fx]?)Pdx

Optimal (type 6, 124 leaves, 5steps):

1 1 i fx]2
~AppellF1] =, 3+p, -p, E, Sin[e + fx]?2, M} (Cos[e+fx]?)? (b+aCos[e+fx]?) "
f 2 2 a+b

aSin[e+fx]2)\7°?

(a+bsec[e+fx]?)Psinfe+fx] (a+b-aSin[e+fx]?)"|1-
a+b
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Result (type 6, 3930 leaves):

[(a+b) (a+2b+acCos[2 (e+fx)])PSecle+fx]® (Sec[e+Fx}2)%+p (a+bSecle+fx]?)P

/

Tan[e + f x]

1 1 3 , bTan[e+fx]?
9AppellF1[f, -—, -p, — -Tan[e+fx]*, - ————
2 2 2 a+b

]

1 1 3 , bTan[e+fx]?2
3 (a+b) AppellFl[~, - =, -p, =, -Tan[e+fx]?, - ———| +
2 2 2 a+b
3 1 5 , bTan[e+fx]?
2prppe11F1[f, -—51-p, —, -Tan[e+fx]°, ——] +
2 2 2 a+b
3.1 5 , bTan[e+fx)? 5
(a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, -————— ]| Tan[e+fx]?| +
2 2 2 a+b

3 1 5 , bTan[e+fx]?
5Appe11F1[g, -—, -p, —, -Tan[e+fx]%, - ————

| Tan[e + fx]?
2 2 a+b

/

3 1 5 , bTan[e+fx]?
5(a+b) AppellF1[=, - =, -p, =, -Tan[e+fx]?, - ————— | «
2 2 2 a+b
5 1 7 , bTan[e+fx]?
2bpAppellFl|[ =, - =, 1-p, —, -Tan[e+fx]?, - ——— ] +
2 2 2 a+b
5 1 7 , bTan[e+fx]? 5
(a+b) AppellF1[=, =, -p, —, -Tan[e+fx]?, -————————— || Tan[e + fx] /
2 2 2 a+b

(3{ (1 (a+b) (a+2b+acCos[2 (e+fx)])P (Sec[e+1cX]2)§+p
3

]

1 1 3 , bTan[e+fx]?
9 AppellFl|[~, - =, -p, =, -Tan[e+fx]?, - — /
2 2 2 a+b
1 1 3 , bTan[e+fx]?
3 (a+b) AppellF1[—, - =, -p, =, -Tan[e+fx]?, - —————
2 2 2 a+b
5
2

|+

3 1 , bTan[e+fx]?
2bpAppellFl[=, - =, 1-p, =, -Tan[e+fx]2, - ———— ] +
2 2 a+b
3.1 5 , bTan[e+fx]? 5
(a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, -—————— || Tan[e+fx]?| +
2 2 2 a+b
3 1 5 , bTan[e+fx]? 5
5Appe11F1[f, -—, -p, —, ~Tan[e+fx]*, ——}Tan[ewa] /
2 2 2 a+b
3 1 5 , bTan[e+fx]?2
5 (a+b) AppellF1[=, - =, -p, =, -Tan[e+fx]?, - ————— | +
2 2 2 a+b
5 1 7 , bTan[e+fx]?
2bpAppellFl[=, - =, 1-p, —, -Tan[e+Ffx]?, - ———] + (a+b)
2 2 2 a+b
5 1 7 bTan[e +fx]?2 5
AppellF1| =, ————————]| Tan[e + fx] -
2

=, -p, —, -Tan[e+fx]2%, -
2

N

a+b

Ea (a+b)p (a+2b+acCos|2 (e+fx)])’1+p (Sec[e+fx}2)§+p5in[2 (e+fx)]
3

Tan[e + f Xx]

1 1 3 , bTan[e+fx]2
9AppellFl[—, - =, -p, =, -Tan[e+fx]?, - —— | /
2 2 2 a+b
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1 1 3 , bTan[e+fx]?
3 (a+b) AppellF1[=, - =, -p, =, -Tan[e+fx]?, - ——————] +
2 2 2 a+b
3 1 5 , bTan[e+fx]?
2bpAppellFl[=, - =, 1-p, =, -Tan[e+fx]2, - ————] +
2 2 2 a+b
3 1 5 , bTan[e+fx]? 5
(a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, -—————— ]| Tan[e+fx]?| +
2 2 2 a+b
3 1 5 , bTan[e+fx]? 5
5AppellFl| =, - =, -p, =, -Tan[e+fx]?, - —————————] Tan[e + fX] /
2 2 2 a+b
3 1 5 , bTan[e+fx]?
5(a+b)AppellF1[ =, - =, -p, =, -Tan[e+fx]?, - —— | +
2 2 2 a+b
5 1 7 , bTan[e+fx]?
2bpAppellF1[ =, - =, 1-p, —, -Tan[e+fx]?, - ———————] + (a+b)
2 2 2 a+b
5 1 7 , bTan[e+fx)2 5
AppellFl| =, =, -p, —, -Tan[e+fx]?, -————————| | Tan[e + fx] +
2 2 2 a+b

2 (a+b) (—+p] (a+2b+acCos[2 (e+fx)][)P (Sec[e+fx}2)§+pTan[e+Fx]2
3

1

2

1 3 , bTan[e+fx]?
9AppellF1[ -—, -p, —, -Tan[e +fx]%, —] /
2 2 a+b
1 1 3 , bTan[e+fx]?2
3 (a+b) AppellF1[ =, - =, -p, =, -Tan[e+fx]?, - —————— ] +
2 2 2 a+b
3 1 5 , bTan[e+fx]?
2bpAppellFl[=, - =, 1-p, =, -Tan[e+Ffx]?, - ———— ] +
2 2 2 a+b
3 1 5 , bTan[e+fx]? 5
(a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, -—————— || Tan[e+fx]?| +
2 2 2 a+b

3 1 5 , bTan[e+fx]? 5
5AppellFl| =, - =, -p, =, -Tan[e+fx]?, - ————————| Tan[e + fX] /
2 2 2 a+b
3 1 5 , bTan[e+fx]?
5 (a+b)AppellF1[~, - =, -p, =, -Tan[e+fx]?, - ———— | +
2 2 2 a+b
5 1 7 , bTan[e+fx]?
2bpAppellF1[=, -~,1-p, —, -Tan[e+fx]?, -———————] + (a+b)
2 2 2

a+b
5 1 7 , bTan[e+fx]?
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202 2 a+b
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+
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w | =
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5
> — P —
2

N W
N R
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~Tan[e+fx]?, -————————] Sec[e+fx]*Tan[e + fx]

/
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2 2 2 a+b
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bTan[e + fx]?

3 1 5
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2 2 2 a+b
3 1 5 , bTan[e+fx]? 5
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2 2 2 a+b

31 5 , bTan[e+fx]?2
5 (a+b) AppellF1[=, - =, -p, =, -Tan[e+fx]%, - ———————| +
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bTan[e + fx]? 5 1 3 1 5
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bTan[e + fx]? 5 3 5 1 7
——] Sec[e+fx]“Tan[e+ fXx] + prpellFl[f —5 =P, —>»
5 2 2 2

a+b

bTan[e+fx]2 5
—_— +Tan[e + f x]

~Tan[e+fx]?, - | secle+fx]2Tan[e + fx]
a+b

7 1 9 ,
2bp 10b (1-p) AppellFi[—, - =, 2-p, —, -Tan[e+fx]?,
7 (a+b) 20 2 2
bTan[e + fx]? 5 5 7 1
-] sec[e+fx]?Tan[e+fx] + — AppellF1[—, =, 1-p,
a+b 7 2 2
9 , bTan[e+fx]?2 5
=, -Tan[e+fx]?, -————————| Sec[e+fx]?Tan[e+fx] |+
a+b
1 7 1 9 ,
(a+b) | ————1@bpAppellF1|—, =, 1-p, —, -Tan[e +fx]?,
2 2 2

7(a+b)

> =P,

1%

bTan[e+ fx]? 5 5 7
-~ | secle+fx]?Tan[e+fx] - = AppellFi|—,
a+b 7 2

, bTan[e+fx]? 5
=, -Tan[e+fx]?, -———————]| Sec[e+fx]?Tan[e + fx]

2 a+b
3 1 5 , bTan[e+fx]?
5 (a+b) AppellFl[ =, - =, -p, =, -Tan[e+fx])?, - ————| +
2 2 2 a+b
5 1 7 , bTan[e+fx]?
2bpAppellFl| =, -~,1-p, —, -Tan[e+fx]?, -————————] + (a+b)
2 2 2 a+b



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 231

5 1 7 , bTan[e+fx]? 5 2
AppellFl[;, , -p, —» -Tan[e + fx] ,——] Tan[e + f X]

2 2 a+b
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Problem 301: Result more than twice size of optimal antiderivative.
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bTan[e + fx]? 5 9 5 5
-] secle+fx]?Tan[e+fx] - — AppellF1[~, =, 1-p,
a+b 5 2 2
7 , bTan[e+fx]? 5
—, -Tan[e + f Xx] ,——} Sec[e+fx]“Tan[e+fx]| +3
2 a+b
1 5 5 7 ,
(a+b) [————6bpAppellF1[=, =, 1-p, —, -Tan[e+fx]?,
5 (a+b) 272 2
bTan[e + fx]? 5 5 7
-] secle+fx]?Tan[e+fx] - 3AppellF1][ =, —, -p,
2 2

a+b
bTan[e+fx]?2

1%

7 2 2
—, -Tan[e + fx]?, | secie+fx]2Tan[e+fx]

2 a+b

3 , bTan[e+fx]?
, -p, —» —-Tan[e + fx]2, ——] +
2 a+b

bTan[e+fx]?2

J

[3 (a+b) AppellF1|

5
,1-p, =, -Tan[e+fx]?, - ]+3(a+b)
2 a+b

)

NWw R
N W o w

[— 2 b p AppellF1 [
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3 5 5 , bTan[e+fx]?
AppellFl[;, s, -p, —» -Tan[e+fx]*, - ————

= })Tan[eJr-Fx]2
2 2 a+b

Problem 303: Result more than twice size of optimal antiderivative.

JCos[e+fx]3 (a+bsec[e+fx]?)Pdx

Optimal (type 6, 124 leaves, 5steps):

1 1 3 asSinfe+fx]?
“AppellF1[ =, -1+p, -p, =, Sin[e+fx]2, asinfer¥xJ° | (Cos[e+Fx]?)? (b+acCos[e+fx]?)?P
f 2 2 a+b
aSinfe+fx]2)P
(a+bsecle+fx]?)Psin[e+fx] (a+b-asSin[e+fx]?)P 1—#

a+b

Result (type 6, 1987 leaves):
bTan[e + fx]?

]

(a+2b+acCos[2 (e+fx)])P (Sec[e+fx12)’§+p (a+bsec[e+fx]?)Psin[e+fx]

1 s 3 ,
3 (a+b) AppellFl[;, S’ -p, S’ -Tan[e+fx]?%, - 5
a+

/

1 5 3 5 bTan[e + fx]?
f|-3(a+b)AppellF1[—, =, -p, —, -Tan[e+fx]?, - ———— | +
2 2 2 a+b
3 5 5 , bTan[e+fx]?
-2bpAppellF1[=, =, 1-p, =, -Tan[e+fx]?, - —| +
2 2 2 a+b

3 7 5 , bTan[e+fx]?
5 (a+b) AppellFl[;, ;, -p, =, -Tan[e+fx])?, - ———m————

]] Tan[e + f x]?2
2 a+b

5 3 , bTan[e+fx]?
-, -p, —, -Tan[e+fx]?, - —M—
2 2 a+b

]

( ( [3 (a+b) AppellFl[%,

(a+2b+acCos[2 (e+fx)])P (Sec[e+1‘=x]2)z*p]/

1 5 3 , bTan[e+fx]?
-3 (a+b) AppellF1[=, =, -p, =, -Tan[e+fx])?, - ———— ] +
2 2 2 a+b
3 5 5 , bTan[e+fx]?
-2bpAppellFi[ =, =, 1-p, =, -Tan[e+fx]?, -———————] +5 (a+b)
2 2 2 a+b
3 7 5 , bTan[e+fx]? 5
AppellFl|[ =, —, -p, —, -Tan[e+fx]?, - ——————| | Tan[e + f ] +
2 2 2 a+b

J

(a+2b+aCos|2 <e+fx)])’1+p (Sec[e+fx}2>';+psin[2 (e+fx)]| Tan[e +fx]

1 5 3 , bTan[e+fx]?
6a(a+b) pAppellF1[~, =, -p, =, -Tan[e+fx]?, - ——
2 2 2 a+b

/

, bTan[e+fx]?
, -Tan[e+fx]%, - ———

|+

]+5<a+b>

b b —P:

[—3 (a+b) AppellF1]|

N | =
N oW

a+b

, bTan[e+fx]?
, —Tan[e+fx]*, - ————

NN W

3 5
[prAppellFl[, —, 1-p,
2 2 a+b



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 239

5 bTan[e + fx]?

3 7
AppellFl[;, . -p, =, -Tan[e +fx]2?, - ]] Tan[e + f x]2| -

a+b

3 , bTan[e+fx]?
> -p, —» —Tan[e+fx]*, - ——m——
2 a+b

/

3 , bTan[e+fx]?
—, -Tan[e+fx]%, -————
2 a+b

5 bTan[e + fx]?

2
5 1
(6 (a+b) (—; +p] AppellFl[;,

]

N |

(a+2b+acCos[2 (e+fx)])P (Sec[e+Fx]2)’i’*pTan[e+fx}2

)

[3 (a+b) AppellF1|

N |

5

—5 P, ]*

2
3 5

{—prAppellFl{—, ,1-p,
2

, -Tan[e +fx]?, - ]+5<a+b)

a+b
bTan[e + f x]?

N
Ul
N

3 7 ,
AppellFl|[ =, —, -p, —, -Tan[e+fx]?, -
2 2

]] Tan[e + f x]?2
2 a+b

(3 (a+b) (a+2b+acCos[2 (e+fx)])P (Sec[e+fx]2)’i’+pTan[e+fx]

3 5 5 , bTan[e+fx]?2
————2bpAppellF1[~, =, 1-p, =, -Tan[e+fx]?, - —|
3 (a+b) 22 2 a+b

5 3 7
Sec[e+fx]*Tan[e+fx] - = AppellF1[~, —, -p,
3 2

)

5
2

N

bTan[e + f x]?

~Tan[e+fx]?%, - | secle+fx]?Tan[e + fx]

/

bTan[e+fx]2]
- | +

a+b

» = =P, =, -Tan[e+fx]?,

{—3 (a+b) AppellF1|

N |
N w

a+b

2
3 5 5 , bTan[e+fx]?
-2bpAppellF1[ =, =, 1-p, =, -Tan[e+fx]?, -————————] +5 (a+b)
2 2 2

a+b
3 7 5 , bTan[e+fx]?
s T =Py T —Tan[e+-Fx} > -
2 2 2 a+b

bTan[e + f x]?

AppellF1|

+

]] Tan[e + fx]2

]

5 3 ,
3 (a+b) AppellF1[—, S’ -p, S’ ~Tan[e+fx]?, -

a+b

(a+2b+aCos[2 e+

-+

1
2
5

( x) )P (secfe+fx]?) 2" Tan[e + f x]

5 5 , bTan[e+fx]?
= =, -Tan[e+fx]?, -——m———
2 2 a+b

7 5 bTan[e+-Fx12]]

3
(a+b) AppellF1[=, —, -p, =, -Tan[e+fx]?, -
2 2 a+b

}+5

3
2 (prAppellFl[—,
2

N

, 1 305
Sec[e+fx]?Tan[e+fx] -3 (a+b) |[————2bpAppellF1[~, =, 1-p,
2 2

3(a+b)

5 , bTan[e+fx]?2 5 5

=, -Tan[e+fx]?, - ————————] Sec[e+fx]?Tan[e+fx] - = AppellF1]
2 a+b 3

3 7 5 , bTan[e+fx]? 5

—, —» -p, —, -Tan[e + fx] ,——}Sec[eﬂcx] Tan[e+fx] | +
2 2 2 a+b

2 U 2
Tan[e + f x] ,2-p, —, —Tan[e+fx]*,

6b (1-p) AppellF1|
2

)

_2bp [_

N w
Nw

5(a+b)
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bTan[e + fx]? 5 5 7
——] Sec[e+fx]“Tan[e + f X] —3AppellF1[—, — 1-p,
2 2

a+b
7 , bTan[e+fx]? 5
—, -Tan[e+fx]?, - ————————] Sec[e+fx]?Tan[e+fx]| +5
2 a+b
1 5 7 7 ,
(a+b) |[————6bpAppellF1[ =, —, 1-p, —, -Tan[e+fx]?,
5 (a+b) 2 2 2
bTan[e + fx]? 5 21 5 9
——] Sec[e+fx]“Tan[e+fx] - prpellFl[f, —, - P,
5 2 2

a+b

7 , bTan[e+fx]? 5
—, -Tan[e+fx]?, -—————————| Sec[e+fx]?Tan[e + fx]

1%

a+b

3 , bTan[e+fx]?
, -p, —» —-Tan[e + fx]2, ——] +
2 a+b

bTan[e+fx]2

)

[3 (a+b) AppellF1|

5
,1-p, =, -Tan[e+fx]?, - ] +5 (a+b)
2 a+b

)

N W R
NV o u;

[— 2bpAppellFi|

~N

bTan[e+fx]?2

i

}) Tan[e + f x]?

3 5 ,
AppellFl| =, —, -p, =, -Tan[e +fx]?,
2 2 a+b

N

Problem 304: Result more than twice size of optimal antiderivative.

JCOS[E-%—'FX}S (a+bsecle+fx]?)Pdx

Optimal (type 6, 124 leaves, 5 steps):

. + 2
M] (Cos[e+fx]?)P (b+aCos[e+Ffx]?) P

1 1 3 ,
~AppellFl| =, -2+p, -p, —, Sin[e+fx]?,
f 2 2 a+b

aSinfe+fx]2)P

(a+bsec[e+fx]?)?sin[e+fx] (a+b-asSin[e+fx]?)? |1-
a+b

Result (type 6, 1997 leaves):

1 7 3 , bTan[e+fx]? 4
-||3 (a+b) AppellF1[ =, —, -p, =, -Tan[e+fx]?, -————————] Cos[e +fX]
2 2 2 a+b

/

(a+2b+acCos[2 (e+fx)])P (Sec[e+fx}2)';’+p (a+bsec[e+fx]2)Psin[e+fx]

1 7 3 , bTan[e+fx]?
f|-3(a+b)AppellfFl[=, =, -p, =, -Tan[e+fx]?, - ——————| +
2 2 2 a+b
3 7 5 , bTan[e+fx]?
~2bpAppellF1[=, =, 1-p, =, -Tan[e+fx]%, - —————] +
2 2 2 a+b
3 9 5 , bTan[e+fx]? 5
7 (a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, -—————— || Tan[e + fx]
2 2 2 a+b

3 , bTan[e+fx]?
B _pJ ) _Tan[e+-FX] J _—]
2 a+b

NN

[— ( [3 (a+b) AppellFl[%,

(a+2b+acCos[2 (e+fx)])P (Sec[eJer]z)iw]/
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bTan[e+fx]?2
{—3 (a+b) AppellF1]| _—

N | =
N | N

, -p, —, -Tan[e+fx]2, -

|+

B
a+b

, bTan[e+fx]?
, —Tan[e+fx]*, - ————

NN W

3 7
(prAppellFl[z, E,l—p, | +7 (a+b)

a+b

bTan[e + fx]?
AppellF1| _

) +

N

5
, -p, —, -Tan[e+fx]2, - ]JTan[eM‘:ﬂ2
2

R

a+b

1 7 3 , bTan[e+fx]?
6a(a+b) pAppellFl| =, —, -p, =, -Tan[e+fx]?, - ——————
2 2 2 a+b

}

(a+2b+aCos|2 <e+fx)])’1+p (Sec[e+fx}2>’§+p5in[2 (e+fx)] Tan[e +fx]

/

1 7 3 , bTan[e+fx]?
-3 (a+b) AppellF1|[—, —, -p, =, -Tan[e+fx]?, - ———————| +
2 2 2 a+b
3 7 5 , bTan[e+fx]?
-2bpAppellFi[ =, —,1-p, =, -Tan[e+fx]?, - ————————] +7 (a+b)
2 2 2 a+b

5 , bTan[e+fx]?
sy =5 -Pp, —» -Tan[e+fx]*, - ———

AppellF1|

N W
N[O

]] Tan[e + f x]?
a+b

2
7 1 7 3 , bTan[e+fx]?
6 (a+b) (—£+p] AppellFl[g, S’ -p, =, -Tan[e+fx]?, - —————

2 a+b

/

]

(a+2b+acCos[2 (e+fx)])P (Sec[e+fx]2)’§+pTan[e+fx}2

1 7 3 , bTan[e+fx]?
-3 (a+b) AppellF1[=, =, -p, =, -Tan[e+fx]?, - ——————] +
2 2 2 a+b
3 7 5 , bTan[e+fx]?
-2bpAppellFi[ =, —, 1-p, =, -Tan[e+fx]?, -———————] +7 (a+b)
2 2 2 a+b
3 9 5 , bTan[e+fx]? 5
AppellF1|[ =, =, -p, =, -Tan[e+fx]?, - ——————| | Tan[e + fx]?| -
2 2 2 a+b

[3 (a+b) (a+2b+acCos|[2 (e+fx)])P (Sec[e+fx]2)'§+pTan[e+Fx]

1 3 7 5 , bTan[e+fx]?
—————2bpAppellF1[ =, =, 1-p, =, -Tan[e+fx]?, - —— |
3 (a+b) 2 2 2 a+b

, 7 3 9 5
Sec[e+fx]“Tan[e+fXx] - prpellFl[f, -5 -P, —»
3 2 2 2

bTan[e + f x]?

-Tan[e+fx]?%, - | secle+fx]?Tan[e + fx]

/

a+b
17 3 , bTan[e+fx]?
-3 (a+b) AppellF1[ =, =, -p, =, -Tan[e+fx]?, - ———————] +
2 2 2 a+b
3 7 5 , bTan[e+fx]?2
~2bpAppellFl[ =, —, 1-p, =, -Tan[e+fx]?, -————————| +7 (a+b)
2 2 2 a+b

+

3 9 5 , bTan[e+fx]?
AppellF1[=, =, -p, =, -Tan[e+fx]?, - —
2”7 2 2 a+b

3 , bTan[e+fx]?
, -p, — -Tan[e+fx]°, - ————
2 a+b

]J Tan[e + f x]?

}

)

(3 (a+b) AppellF1|

N R
N[N
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(a+2b+aCos[2 (e+fx)])P (Sec[e+fx]2)’§+pTan[e+1°x}

7 5 , bTan[e+fx]?
-2bpAppellF1[ =, —,1-p, =, -Tan[e+fx]?, - —————] +7
2 2 2 a+b
3 9 5 , bTan[e+fx]?
(a+b) AppellF1[ =, =, -p, =, -Tan[e+fx]?, - — ]
2 2 2 a+b

) 1 3 7
Sec[e+fx]*Tan[e+fx] -3 (a+b) —————2bpAppellF1[ =, —, 1-p,
3(a+b 272

, bTan[e+fx]?2 ) 7
-Tan[e +fx]?, - —————————] Sec[e+fx]?Tan[e+fx] - — AppellF1]
a+b 3
5 , bTan[e+fx]?2
» -p, — -Tan[e+fx]*, - ——m—
2 a+b

| secie+fx]?Tan[e+fx] | +

)

N w N |
.
N[O

7 7 5
;, 2-p, —, -Tan[e+fx]*,

N\u‘l

1
Tan[e+fx]2|-2bp {—6b (1-p) AppellFi[ =,

5(a+b)

bTan[e+ fx]?

21 5
| secle+fx]?Tan[e+fx] - — AppellF1|[ =, —, 1-p,
5 2

a+b

, bTan[e+fx]? 5
—, -Tan[e+fx]?, - ————————] Sec[e+fx]?Tan[e + fx]

2 a+b

+7

9 7 5
-5 1-p, —, -Tan[e+fx]%,
2

1 5
(a+b) (76prppellF1[ 5

5(a+b) 2
bTan[e + fx]? 5 27 5 11
-] sec[e +fx] Tan[eﬂcx}f—AppellFl[ —
a+b 5 2’
7 , bTan[e+fx]?
—, -Tan[e+fx]?, -————————] Sec[e+fx]?Tan[e + fx]
2 a+b

J

1%

3 N bTan[e+ fx]?
> -p, —, —-Tan[e + f x] ——] +
2 a+b

5 , bTan[e+fx]?
,1-p, =, -Tan[e+fx]?, - ————————]| +7 (a+b)

2 ]

{— (a+b) AppellF1[—,

N\UJ N|I—‘
NN N

[ 2 b p AppellF1 [

5 , bTan[e+fx]?
, =P, —, ~Tan[e+fx]?, -——————— || Tan[e + fx]
2 a+b

3
AppellF1l [ -
2

N

Problem 308: Result more than twice size of optimal antiderivative.

J(a+b$ec[e+fx]2)"d1x

Optimal (type 6, 83 leaves, 3 steps):

1 1 3 , bTan[e+fx]?

~AppellFl|—, 1, -p, =, -Tan[e+fx]?, - — ]

f 2 2 a+b

21 p bTan[e+fx]2)P

Tan[e+fx] (a+b+bTan[e+fx]*)P |1+ ——————
a+b

Result (type 6, 2137 leaves):
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1 3 bTan[e + fx]? 5
3 (a+b) AppellFl|~, -p, 1, =, -————————, -Tan[e + fx]?] Cos[e + f x]
2 2

a+b

(a+2b+acCos|2 (e+fx)])P (Sec[e+Ffx]2)P (a+bSec[e+Ffx]?)PSin[e+fx]

/

1 3 bTan[e + f x]? 5
f |3 (a+b) AppellF1|[—, -p, 1, =, -—————————, -Tan[e+fx]?| +
2 2 a+b
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -——————, -Tan[e + fx]?] -
2 2 a+b
3 5 bTan[e + fx]? 5 5
(a+b) AppellF1[ =, -p, 2, =, -—————————, -Tan[e + fx]?|| Tan[e + fX]
2 2 a+b
1 3 bTan[e + fx]? 5
3 (a+b) AppellF1[~, -p, 1, =, -————————, -Tan[e + f x]?]
2 2 a+b

(a+2b+acCos[2 (e+fx)])P (Sec[e+1‘x]2)1+p)/

1 3 bTan[e + fx]? 5
3 (a+b) AppellFl|[ =, -p, 1, =, -——————, -Tan[e + fx]?] +
2 2 a+b
3 5 bTan[e+fx]?2 5
2 |bpAppellFl[=,1-p, 1, =, -—————, -Tan[e+ fx]?] -
2 2 a+b
3 5 bTan[e+ fx]? 5 5
(a+b) AppellF1[ =, -p, 2, =, -———————, -Tan[e+fx]?|| Tan[e+ fx]?| -
2 2 a+b
bTan[e+fx]2

, ~Tan[e + fx]?]

/

1 3
(3 (a+b) AppellF1[—, -p, 1, =, -
2 2 a+b

(a+2b+acCos|2 (e+fx)])P (Sec[e+Ffx]2)PSin[e+fx]?

1 3 bTan[e + fx]? 5
3 (a+b) AppellF1[~, -p, 1, =, -——————, -Tan[e+ fx]?| +
2 2 a+b
3 5 bTan[e +fx]?2 5
2 |bpAppellF1[=,1-p, 1, =, -—————, -Tan[e+ fx]?] -
2 2 a+b
3 5 bTan[e+fx]?2 5 5
(a+b) AppellFl[ =, -p, 2, =, -————————, -Tan[e+fx]2|| Tan[e + fx]?| +
2 a+b
1 3 bTan[e+fx]?2 5
6 (a+b) pAppellF1|—, -p, 1, =, -——————, -Tan[e + fx]?]
2 2 a+b

(a+2b+acCos|2 (e+fx)|)P (Sec[e+Ffx]2)PSin[e+fx]?

/

1 3 bTan[e + fx]? 5
3 (a+b) AppellF1[~, -p, 1, =, -——————, -Tan[e+fx]?| +
2 2 a+b
3 5 bTan[e +fx]2 5
2 |bpAppellF1[=,1-p, 1, =, -————————, -Tan[e+ fx]?| -
2 2 a+b
3 5 bTan[e+fx]2 5 5
(a+b) AppellF1[ =, -p, 2, =, -————————, -Tan[e+fx]?|| Tan[e+ fx]?| -
2 2 a+b

1 3 bTan[e + fx]? 5
6a (a+b) pAppellF1[—, -p, 1, =, -————————, -Tan[e+fx]?] Cos[e+fx]
2 2

a+b



244 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

(a+2b+acCos|2 (e+fx)])'l+p (Sec[e+fx]?)Psin[e+fx]Sin[2 (e+fx) |

/

1 3 bTan[e + fx]? 5
3 (a+b) AppellF1[—, -p, 1, =, -———————, -Tan[e+ fx]?| +
2 2 a+b
3 5 bTan[e+ fx]? 5
2 |bpAppellF1[=,1-p, 1, =, -—————, -Tan[e+ fx]?| -
2 2 a+b

3 5 bTan[e +fx]?2 5 5
(a+b) AppellFl[;,—p, 2, ;,——,—Tan[eﬂcx} || Tan[e+ fx]2| +

a+b

(3 (a+b) Cosfe+fx] (a+2b+aCos[2 (e+fx)])" (Secle+Ffx]?)PSin[e+fx]

3 5 bTan[e + f x]? 5
————2bpAppellF1| =, 1-p, 1, =, -————————, -Tan[e + fx]?
3 (a+b) 2 2 a+b

2 3 5
Sec[e+fx]?Tan[e+fx] - — AppellF1[ =, -p, 2, —,
3 2 2

bTan[e + fx]? 5 5
-—————, -Tan[e + fx] ]Sec[e+Fx} Tan[e + f x]

/

a+b

1 3 bTan[e + f x]? 5
3 (a+b) AppellF1[~, -p, 1, =, -———————, -Tan[e+fx]?| +
2 2 a+b
3 5 bTan[e+fx]?2 5
2 |bpAppellF1[=,1-p, 1, =, -———————, -Tan[e+ fx]?] -
2 2 a+b
3 5 bTan[e + fx]? ) 5
(a+b) AppellF1[=, -p, 2, =, -———————, -Tan[e+fx]?|| Tan[e+fx]?| -
2 2 a+b
1 3 bTan[e +fx]2 5
3 (a+b) AppellF1[—, -p, 1, =, -———————, -Tan[e+ fx]?] Cos[e + fx]
2 2 a+b
(a+2b+acCos|2 (e+fx)])P (Sec[e+Ffx]?)PsSin[e+fx]
3 5 bTan[e + fx]? ;
4 |bpAppellF1[=,1-p, 1, =, -———————, -Tan[e+fx]?] -
2 2 a+b
3 5 bTan[e+fx]?2 5
(a+b) AppellF1[ =, -p, 2, =, - ————————, -Tan[e + f x]?]
2 2 a+b
, 1 3 5
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3(a+b 2 2
bTan[e+fx]?2 5 5 2 3
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a+b 3 2
5 bTan[e+fx]? 5 5
-p,2, =, -————————, -Tan[e+fx]?| Sec[e+fx]?Tan[e+ fx]| +
2 a+b
) 6 5 7 bTan[e+fx]? 5
2Tan[e+fx]? |bp |- —AppellF1[~,1-p, 2, =, -————, -Tan[e + fx]?]
5 2 2 a+b
1 5
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5(a+b) 2
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5 7 bTan[e + fx]?
(a+b) GprppellFl[—, 1-p,2, -y -————,
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5<a+b 2 a+b

12 5
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3 (a+b) AppellF1[—, -p, 1, =, -——————, -Tan[e+fx]?| +
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Problem 309: Result more than twice size of optimal antiderivative.

JCOS[Q+'FX]2 (a+bsec[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):

1 1 3 , bTan[e+fx]?
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f 2 2 a+b
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1
(f [3 (a+b) AppellF1[—, 2, -p, =, -Tan[e+fx]?, -
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],
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NN W
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3
2 [prppellFl[—, 2,1-p,
2

3 5 ,
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}) Tan[e + f x]?2
a+b

1 3 , bTan[e+fx]?
(6 (a+b) (-2+p) AppellFl{;, 2, -p, >’ -Tan[e+fx]%, - ———M——
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/
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]
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1
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] +
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bTan[e + f x]?
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bTan[e+fx]?2

Ny N W

3
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3 5 ,
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}) Tan[e + f x]?

a+b
[3 (a+b) (a+2b+acCos[2 (e+fx)])P (Sec[e+fx]2)’2*pTan[e+Fx}

1 3 5 , bTan[e+fx]2
72prppe11F1[—, 2,1-p, —, -Tan[e+fx]*, - ———
3 (a+b) 2 2

a+b

]

)

4 3 5
Sec[e+fx]?Tan[e+fx] - — AppellF1[~, 3, -p, =
3

, bTan[e+fx]? 5
~-Tan[e + f x] ,——]Sec[e+fx} Tan[e + f X]
a+b

1 3 , bTan[e+fx]?2
3 (a+b) AppellFl[;, 2, -p, >’ -Tan[e+fx]%, - ——————

a+b
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, bTan[e+fx]?
»2,1-p, —, -Tan[e + fx]*, ——] -

a+b

Ul

3
2 [b p AppellF1 [ —
2

N

3 5 , bTan[e+fx]?2
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}) Tan[e + f x]?

1 3 bTan[e+fx]?2
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2 2 a+b
a+2b+acCos|2 (e+fx P (sec[e +fx]? '2+pTan[e+fx1
( [2 (e £x]])

3 5 , bTan[e+fx]?
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2 2
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3 5 , bTan[e+fx]?
2 (a+b) AppellFl[g, 3, -p, >’ -Tanfe+fx]?, - —]|

a+b

1 3 5
Sec[e+fx]?Tan[e+fx]+3 (a+b) |[————2bpAppellF1[—,2,1-p, —,
3(a+b 2 2

, bTan[e+fx]? X 4 3
~Tan[e+fx]?, -—————————] Sec[e+fx]?Tan[e+fx] - — AppellF1[ =,
3 2

a+b
5 , bTan[e+fx]?2 5
3, -p, =, -Tan[e+fx]?, -————————] Sec[e+fx]*Tan[e + fx]
2 a+b

+

2Tan[e+fx]? |bp

1 5 7
-——6b (1-p) AppellFl] =, 2, 2-p, —, -Tan[e+fx]?,
5 (a+b) 2 2

bTan[e +fx]?2 5 12 5
-~ | sSecle+fx]?Tan[e+fx] - — AppellF1|—, 3, 1-p,
a+b 5 2
7 , bTan[e+fx]? )
—, -Tan[e+fx]?, - ————————] Sec[e+fx]?Tan[e + fx]
2 a+b

5 7 ,
6bpAppellFl| =, 3, 1-p, —, -Tan[e+fx]?,

2 (a+b) 5(a+b) 2 2

bTan[e + fx]? 5 18 5
——] Sec[e+fx]“Tan[e + f x] —prpellFl[f, 4, -p,
5 2

1)/

a+b
7 , bTan[e+fx]?
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2 a+b

3 , bTan[e+fx]?2
3 (a+b) AppellFi[ =, 2, -p, =, -Tan[e+fx]?, - —————
2

a+b ]+

bTan[e + fx]?

N W R

5
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2

a+b

bTan[e + f x]?

3 5
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Problem 310: Result more than twice size of optimal antiderivative.

JCOS[G+'FXJ4 (a+bsec[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):

1 1 3 , bTan[e+fx]?
prpellFl[f, 3, -p, —, -Tan[e+fXx]°, ——]
£ 2 2 a+b
" bTan[e+fx]2)P
Tan[e+fx] (a+b+bTan[e+fx]*)P |1+ ——————
a+b

Result (type 6, 1912 leaves):

bTan[e + f x]?

1
3 (a+b) AppellF1[—, 3, -p, =, -Tan[e+fx]?, - | Cos[e+fx]3
2

N W

a+b

(a+2b+acCos[2 (e+fx)])° (Sec[e+-l:x12)'3+'[J (a+bsecle+fx]?)Psinfe+fx]

/

| 247
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f |3 (a+b) AppellF1|—, 3, -p, _
2

, -Tan[e+fx]2%, -
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3 (a+b) AppellF1[ =, 4, -p, =, -Tan[e+fx]?, - —
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NV W

3
2 (prppellFl[z, 3,1-p, =, -Tan[e + fx]?,
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(a+2b+acCos[2 (e+fx)])P (Sec[e+fx]2)2+pJ/

1 , bTan[e+fx]?2
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, —Tan[e+fx]*, - —————
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(a+2b+aCos|2 (e+fx)])’1+p (Sec[e+fx]2)’3*psin[2 (e+fx)]| Tane+fx]

/

bTan[e + f x]?

{3 (a+b) AppellFl[l, 3, -p, —, -Tan[e+fx]?, -
2

|+
],

3 5 , bTan[e+fx)?2
3 (a+b) AppellFl{—, 4, -p, —, -Tan[e+fx]?, - ——8—
2 2 a+b
1 3 , bTan[e+fx]?
6 (a+b) (-3+p) AppellF1[—, 3, -p, =, -Tan[e+fx]%, - — |
2 2 a+b

/

bTan[e + f x]?

a+b
bTan[e + f x]?
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1 3
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3 (a+b) AppellF1[=, 3, -p, =, -Tan[e+fx]2, - ——————] +
2 2 a+b
3 5 , bTan[e+fx]?
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Problem 311: Result more than twice size of optimal antiderivative.

JCos[ewa}"’ (a+bsec[e+fx]?)Pdx
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| secle+fx]2Tan[e+fx] - 6AppellFl]—~, 6, -p,
a+b
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7 , bTan[e+fx]2
—, -Tan[e+fx]*, - ————

| secle+fx]2Tan[e +fx]
2 a+b

1%

1 3 , bTan[e+fx]?

3 (a+b) AppellF1[=, 4, -p, =, -Tan[e+ fx]2, - ———————| +
2 2 a+b

3 5 , bTan[e+fx)2

2 |bpAppellF1[=, 4,1-p, =, -Tan[e+fx]?, -——————| -4 (a+b)

2 2 a+b

3 5 , bTan[e+fx)?2

AppellFl[ =, 5, -p, =, -Tan[e+fx]?, - ———

2 2

}) Tan[e + f x]?
a+b

)

Problem 328: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[ewa} (a+bSec[e+-Fx}2)2dlx

Optimal (type 3, 53 leaves, 4 steps):
b (2a+b) Log[Cos[e+Ffx]] (a+b)?Log[Sin[e+Ffx]] b2Sec[e+fx]?

+ +

f f 2f

Result (type 3, 180leaves):

1 2 a2 . s a2 . 2 2
—(Zb +2ia’fx+4iabfx+2ib’fx-4i (a+b)*ArcTan[Tan[e+fx]] Cos[e+fx]?-
4 f

4ablog[Cos[e+fx]]-2b’Log[Cos[e+fx]]+a’Log[Sin[e+Ffx]?] +
2ablog|Sinfe+fx]?] +b?Log[Sin[e+fx]?] + Cos[2 (e+fx) ]
(—Zb (2a+b) Log[Cos[e+fx]]+ (a+b)2 (2ifx+Log[Sin[e+fx}2]))) Sec[e + fx]?

Problem 329: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[e+fx]3 (a+bSec[e+fx]2)2d1x

Optimal (type 3, 57 leaves, 4 steps):

(a+b)2Csc[e+1‘:x]2 b?Log[Cos[e+fx]] (a?-b?) Log[Sinl[e+fx]]

2f f f

Result (type 3, 163 leaves):
LCsc[e+-Fx}2(—2a2—4ab—2b2—21'1a21=x+2I'Lbzfx—
af
2b? Log[Cos[e+fx]] -a?Log[Sin[e+fx]?] +b?Log[Sin[e+fx]?] +
Cos[2 (e+fx)] (2b’Log[Cos[e+fx]]+ (a®-b?) (21 fx+Log[Sin[e+Ffx]?])) +
41 (a®>-b?) ArcTan[Tan[e + fx]] Sin[e + fx]?)

Problem 330: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
JCot[ewa}s (a+bSec[e+-Fx]2)2d1X
Optimal (type 3, 51leaves, 4 steps):

a(a+b) Cscle+fx]? (a+b)2Csc[e+Fx]4 a2 Log[Sin[e+fx]]
- +
f af f

Result (type 3, 132leaves):
((b+aCos[e+1‘:xJ2)2
(—4Jia2Ar'cTan[Tan[e+fx]] Cos[e+fx]*+4a (a+b) Cos[e+fx]*Cot[e+Fx]*-
(a+b)ZCo‘c[e+-Fx]“+2a2Cos[e+1‘:x]4 (21‘1fx+Log[Sin[e+fx]2”)
Sec[e+fx]4)/(f (a+2b+acCos|2 (e+fx)})2)

Problem 331: Result more than twice size of optimal antiderivative.

J(a+bSec[e+fx]2)2Tan[e+fx}6d1x

Optimal (type 3, 95leaves, 4 steps):

a’Tan[e+fx] a?Tan[e+fx]3

—a2x+ - +
f 3f
a’Tan[e+fx]® b (2a+b)Tan[e+Ffx]’ b2Tan[e+fx]°
+ +
5f 7f 9f

Result (type 3, 275leaves):
1

- 4(b+aCos[e+fx]2)ZSec[e+fx]9
315f (a+2b+aCos|2 (e+fx)])2

(315a* fxCos[e+fx]°-35b*Sec[e] Sin[fx] -5 (18a-19b) bCos[e+fx]*Sec[e] Sin[fx] -
3 (21a*>-90ab+25b%) Cos[e+fx]*Sec[e] Sin[fx] + (231a*-27@ab+5b?)
Cos[e+fx]®Sec[e] Sin[fx] - (483a*-90ab-10b*) Cos[e+fx]®Sec[e] Sin[fx] -
35b?Cos[e+fx] Tan[e] -5 (18a-19b) bCos[e+fx]>Tan[e] -
3 (21a*-90ab+25b%) Cos[e+fx]>Tan[e] + (231a°-270ab+5b’) Cos[e+fx]’Tan[e])

Problem 332: Result more than twice size of optimal antiderivative.
J(a+bSec[e+Fx]2)2Tan[e+fx}4d1x

Optimal (type 3, 77 leaves, 4 steps):

5 a’Tan[e+fx] a?Tan[e+fx]3 b(2a+b>Tan[e+fx]5 b2 Tan[e + fx]7
a” X - + + +

f 3f 5 f 7

Result (type 3, 395leaves):
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1

13440 f

Sec[e] Sec[e+fx]’ (3675a” fxCos[fx] +3675a>fxCos[2e+fx] +2205a°fxCos[2e+3Fx] +
22053’ fxCos[4e+3Ffx] +735a2FfxCos[4e+5Ffx] +735a2FfxCos[6e+5Ffx] +
105 a2 fxCos[6e+7fx] +105a2fxCos[8e+7Ffx] -5320a2Sin[fx] +1680abSin[fx] +
840b%Sin[fx] +4480a°Sin[2e+fx] -1260absSin[2e+fx] +420b%Sin[2e+fXx] -
3780 a%2Sin[2e+3fx] +924absSin[2e+3fx] -168b%Sin[2e+3fx] +
2100 a2Sin[4e+3fx] -840absSin[4e+3fx] -420b%Sin[d4e+3fx] -
1540 a2Sin[4e+5fx] +168absSin[4e+5Ffx] +84b2Sin[4e+5fx] +420a2Sin[6e+5fx] -
420absin[6e+5fx] -280a*Sin[6e+7fx] +84abSin[6e+7fx] +12b’>Sin[6e+7Ffx])

Problem 333: Result more than twice size of optimal antiderivative.

J(a+bSec[e+-Fx]2)2Tan[e+-Fx}2d1x

Optimal (type 3, 59leaves, 4 steps):

, a’Tan[e+fx] b (2a+b)Tan[e+fx]?> b2Tanle+fx]®
—-a” X + + +
f 3f 5

Result (type 3, 281 leaves):

1
-———Sec[e] Sec[e+fx]® (150 a° fx Cos[fx] +150a* fx Cos[2e+fx] +
480

75a2fxCos[2e+3fx] +75a°fxCos[4e+3Ffx] +15a2FfxCos[de+5Ffx] +
15a2fxCos[6e+5Ffx] -180a%Sin[fx] +82abSin[fx] -20b%Sin[fx] +
120a%Sin[2e+fx] -120abSin[2e+fx] -60b2Sin[2e+fx] -120a?Sin[2e+3fx] +
40absSin[2e+3fx] +20b2Sin[2e+3fx] +30a%Sin[4e+3fx] -
60absin[4e+3fx]-30a’Sin[4e+5fx] +20abSin[4e+5fx] +4b*Sin[4e+5Fx])

Problem 334: Result more than twice size of optimal antiderivative.

J(a+b5ec[e+fx]2)2dlx

Optimal (type 3, 40leaves, 4 steps):

b(2a+b) Tan[e+fx] b2Tan[e+fx]3
a?x+ +
f 3f

Result (type 3, 106 leaves):
(4 (b+aCos[e+fx]2)ZSec[e+fx}3
(3a®fxCos[e+fx]>+b*Sec[e] Sin[fx] +2b (3a+b) Cos[e+fx]*Sec[e] Sin[fx] +
b% Cos [e + f x] Tan[e]))/(31c (a+2b+acCos|2 <e+fx)])2)

Problem 335: Result more than twice size of optimal antiderivative.

JCot[eﬂcx}Z (a+bSec[e+Fx]2)2d1x
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Optimal (type 3, 36 leaves, 4 steps):

(a+b)?Cote+Ffx] b2Tan[e+fx]
N
f f

_azx_

Result (type 3, 82leaves):
7((4 (b+aCos[e+Fx]2)ZSec[e+fx}

(azfxCos[eﬂcx} - ((a+b)2Cot[e+fx] Cscle] +b25ec[e]) Sin[fx]))/
(F (a+2b+aCos[2 (e+FxH)2))

Problem 336: Result more than twice size of optimal antiderivative.

JCo’c[ewa}4 (a+bSec[e+-Fx]2)2d1x

Optimal (type 3, 45leaves, 4 steps):

5 (a?-b2) Cot[e+fx] (a+b)*Cotle+Ffx]?
a® X + -

f 3f

Result (type 3, 160 leaves):

1
——Cscle] Csc[e+fx]3
24 f

(9a® fxCos[fx]-9a®fxCos[2e+fx]-3a’fxCos[2e+3fx]+3a’fxCos[4e+3fx]-
12a%Sin[fx] +12b%Sin[fx] -12a?Sin[2e+fx] -12abSin[2e+fx] +
8a’sSin[2e+3fx] +4absin[2e+3fx] -4b*Sin[2e+3fx])

Problem 337: Result more than twice size of optimal antiderivative.
JCOt[e-%—'FX}s (a+bsecle+fx]?)?dx
Optimal (type 3, 65leaves, 4 steps):

, a*Cotle+fx] (a?-b?)Cotle+fx]® (a+b)’Cot[e+fx]®
X - + —
f 3f 5 f

Result (type 3, 256 leaves):

Cscle] Cscle+fx]> (-150a* fxCos[fx] +150a° fxCos[2e+fx] +75a*fxCos[2e+3Fx] -
480 f

75a’fxCos[4e+3fx] -15a°fxCos[4e+5fx] +15a%fxCos[6e+5Ffx] +
280a%Sin[fx] +120absSin[fx] +20b2Sin[fx] +180a’Sin[2e+fx] -
60b2Sin[2e+fx] -140a%Sin[2e+3fx] +20b?Sin[2e+3fx] -90a%Sin[4e+3fx] -
60absSin[4e+3fx] +46a*Sin[4e+5fx] +12abSin[4e+5fx] -4b*Sin[4e+5Fx])
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Problem 338: Result more than twice size of optimal antiderivative.

J Tan[e + fx]°

a+bSec[e+fx]?

dx

Optimal (type 3, 69leaves, 4 steps):
(a+2b) Log[Cos[e+fx]] (a+b)?Log[b+aCos[e+fx]2|] secle+fx]2

+

b2 f 2ab?f 2bf

Result (type 3, 180leaves):
1

8ab?f (a+bSec[e+fx]?)

(a+2b+acCos[2 (e+fx)])

(2ab+2a (a+2b) Log[Cos[e+fx]] -a’log[a+2b+aCos[2 (e+fx)]|]-
2ablogla+2b+aCos[2 (e+fx)]||-b?Log[a+2b+aCos[2 (e+fx)]]+Cos[2 (e+Fx)]
(Za (a+2b) Log[Cos[e+fx]] - (a+b)*Log[a+2b+acCos|2 (e+Fx)H)) Secle+fx]*

Problem 343: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]°
J dx

a+bSec[e+fx]?

Optimal (type 3, 108 leaves, 4 steps):

(2a+3b) Csc[e+fx]? Cscle+fx]*
2(a+b)?f 4(a+b)f

+

b*Log[b+aCos[e+fx]2] (a?+3ab+3b?) Log[Sin[e+fx]]

+

2a (a+b)’f (a+b)>f

Result (type 3, 464 leaves):
1

32a(a+b)’f (-1+Cot[e]?) (a+bSecle+fx]?)

Cos[2e] (a+2b+aCos[2 (e+fx)]) Csc[e]?Csc[e+fx]*Sec[e+fx]?
(4a®>+12a’b+8ab’+6ia’fx+18ia’bfx+18iab’fx+2ia’>fxCos[4 (e+Ffx)]+
6ia’bfxCos[4 (e+fx)]|+6iab’>fxCos|[4 (e+fx)]|+3b’Logla+2b+acCos|[2(e+fx)]|]+
b*>Cos[4 (e+fx)| Log[a+2b+aCos[2 (e+fx)]]+3a®Log[Sinfe+Ffx]?] +
9a’blog[Sin[e+fx]?] +9ab’Log[Sin[e+fx]?| +a’Cos[4 (e+fx)]| Log[Sin[e+fx]?]+
3a’bCos[4 (e+fx)| Log[Sin[e+fx]?| +3ab’Cos[4 (e+fx)]| Log[Sin[e+fx]?] +
4Cos[2 (e+fx)| (-b>Log[a+2b+aCos[2 (e+fx)]]+a(a®(-2-21iFx)+

3b> (-1-2ifx)+ab (-5-61ifx) - (a®+3ab+3b*) Log[Sin[e+fx]?])) -

16ia (a®+3ab+3b%) ArcTan[Tan[e +fx]] Sin[e+fx]*)

Problem 344: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Tan[e + fx]°©
J dx

a+bSec[e+fx]?

Optimal (type 3, 83 leaves, 7 steps):

(a+b)®?ArcTan|¥® Tvaanf[?h]] (a+2b) Tan[e+fx] Tanfe+fx]>

-—+ - +

a abs/2f b f 3bf

Result (type 3, 229 leaves):
[(a+2b+aCos[2 (e+fx)])Secle+Ffx]?

3x [3 (a+b)>?ArcTan| (Sec[fx] (Cos[2e] -iSin[2e])
a

(- (a+2b) Sin[fx] +aSin[2e+-Fx]))/ (2\/a+b \/b (Cosfe] -isSinfe])* )]
/(abzf\/b (Cos[e] -isSinfe])* ) -

(3a+7b) Sec[e] Sec[e+fx] Sin[fx] Sec[e]Sec[e+fx]3Sin[fx]

+ +

b2 b f

2
Sec[e + f x] Tan[e]J /(6 (a+bSeC[e+'FX]2)>

(Cos[2e] -isSin[2e])

bf

Problem 345: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + f x]*
j dx

a+bSec[e+fx]?

Optimal (type 3, 59leaves, 6 steps):

(a 4 b>3/2 Ar‘cTan[le Tan[e+f x }
Vaib

a ab¥2f bf

X Tan[e + f x]
— +

Result (type 3, 206 leaves):

((a+2b+aCos[2 (e+fx)])secle+Ffx]?

((a+b)2Ar‘cTan[<Sec[-Fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+-Fx}>)/

(2\/a+b \/b (Cosfe] -isinfe])* )] (Cos[2e] -isSin[2e]) +

\/m\/b (i Cosle] +Sin[e])4 (bfx+asec[e] Sec[e+fx] Sin[fx])

|/

(2abx/a+b f (a+bSecle+fx]?) \/b (Cose] —JiSin[e})A)

Problem 346: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Tan[e + f x]?
J dx

a+bSec[e+fx]?
Optimal (type 3, 46 leaves, 5steps):

b T +f
vJa+b Ar‘cTan[L‘—L’";j L]

-— +

a a\/b f
Result (type 3, 184 leaves):

—([(a+2b+aCos[2 (e+fx)]) secle+fx)]? [\/a+b fx\/b Cos[e] -iSin[e])* +

(a+b) ArcTan| (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(2\/a+b \/b(Cos[e] -iﬁn[e})“)] (Cos[2e] —JiSin[Ze])) /
( ava+b f(a+bSec[e+fx]? \/b Cos| —iSin[e])“))

Problem 347: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
a+bSecle+fx]?

Optimal (type 3, 45leaves, 3 steps):

b ArcT at+b Cotle+fx
b Arc an| T ]

N
a ava+b f
Result (type 3, 182leaves):

| X

[(a+2b+aCos[2 (e+fx)])secle+Ffx]?

Va+b fx+/b (Cos[e] -isinfe])? «
bArcTan[ (Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[Ze+fx])>/
(Zm\/b(Cos[e]—iSin[eH“)] (Cos[Ze]—iSin[Ze]))]/
( avarb f (a+bsecle+fx]2) /b (Cos| —iSin[e])“]

Problem 348: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]?
J dx

a+bSecle+fx]?

Optimal (type 3, 62 leaves, 6 steps):
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3/2 b Tan[e+fx
b3/2 ArcTan| — ] Cotle + £ x]
Sy v _

a a(a+b)’*f (a+b) f

Result (type 3, 204 leaves):

7([(a+2b+aCos[2 (e+fx)])secle+Ffx]?

(bzAr‘cTan[(Sec[fﬂ (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+-Fx])>/

(2\/a+b \/b (Cos[e] -isinfe])* )] (Cos[2e] -iSin[2e]) +
Vva+b \/b (Cos[e] —J'LSin[e])4 ((a+b) fx-acCscle] Cscle+fx] Sin[Fx})))/

(Za (a+b)*?f (a+bSec[e+fx]?) \/b (Cos[e] —jSin[E])4))

Problem 349: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cot[e+fx]*4

a+bSec[e+fx]?

dx

Optimal (type 3, 86 leaves, 7 steps):
b5/2 ArcTan [ M{e_m]

X Jab <a+2b) Cot[e+fXx] Cot[e+fx]3
x . _
a ala+b)*?f (a+b)?f 3(a+b)f

Result (type 3, 587 leaves):



260 | Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)”~m (a+b (c sec)”n)”~p.nb

x (a+2b+aCos[2e+2fx]) Sec[e+fx]?

2a (a+bSecle+fx]?)
(a+2b+aCos[2e+2fx]) Cot[e] Cscle+fx]?Sec[e+fx]?

+

6 (a+b) f (a+bSecle+fx]?)

((a+2b+aCos[2e+2fx]) Secle+fx]2||b®ArcTan|

Cos[2e] iSin[2e]
Sec[f x]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b v/bCos[4e] -ibSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]” Cos[2e]

(2ax/a+b f+/bCos[4e] -1bSin[4e] )— [ib3Ar‘cTan[

Cos[2e] iSinf[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

/((a+b)2 (a+bSec[e+fx]2)) +

((a+2b+aCos[2e+2fx]) Cscle] Csc[e+fx]’Sec[e+fx]?Sin[fx])/
(6 (a+b) f(a+bSecle+fx]?)) +
((a+2b+aCos[2e+2fx]) Cscle] Cscle+fx]

Sec[e+fx]2 (-4aSin[fx] —7bSin[-Fx}>)/

(6 (a+b)*f (a+bSec[e+fx]2))

(-asin[fx] -2bsin[fx] +aSin[2e+fx])]Sin[2e]

(Za\/a+b f/bCos[4e] -ibSin[4e] )

Problem 350: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]®
J dx

a+bSec[e+fx]?

Optimal (type 3, 120leaves, 8 steps):
b7/2 ArcTan | MM}

a+b
e _

a a(a+b)7/zf

(a2+3ab+3b?) Cot[e+fx] (a+2b)Cotle+Ffx]> Cotle+Fx]5
N _

(a+b)>f 3(a+b)?f 5(a+b)f

Result (type 3, 671 leaves):

|
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1

(a+2b+aCos[2 (e+fx>]) Sec[e+fx]?
960a (a+b)’>f (a+bSecle+fx]?)

(— ((480b4Ar‘cTan[(Sec[-Fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/

(2x/a+b \/b (Cos[e] -isinfe])” )} (Cos[2e] 7jsin[2e})]/

(\/a+b x/b (Cose] —Jisin[e])4 )J +Cscle] Cscle+fx]°

(—150 (a+b)3-FxCos[-Fx} +150 (a+b>3FxCos[2e+-Fx} +75a>fxCos[2e+3Ffx] +

225a’bfxCos[2e+3fx] +225ab®>fxCos[2e+3fx]+
75b3fxCos[2e+3fx] -75a°>fxCos[4e+3fx]-225a’bfxCos[4e+3fx]-
225ab’fxCos[4e+3fx] -75b>fxCos[4e+3fx]-15a>fxCos[4e+5Ffx] -
45a’bfxCos[4e+5fx] -45ab’>fxCos[4e+5Ffx] -15b>fxCos[4e+5Ffx] +
15a3fxCos[6e+5Ffx] +45a’bfxCos[6e+5Ffx] +45ab2fxCos[6e+5Ffx]+
15b3> fxCos[6e+5Ffx] +280a3sin[fx] +780a%2bSin[fx] +680ab?Sin[fx] +
180 a%Sin[2e+fx] +540a%’bSin[2e+fx] +480ab?Sin[2e+fx] -
140a3Sin[2e+3fx] -420a’bSin[2e+3fx] -400ab?Sin[2e+3Ffx] -

99 aSin[4e+3fx] -240a’°bSin[4e+3fx] -180ab?Sin[de+3fx] +

46 a>Sin[4e+5fx] +132a2bSin[4e+5fx] +116abZSin[4e+5fx])

Problem 355: Result more than twice size of optimal antiderivative.

dx
2

J Cot[e+fx]3
(

a+bSecle+fx]?)

Optimal (type 3, 111 leaves, 4 steps):

b3 Csc[e+fx]?

2a2(a+b)2f(b+aCos[e+-Fx]2) 2(a+b)2f
bz (3a+b) Log[b+aCos[e +fx]?] (a+3b) Log[Sin[e+fx]]
2 a2 (a+b)3f (a+b)3f

Result (type 3, 306 leaves):
1

8a’? (a+b)’f (a+2b+aCos[2 (e+Ffx)])
Csc[e+fx]? (4a*+12a’b+8a’b?+4ab>+4b*+3a’b?Llog[a+2b+aCos[2 (e+fx)]]+
13ab’Logla+2b+aCos[2 (e+fx) || +4b*Logla+2b+aCos|[2 (e+fx)|]+2a*
Log[Sin[e+fx]] +14a’bLlog[Sin[e+fx]] +24a°b’ Log[Sin[e+fx]] -aCos|[4 (e+fx) |
(b> (3a+b) Log[a+2b+acCos|2 <e+-Fx)H +2a%*(a+3b) Log[Sin[e+fx]]) +
4Cos[2 (e+fx)] (a*+a’b-ab®-b*-b> (3a+b) Logla+2b+aCos[2 (e+fx)]]-
2a’b (a+3b) Log[Sin[e+fx]]))
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Problem 356: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+ fx]°
J dx
(

a+bSec[e+1‘:x]2)2

Optimal (type 3, 140leaves, 4 steps):

b (a+2b) Cscle+fx]? Cscle+fx]*
N _

2 a2 (a+b)3-F<b+aCos[e+Fx12> (a+b)3f 4(a+b)2f

+

b*> (4a+b) Log[b+aCos[e+fx]?| (a®+4ab+6b2) Log[Sinfe+fx]]

+

2a% (a+b)*f (a+b)*f

Result (type 3, 292 leaves):
1

16a% (a+b)*f (a+bSec[e+Ffx]2)?

(a+2b+acCos|2 (e+fx)]) (4b4 (a+b) +4ia® (a®>+4ab+6b?) fx (a+2b+acCos|2 (e+fx)]|) -
4ia’(a*+4ab+6b?) ArcTan(Tan[e+fx]] (a+2b+aCos[2 (e+fx)]) +
4a (a+b) (a+2b) (a+2b+aCos[2 (e+fx)])Cscle+Ffx]?-
a’? (a+b)? (a+2b+aCos[2 (e+fx)]) Cscle+Ffx]*+
2b* (4a+b) (a+2b+aCos|[2 (e+fx)|) Log[a+2b+aCos[2 (e+fx)]]+
2a (a®+4ab+6b’) (a+2b+aCos[2 (e+fx)]) Log[Sin[e+-Fx]2])Sec[e+fx}4

Problem 357: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + fx]®
J dx
(a+bSec[e+1‘=x]2)2

Optimal (type 3, 119leaves, 7 steps):
(3 a-2 b> (a 4 b>3/2 Ar‘cTan[le Tan[e+f x }

a+b
- - +
a2 2a2b°/2f

(3a+b) Tan[e + fx] (a+b) Tan[e+fx]3

2ab?f 72abf(a+b+bTan[e+Fx12)

Result (type 3, 593 leaves):
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X (a+2b+aCos[2e+2-Fx])ZSec[eJr-Fx}“

+
4 32 (a+bSec[e+-Fx]2)2

((3a—2b) (a+b)? (a+2b+aCos[2e+2Fx])*Sec[e+Ffx]*

ArcTan |

Cos[2e] 1 Sin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b /bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(8a2b2\/a+b f\/bCos[4e] -1bSin[4e] )— i ArcTan|

Cos[2e] iSin[2e]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

J/ (a+bSec[e+-Fx]2)2+

(a+2b+aCos[2e+2fx])ZSec[e] Sec[e + fx]®Sin[fx]

+

Sec[f x]

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

<8a2b2\/a+b f/bCos[4e] -1ibSin[4e] )

4b2f (a+bSec[e+1cx]2)2
((a+2b+aCos[2e+2fx])
Sec[e +fx]*4

(-a*sin[2e] -4a’bsSin[2e] -5ab’Sin[2e] -2b*Sin[2e] +
a>Sin[2fx] +2a2bsin[2 fx] +abZSin[2fx]))/
(Sa2 b2 f (a+bSec[e+-Fx]2)2 (Cos[e] -sin[e]) (Cos[e] +Sin[e]))

Problem 358: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + f x]*
J dx
(a+bSec[e+-Fx]2)2

Optimal (type 3, 90leaves, 6 steps):

x (a-2b) \/mAr‘cTan[Lf—Lb Tj‘;‘%*“ ]

a? 2a%2b3/2f

(a+b) Tan[e+ fx]

72ab-F<a+b+bTan[e+-Fx]2)

Result (type 3, 249leaves):
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[(a+2b+aCos[2 (e+fx)])secle+fx]*

2x<a+2b+aCos[2 (e+fx)” + [(—a2+ab+2b2) ArcTan |

(Sec[fx] (Cos[2e] -iSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+Fx1>)/

(2\/a+b \/b (Cos[e] -isinfe])* )] (a+2b+acCos[2 (e+fx)])
(Cos[2e] —iSin[Ze})]/ (b\/a+b f\/b (Cosfe] -isinfe])* ) +

(a+b) ((a+2b)sin[2e] -aSin[2fx])

]/ (8a2 (a+bSec[e+fx}2)2>

bf (Cos[e] -Sin[e]) (Cos[e] +Sin[e])

Problem 359: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
2

J Tan[e + f x]?
(

a+bsSecle+fx]?)

Optimal (type 3, 85leaves, 6 steps):

(a+2b) Ar‘cTan[Lf—Lb Tan[e+f x ]
- — 4 m

N
a? 2a2/b Ja+b f 2af (a+b+bTan[e+fx]?)

Tan[e + f X]

Result (type 3, 388 leaves):
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7(((a+2b+aCos[2e+2Fx])ZSec[e+fx]4

(16x+ ((—a3+6a2b+24ab2+16b3) ArcTan| (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) Sin[-Fx}+aSin[2e+fx]))/(2\/a+b \/b(Cos[e]—jSin[e])“)}
/(b (a+b)3/2fJb(Cos[e]—jSin[e])4)+
((a*>+8ab+8b*) ((a+2b)sSin[2e] -aSin[2fx])) /

(b(a+b) f(a+2b+aCos[2 (e+fx)]) (Cos[e] -Sin[e]) (Cos|[e] +Sin[e])))]/

(Cos[2e] -isSin[2e])

(64a2 (a+bSec[e+Fx]2)2)) + (a+2b+aCos[2e+21‘x])2

Sec[e+fx]*

(a +2 b) Ar‘cTan[L;Lb Tan[e+f x ]

Jab a+/b sin|[2 (e+fx)]
s

(a+b)3/2 7(a+b) (a+2b+acCos[2 (e+fx

b3/2
.F
(a+bSec[e+fx]2)2)

Problem 360: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bsecle+fx]?)?

Optimal (type 3, 92 leaves, 5 steps):

W(3a+2b)ArcTan[%§LﬂL} bTan[e + f x]

2 32 <a+b>3/2+‘ 72a(a+b)-F(a+b+bTan[e+fx]2)

a

2

Result (type 3, 240leaves):
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[(a+2b+aCos[2 (e+fx)])secle+fx]*

2x (a+2b+aCos[2 (e+fx)]) + [b (3a+2b) ArcTan[ (Sec[fx] (Cos[2e] -iSin[2e])

(- (a+2b) sin[fx] +aSin[2e+Fx]))/ (2\/a+b \/b (Cose] —JiSin[eH4 )]

(a+2b+aCos[2 (e+fx)]) (Cos[2e] ﬂlsin[Ze}))/

((a+b)3/2f\/b (Cose] —jSin[e})4)+

b((a+2b)Sin[2e] -~aSin[2fx])

]]/ (8% (a+bsecie+fx]?)?|

(a+b) f (Cos[e] -Sin[e]) (Cos[e] +Sin[e])

Problem 361: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
2

J Cot[e +f x]?
(

a+bsSecle+fx]?)

Optimal (type 3, 121 leaves, 7 steps):
b*2 (5a+2b) Ar‘cTan[lLf—Lb Tan[e+f ]

- — 4 Varb —
a2 2a% (a+b)*2f
(2a-b) Cot[e+fx] b Cot[e +fx]
2a<a+b>2-F _2a(a+b)-F(a+b+bTan[e+-Fx]2)

Result (type 3, 564 leaves):
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X (a+2b+aCos[2e+2-Fx])ZSec[eJr-Fx}“

- +

4 32 (a+bSec[e+-Fx]2)2

((5a+2b) <a+2b+aCos[2e+2-Fx}>ZSec[e+-Fx]4 b? ArcTan [Sec [f x]

l

Cos[2e] iSin[2e]

2+/a+b \/bCos[4e] -ibSin[4e] 2+/a+b \/bCos[de] -ibSin[4de]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])] Cos[2e]

(8a2\/a+b fi/bCos[4e] -ibSin[4e] ) + |1 b?ArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

/

((a+b)2 (a+bSec[e+-Fx]2)2) + (<a+2b+aCos[2e+2-Fx]>2

<8a2\/a+b f/bCos[4e] -ibSin[4e] )J

Cscle]

[
Cscle+fXx]

[

[

Sec[e+ fx]*

Sin fx]) (4

(a+b)2

.F

(a+bSec[e+fx]2)2) +
((a+2b+aCos[2e+2Ffx]) Sec[e+fx]*

(-ab*sin[2e] -2b’Sin[2e] +abZSin[2fx]))/
(Sa2 (a+b)?f (a+bSec[e+fx]2)? (Cos[e] -Sin[e])

(Coste] +Sin[e]))

Problem 362: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]*
j dx

(a+bSec[e+1‘:x]2)2

Optimal (type 3, 160 leaves, 8 steps):
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b%/2 (7a+2b) Ar‘cTan[L‘—Lb Tan[e+f x ]

5 (2a2+6ab-b?) Cot[e+fx]
X + -
a? 2 a2 (a+b)7/2-F 2a(a+b)3f
(2a—3b)Cot[e+-Fx]3_ bCot[e+fx]3
6a(a+b)2-F 2a(a+b)F<a+b+bTan[e+'FX}2>

Result (type 3, 1896 leaves):

(7a+2b) (a+2b+aCos[2e+21‘:x])ZSec[eM“x]4 b* ArcTan |

Cos[2e] 1Sin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx}H Cos[2e]

(8a2\/a+b f/bCos[4e] -ibSin[4e] )— [J’lb3Ar‘cTan[

Cos[2e] iSin[2e]

Sec[f x]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b v/bCos[4e] -ibSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

|/

1

(8a2\/a+b f/bCos[4e] -ibSin[4e] )

((a+b)3 (a+bSec[e+fx]2)2) +
384 a2 (a+b)3f (a+bSec[e+-Fx]2)2

(a+2b+aCos[2e+2fx])

Csc|

e] Cscle+fx]3Sec]

2e] Sec[e+fx]*

(-6a* fxCos[fx] -54a’bfxCos[fx]-126a>b>fxCos[fx] -
114ab®>fx Cos[fx] -36b*fxCos[fx] +3a*fxCos[3fx] -
3albfxCos[3fx] -27a’b?>fxCos[3Ffx]-33ab3fxCos[3Ffx] -
12b*fxCos[3fx] +6a*fxCos[2e-fx] +54a*bfxCos[2e-fx] +
126 a2 b2 fxCos[2e-fx] +114ab>fxCos[2e-fx] +36b*fxCos[2e-Ffx] +
6a*fxCos[2e+fx] +54a’bfxCos[2e+fx]+126a’b?>fxCos[2e+Ffx]+
114ab®fxCos[2e+fx] +36b*fxCos[2e+fx] -6a*fxCos[de+fx] -
54a*bfxCos[4e+fx]-126a%b?>fxCos[4e+Ffx]-114ab3fxCos[de+Ffx] -
36b*fxCos[4e+fx] -3a*fxCos[2e+3Ffx]+3a’bfxCos[2e+3Ffx]+
27 a’b?fxCos[2e+3Ffx] +33ab3fxCos[2e+3Ffx]+12b*fxCos[2e+3Ffx]+
3a*fxCos[4e+3fx]-3a*bfxCos[4e+3Ffx]-27a’b?fxCos[de+3Ffx] -
33ab>fxCos[4e+3Ffx]-12b*fxCos[4e+3Ffx]-3a*fxCos[6e+3fx]+
3a’bfxCos[6e+3fx] +27a’b?>fxCos[6e+3fx] +33ab>fxCos[6e+3Ffx] +
12b*fxCos[6e+3fx] -3a*fxCos[2e+5Ffx] -9a’bfxCos[2e+5fx] -
9a’b?fxCos[2e+5fx] -3ab>fxCos[2e+5fx] +3a*fxCos[4e+5Ffx] +
9a’bfxCos[4e+5Ffx] +9a’b>fxCos[4e+5Ffx] +3ab3>fxCos[de+5Ffx] -
3a*fxCos[6e+5fx] -9a’bfxCos[6e+5Ffx]-9a’b2fxCos[6e+5Fx] -
3ab3fxCos[6e+5fx] +3a*fxCos[8e+5Ffx]+9a’bfxCos[8e+5Ffx] +
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9a’b?fxCos[8e+5fx] +3ab>fxCos[8e+5fx] -12a*Sin[fx] -60a>bSin[fx] -
96 a2 b2 Sin[fx] +18b*Sin[fx] +4a*Sin[3fx] +36a>bSin[3 fx] +

80a’b?Sin[3fx] -6ab3>Sin[3fx] +6b*Sin[3fx] +4a*Sin[2e-fx] +

76 a®bsSin[2e-fx] +144a%b?Sin[2e-fx] +18b*Sin[2e-fx] -4a*Sin[2e+fx] -
76absSin[2e+fx] -144a2b?Sin[2e+fx] +6ab3Sin[2e+fx] +

18b*Sin[2e+fx] -12a%*Sin[4e+fx] -60a*bSin[4e+fx] -96a’b?Sin[de+fx] -
6ab>Sin[4e+fx] -18b*Sin[4e+fx] -12a*Sin[2e+3fx] -24a’bSin[2e+3fx] +
6ab3Sin[2e+3fx] -6b*Sin[2e+3fx] +4a*Sin[4e+3Ffx] +36a’bsSin[d4e+3Ffx] +
80a’b?Sin[4e+3fx] -3ab3Sin[4e+3fx] -6b*Sin[4e+3Ffx] -
12a*Sin[6e+3fx] -24a®bsSin[6e+3fx] +3ab>Sin[6e+3fx] +

6b*Sin[6e+3fx] +8a*Sin[2e+5Ffx] +20a®bsSin[2e+5fx] +3ab3>Sin[2e+5Ffx] -
3ab’>Sin[4e+5fx] +8a*Sin[6e+5fx] +20a’bSin[6e+5fx])

Problem 363: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]®
J dx
(

a+bSec[e+1Cx]2)2

Optimal (type 3, 207 leaves, 9 steps):
b7/2 (9a+2b) Ar‘cTan[lLf—Lb Tanfe«fx] |

b (2a*+8a’b+12ab?-b*) Cot[e+fx]
a2 2a% (a+b)”?f i 2a (a+b)*f ’
(2a?+6ab-3b?) Cot[e+fx]? (2a-5b) Cot[e+fx]® bCot[e+fx]5
6a(a+b)3f i 10a(a+b)2f _Za(a+b)-F(a+b+bTan[e+fx}2)

Result (type 3, 3028 leaves):

(9a+2b) (a+2b+aCos[2e+2Fx])*Sec[e+fx]*

|

4 Cos[2e]
b* ArcTan[Sec[f x] -

2+vVa+b \/bCos[4e] -1bSin[4e]
iSin[2e]

2+va+b \/bCos[4e] -1bSin[4e]

(-asin[fx] -2bsSin[fx] +aSin[2e+-Fx]” Cos[2e]

/

(8a2\/a+b fi/bCos[4e] -ibSin[4e] )J + |1 b*ArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+va+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])]Sin[2e]

|/

(8a2\/a+b f+/bCos[4e] -ibSin[4e] )
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1

((a+b)4 (a+bSec[e+fx]2)2) +

7680 a2 (a+b)4f (a+bSec[e+1cx]2)2

(a+
2b+acCos[2e+2fx])

Csc[e] Csc[e+fx]>Sec[2e]

Secle+fx]*

(75a° fxCos[fx] +900a*bfxCos[fx] +
2850 a> b? f x Cos [ x] + 3900 a2 b> f x Cos [ x] +
2475 ab* f x Cos[f x] + 600 b°> £ x Cos[f x] -15a° fxCos[3 f x] +
240 a*bfxCos[3fx] +1110a> b2 fx Cos[3 fx] +
1740 a?b3 f x Cos[3 fx] +1185ab*fx Cos[3fx] +
300 b° fx Cos[3fx] -75a°fxCos[2e-fx] -
900 a*bfxCos[2e-fx]-2850a3b%>fxCos[2e-Ffx] -
3900 a2 b3 fxCos[2e-fx] -2475ab*fxCos[2e-fx] -
600b° fxCos[2e-fx]-75a>fxCos[2e+fx] -900a*bfxCos[2e+fx]-
2850 a*b2 fxCos[2e+fx] -3900a2b3fxCos[2e+fx] -
2475ab* fxCos[2e+fx] -600b° fxCos[2e+fx]+
75a° fxCos[de+fx] +900a*bfxCos[de+fx]+
2850a° b2 fxCos[4e+fx] +3900a%b>fxCos[de+Ffx]+
2475ab*fxCos[4e+fx] +600b°fxCos[4e+fx]+15a° fxCos[2e+3fx] -
240 a*bfxCos[2e+3fx] -1110a3b’>fxCos[2e+3fx] -
1740 2’ b3 fxCos[2e+3fx] -1185ab*fxCos[2e+3Ffx] -
300b° fxCos[2e+3fx] -15a°fxCos[4e+3fx] +240a*bfxCos[de+3Ffx]+
1110 a3 b2 fxCos[4e+3fx] +1740a%b> fxCos[4e +3 fx] +
1185ab* fxCos[4e+3fx] +300b° fxCos[4e+3Ffx] +15a°fxCos[6e+3fx] -
240a*bfxCos[6e+3fx] -1110a’b2fxCos[6e+3Ffx] -
1740 a’b3> fxCos[6e+3fx] -1185ab*fxCos[6e+3fx] -300b°> fxCos[6e+3Ffx]+
45a° fxCos[2e+5fx] +120a*bfxCos[2e+5Ffx] +30a’b2fxCos[2e+5Ffx] -
180 a’b>fxCos[2e+5fx] -195ab*fxCos[2e+5fx] -60b°>fxCos[2e+5fx] -
45a° fxCos[4e+5Ffx] -120a*bfxCos[4e+5Ffx] -30a>b?>fxCos[4e+5Fx] +
180a’b3fxCos[4e+5Ffx] +195ab*fxCos[4e+5fx] +60b°>fxCos[de+5Fx] +
453° fxCos[6e+5Ffx] +120a*bfxCos[6e+5Ffx] +30a’b>fxCos[6e+5Ffx] -
180a’b3fxCos[6e+5Ffx] -195ab*fxCos[6e+5fx] -60b°>fxCos[6e+5Fx] -
453° fxCos[8e+5Ffx] -120a*bfxCos[8e+5Ffx] -30a°b>fxCos[8e+5Ffx] +
180 a’b3>fxCos[8e+5fx] +195ab*fxCos[8e+5fx] +60b°>fxCos[8e+5fx] -
15a°fxCos[4e+7Ffx] -60a*bfxCos[de+7Ffx] -990a’b?2fxCos[de+7Ffx] -
60a’b>fxCos[4e+7Ffx] -15ab*fxCos[de+7Ffx] +15a°fxCos[6e+7Ffx] +
60a*bfxCos[6e+7fx] +99a’b2fxCos[6e+7Ffx] +60a’b>fxCos[6e+7Ffx] +
15ab*fxCos[6e+7fx] -15a°fxCos[8e+7Ffx] -60a*bfxCos[8e+7Ffx] -
90a*b?fxCos[8e+7Ffx] -60a’b>fxCos[8e+7Fx] -15ab*fxCos[8e+7Ffx] +
15a°fxCos[10e+7fx] +60a*bfxCos[10e+7fx] +90a’ b2 fxCos[10e+7Fx] +
60a’b>fxCos[10e+7Ffx] +15ab*fxCos[10e+7fx] -10a°Sin[fx] +
860 a* b Sin[fx] +3120a°b?Sin[f x] + 3600 a% b3 Sin[fx] - 300 b®> Sin[f x] +
46 a° Sin[3fx] -508a*bSin[3fx] -2324a>b2Sin[3fx] -3120a?b3Sin[3fx] +
75ab*Sin[3fx] -150b°>Sin[3fx] -240a°Sin[2e-fx] -1840a*bSin[2e-fx] -
4840 a>b?Sin[2e-fx] - 5040 a2b*>Sin[2e-fx] -300b°>Sin[2e-fx] +
240 a° Sin[2e+fx] +1840a*bSin[2e+fx] +4840a3b%Sin[2e+fx] +
5040 a2b3>Sin[2e+fx] -75ab*Sin[2e+fx] -300b°>Sin[2e+fx] -10a°Sin[4e+fx] +
860 a*bsSin[4e+fx] +3120a>b2Sin[4e+fx] +3600a%b>Sin[de+fx] +
75ab*Sin[d4e+fx] +300b°Sin[4e+fx] -240a*bSin[2e+3fx] -
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900 a®b%2Sin[2e+3fx] -1200a’b3>Sin[2e+3fx] -75ab*Sin[2e+3fx] +
150b° Sin[2e+3fx] +46a°Sin[4e+3fx] -508a*bSin[4e+3fx] -

2324 a3b%2Sin[4e+3fx] -3120a’b3Sin[4e+3fx] +60ab*Sin[4e+3Ffx] +
150b°Sin[4e+3fx] -240a*bSin[6e+3fx] -900a>b?Sin[6e+3Ffx] -
1200 a’b3Sin[6e+3fx] -60ab*Sin[6e+3fx] -150b°>Sin[6e+3fx] -
48 a°Sin[2e+5fx] -32a*bSin[2e+5fx] +340a>b?>Sin[2e+5Fx] +

864 a’b3Ssin[2e+5fx] -60ab*Sin[2e+5Ffx] +30b°Sin[2e+5Ffx] -
90a°Sin[4e+5fx] -300a*bSin[4e+5Ffx] -300a>b?Sin[4e+5Fx] +
60ab*Sin[4e+5fx] -30b°Sin[4e+5Ffx] -48a°Sin[6e+5Ffx] -
32a*bSin[6e+5fx] +340ab?Sin[6e+5Ffx] +864a%b>Sin[6e+5Ffx] -
15ab*Sin[6e+5fx] -30b°>Sin[6e+5fx] -90a°Sin[8e+5fx] -
300a*bSin[8e+5fx] -300a>b2Sin[8e+5fx] +15ab*Sin[8e+5Ffx] +
30b°Sin[8e+5fx] +46a°Sin[4e+7fx] +172a*bsSin[de+7fx] +

216 a®b?Sin[4e+7fx] +15ab*Sin[4de+7fx] -15ab*Sin[6e+7 fx] +
46a°sin[8e+7fx] +172a*bSin[8e+7fx] +216a>b*>Sin[8e+ 7 fx])

Problem 367: Result unnecessarily involves imaginary or complex numbers.

Cot[e + fx]
J dx
(a+bSec[e+fx]2)3

Optimal (type 3, 130leaves, 4 steps):
b3 b> (3a+2b)

- + +

42 (a+b) f (b+raCos[e+fx]2)? 2a*(a+b)?f(b+aCos[e+fx]?)

b (3a?+3ab+b?) Log[b+aCos[e+fx]%] Log[Sin[e+fx]]

+

2a% (a+b)*f (a+b)f

Result (type 3, 253 leaves):
1

32 a3 (a+b)31‘:(a+bSec[e+1‘:x]2)3
(a+2b+aCos[2 (e+fx”) (—4b3 (a+b)2+4b2 (a+b) (3a+2b) (a+2b+aCos[2<e+fx)])+

4ib(3a+3ab+b?) fx (a+2b+aCos|2 (e+fx)])27

2ib(3a*+3ab+b*) ArcTan|Tan|[2 (e+fx)]] (a+2b+aCos|2 <e+fx)])2+
b(3a>+3ab+b?) (a+2b+aCos|2 (e+fx)”2Log[(a+2b+aCos[2 (e+fx>])2] +
4a (a+2b+aCos|2 (e+fx”)2Log[Sin[e+fx]]) Sec[e+ fx]°®

Problem 368: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]3
j dx

(a+bSec[e+fx]2)3

Optimal (type 3, 154 leaves, 4 steps):
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b4 b3 (Za+b)

42 (a+b)?f (b+aCos[e+Ffx]2)* a*(a+b)’f (b+aCos[e+Ffx]?) i

Csc[e+fx]2 b?(6a+4ab+b?) Log[b+aCos[e+fx]2| (a+4b) Log[Sinf[e+Fx]]

2 (a+b)’f 22° (a+b)*f (a+b)*f

Result (type 3, 1045leaves):
b* (a+2b+aCos[2e+2fx]) Sec[e+fx]® b>(2a+b) (a+2b+aCos[2e+21‘x}>ZSec[e+Fx]6

8a’ (a+b)?f (a+bSec[e+fx]2)> 42 (a+b)’f (a+bSec[e+fx]?)?
(Ji (-6a*b*-4ab®-b*) ArcTan[Tan[2e+2fx]] (a+2b+aCos[2e+2-Fx])3Sec[e+-Fx]6)/
2b+acCos[2e+2fx])3cC fx]2s fx]6
(16a3 (a+b)4f(a+b5ec[e+fx]2)3)—<a+ +aCos[2e+2fx]) Cscle Fx)?Secle s £x] +
16(a+b)3'-F<a+bSec[e+1‘:x12)3

((—6a2b2—4ab3—b4) (a+2b+aCos[2e+2Fx1)3Log[(a+2b+aCos[2e+2Fx])2]

Secie+£x]°) /(322% (a+b)*f (a+bseceFx12)?) +
((faf4b) (a+2b+aCos[2e+2-Fx])3Log[Sin[e+-Fx}] Sec[e+Fx]5)/
(8 (a+b)4f (a+bSec[e+fx]2)3) +
1

X (a+2b+aCos[2e+2-Fx])BS.ec[le-Fx}6
(a+bSec[e+-Fx]2)3

+ — — —

{aCot[e] b Cot[e] 3ib?Cos[e]? i b3 Cos[e]?
8 (a+b)* 2(a+b)® 4a(a+b)® (Cos[e]2-Sin[e]?) 2a2(a+b)* (Cos[e]?-Sin[e]?)

i b*Cos[e]? 3b2Cos[e] Sin[e]

8a* (a+b)* (Cos[e]?-Sin[e]?) 2a(a+b)* (Cos[e]?-Sin[e]?)

b3 Cos[e] Sin[e] b* Cos[e] Sin[e]

- +

a? (a+b)* (Cos[e]2-Sin[e]?) 4a*(a+b)* (Cos[e]?-Sin[e]?)

31b2Sin[e]? i b3Sin[e]?
+ +

43 (a+b>4 (Cos[e]?-sin[e]?) 2a? (a+b)4 (Cos[e]?-sin[e]?)

ib*Sinfe]? i(a+aCos[2e] +iaSin[2e])

8a* (a+b)* (Cos[e]?-Sin[e]?) 8 (a+b)*(-1+Cos[2e]+iSin[2e])
i (b+bCos[2e] +ibSin[2e]) 3i (-b?+b2Cos[4e] +ib>Sin[4e])

2 (a+b)* (-1+Cos[2e] +iSin[2e]) 43 (a+b)* (1+Cos[4e] +iSin[4e])
i (-b3+b*Cos[4e] +ib*Sin[4e]) i (-b*+b*Cos[4e] +ib*Sin[4e])

2 a2 (a+b)4 (1+Cos[4e] +iSin[4e]) 8a° <a+b)4 (1+Cos[4e] +iSin[4e])

Problem 369: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]>
J dx

(a+bSec[e+1‘:x]2)3
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Optimal (type 3, 192 leaves, 4 steps):
bS

- +

433 (a+b)3-F (b+aCos[e+Fx]2)2

b4(5a+2b) (2a+5b)Csc[e+fx]2 Cscle+ fx]4

+

2a3 (a+b)4f(b+aCos[e+-Fx]2) 2(a+b)4f 4(a+b)3f

+

b*> (10a2+5ab+b?) Log[b+aCos[e+fx]2] (a?+5ab+16b?) Log[Sin[e+fx]]
+
2a° (a+b)*f (a+b)>f

Result (type 3, 1286 leaves):
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b> (a+2b+aCos[2e+2fx]) Sec[e+fx]®
- +

8a* (a+b)’f (a+bSec[e+fx]?)>

b* (5a+2b) (a+2b+aCos[2e+21‘x])ZSec[eJrfx]6

8 a3 (a+b)4-F (a+bSec[e+-Fx]2)3
(Ji (a?+5ab+10b%) ArcTan[Tan[e + f x] ] (a+2b+aCos[2e+2-Fx])3Sec[e+-Fx]6)/
(8 (a+b)5-F (a+bSec[e+fx]2)3) -
(Ji (18a*b®>+5ab*+b*) ArcTan[Tan[2 e+ 2 f x] ] (a+2b+aCos[2e+2fx])3Sec[e+fx]6)/
(16a3 (a+b)5-F (a+bSec[e+fx]2)3) +

(2a+5b) <a+2b+aCos[2e+2-Fx})3Csc[e+1‘:x}25ec[e+1cx}6

16 (a+b)*f (a+bSec[e+fx]2)>

(a+2b+aCos[2e+2fx])3Csc[e+Fx}4Sec[e+fx]5

+

32 (a+b)’f (a+bsSecle+fx]2)’
((1@a2b3+5ab4+b5) (a+2b+aCos[2e+2Fx])>
Log[(a+2b+aCos[2e+2fx})2} Sec[e+fx]6)/(32a3 (a+b)>f (a+bSec[e+fx]2)3) +
((a2+5ab+10b2) (a+2b+aCos[2e+2fx])° Log[Sin[e +f x]?] Sec[e+fx]6)/
(16 (a+b)*f (a+bSecle+fx]2)’) +

1 3 . i a? 5iab
x (a+2b+aCos[2e+2fx])’Sec[e+fx] + +
(a+bsece+fx]?)? 8 (a+b)® 8(a+b)®
51 b2 a?Cot[e] G5abCot[e] 5b?Cot[e] 51 b3 Cos[e]?
- - - + +
4(a+b)® 8(a+b)®> 8 (a+b)’ 4(a+b)® 4a(a+b)® (Cos[e]?-Sin[e]?)

5ib*Cos[e]? i b° Cos[e]?
+ +

8 a2 (a+b)5 (Cos[e]?-sin[e]?] 8a° (a+b)5 (Cos[e]?-sin[e]?)

5b3 Cos[e] Sin[e] 5b* Cos[e] Sin[e]
+ +

2a (a+b)® (Cos[e]?-sin[e]?) 4a%(a+b)® (Cos[e]?-Sin[e]?)

b°> Cos[e] Sin[e] 51 b3Sin[e]?

4 a3 (a+b)5 (Cos[e]?-sin[e]?) ) 4a (a+b)5 (Cos[e]?-sin[e]?)
5ib*Sin[e]? . i b°Sin[e]?

8 a2 (a+b)5 (Cos[e]?-sin[e]?) 8a° (a+b)5 (Cos[e]?-sin[e]?)

(i (a>+5ab+a’Cos[2e] +5abCos[2e] +1ia’Sin[2e] +51’1abSin[2e]>)/
(s (a+b)® (-1+Cos[2e] +]lSin[Ze]>) N
5i (b2+b?Cos[2e] +ib?Sin[2e]) 5i (-b*+b3Cos[4e] +ib3>Sin[4e])

+ +
4 (a+b)® (-1+Cos[2e] +iSin[2e]) 4a(a+b)®(1+Cos[4e]+iSin[de])

5i (-b*+b*Cos[4e] +ib*Sin[4e]) i (-b°+b°Cos[4e] +ib>Sin[4e])
+

8a? (a+b)” (1+Cos[4e] +iSin[4e]) 8a®(a+b)” (1+Cos[4e] +iSin[4e])

Problem 370: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Tan[e + fx]®
J dx

(a+b5ec[e+1cx]2)3

Optimal (type 3, 147 leaves, 7 steps):
Va+b (3a’-4ab+8b?) Ar‘cTan[M]

a+b
2 _
a3 8a3b>/2f

(a+b) Tan[e+fx]3 (3a-4b) (a+b) Tan[e + fx]

4abf (a+b+bTan[e+-Fx12)2 galb2f (a+b+bTan[e+fx]?)
Result (type 3, 760 leaves):

[(3a3+a2b4ab28b3) (a+2b+aCos[2e+2Fx])3Sec[e+fx]6 ArcTan |

Cos[2e] iSin[2e]

Sec[f x]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b v/bCos[4e] -ibSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])] Cos[2e]

(64a3b2\/a+b f/bCos[4e] -ibSin[4e] )— i ArcTan |

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])]Sin[2e]

|/

3

(64a3 b2/a+b f/bCos[4e] -ibsSin[4e] )

(a+bSecle+fx]?)>+ 1

128 a°b? f (a+bSecle+fx]?)

(a+2b+aCos[2e+2-Fx])

Sec|

2e] Sec[e+fx]®

(-24a*b*fxCos[2e] -64ab’fxCos[2e] -64b*fxCos[2e] -
16a°b2fxCos[2fx] -32ab3>fxCos[2fx] -16a’b?>fxCos[d4e+2fx] -
32ab>fxCos[4e+2fx] -4a%b?>fxCos[2e+4fx] -
4a’°b?>fxCos[6e+4fx] +9a*Sin[2e] +15a3bsSin[2e] -
18a’b?Sin[2e] -72ab3Sin[2e] -48b*Sin[2e] -9a*Sin[2 fx] -
13a®bsSin[2fx] +28a%b?Sin[2fx] +32ab3Sin[2fx] +3a*Sin[4e+2fx] -
a’bSin[4e+2fx] -20a%b?>Sin[4e+2fx] -16ab3Sin[de+2fx] -
3a*sin[2e+4fx] +3a’bSin[2e+4fx] +6a’b’>Sin[2e+4fx])
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Problem 371: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Tan[e + f x]*4
(

a+bSec[e+1Cx]2)3

dx

Optimal (type 3, 137 leaves, 7 steps):
(a?-4ab-8b2) ArcTan| /b Tanfe:fx] ]

X a+b

— +
a’ 8a3b32+/a+b f
(a+b) Tan[e + fx] (a-4b) Tan[e + fx]
+
4abf(a+b+bTanfe+fx]?)? 8a’bf(arb+bTan[e+fx]?)

Result (type 3, 1744 leaves):

<3a2+8ab+8b2)Ar‘cTan[M]
(a+2b+aCos[2e+21‘:x])SSec[e+1‘:x]6 a-b

(a+b)

(a\/F (3a>+16ab+16b>+3a (a+2b) Cos |2 (e+fx)” Sin[2 (e+fx)”/

((a+b)2 (a+2b+acCos|2 (e+fx)])2) /(1024b5/21c (a+bSec[e+fx]2)3) -

3a(a+2b) ArcTan[%a”i:foL]
a+

(a+2b+aCos[2e+2fx])>Sec[e+fx]® |-
(a+b)5/2

(\/F (3a+14a’b+24ab’>+16b°+a (3a2+4ab+4b2>Cos{2 (e+FxH) Sin|2 (e+1:x)])/

((a+b)2(a+2b+aCos[2(e+fX)]>z) /

(2048b5/2-F (a+bSec[e+fx]2)3) + !
32 (a+bSec[e+fx]?)?
(a+2b+aCos[2e+2fx])’>Sec[e+fx]®

(3a5-10a4b+80a3b2+480a2b3+640ab4+256b5)

ArcTan|[Sec[f x]

1
((aer)z
Cos[2e] iSin[2e]
2+/a+b \/bCos[4e] -1bSin[4e] 2+/a+b +/bCos[4de] -ibSin[4de]

/

1 ArcTan [Sec [fx]

(-asin[fx] -2bsSin[fx] +aSin[2e+-Fx]H Cos[2e]

(64a3b2\/a+b f+/bCos[4e] -ibSin[4e] )—
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Cos[2e] iSin[2e]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b VbCos[4e]-1bSin[4e]

/(64a3b2x/a+b f

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

1

VbCos[4e] —ibSin[4e] )

+

128a%b? (a+b)?f (a+2b+aCos[2e+2fx])?

Sec[2e] (768a*b*fxCos[2e] +3584a°b>fxCos[2e] +6912a°b* fxCos[2e] +
6144 ab® f xCos[2e] +2048b® f xCos[2e] +512a*b? fx Cos[2fx] +
2048 a® b3 f x Cos[2 f x] + 2560 a2 b* fxCos[2fx] +1024ab> fxCos[2fx] +
512 a*b?>fxCos[4e+2fx] +2048a°b> fxCos[4e+2fx] +2560a%b*fxCos[de+2fx]+
1024 ab’ fxCos[de+2fx] +128a*b?fxCos[2e+4Ffx] +256a>b>fxCos[2e+4fx]
128 a2 b*fxCos[2e+4fx] +128a*b2fxCos[6e+4fx] +256a°>b>fxCos[6e+4fx]
128 a’b*fxCos[6e+4fx] -9a°Sin[2e] +12a°bSin[2e] +684a*b2Sin[2e] +
2880 a3 b3Sin[2e] +5280a%b*Sin[2e] +4608 ab’Sin[2e] +1536b°Sin[2e] +
9a%Sin[2fx] -14a°bsSin[2fx] -608a*b?Sin[2fx] -2112a°b3>Sin[2 fx] -
2560 % b*Sin[2fx] -1024ab’>Sin[2fx] -3a®Sin[4e+2fx] +10a°bSin[de+2fx] +
304a*b%2Sin[4e+2fx] +1056a>b3Sin[4e+2fx] +1280a%b*Sin[4e+2Ffx] +
512ab’°Sin[4e+2fx] +3a%Sin[2e+4fx] -12a°bSin[2e+4fXx] -

+
+

204a*b*Sin[2e+4fx] -384a’b’Sin[2e+4fx] -192a’b*Sin[2e+4fx])

((a+2b+aCos[2e+21‘:x])3Sec[e+1‘:x}6 (—((sazAr‘cTan[(Sec[fx} (Cos[2e] -isSin[2e])

(- (a+2b) sin[fx] +aSin[2e+-Fx]))/ (Zm\/b (Cose] —jSin[e])“)}
/(m\/b (Cos[e] —JiSin[e])4)) +

(asec[2e] ((-9a*-16a’b+48a’b”>+128ab’+64b*) Sin[2fx] +a (-3a’+2a’b+24a
b>+16b%) Sin[2 (e+2fx) ] + (3a*-64a%b?-128ab’ -64b*) Sin[de+2Fx]) +
(9a®>+18a*b-64a>b>-256a° b’ - 320ab* - 128b°) Tan[2e]>/

(Cos[2e] -iSin[2e])

(az (a+2b+aCos|2 (e+-Fx)”2)])/ (2048b2 (a+b)*f (a+bSec[e+Fx}2)3)

Problem 372: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + fx]?
J dx

(a+bSec[e+1‘:x]2)3

Optimal (type 3, 138 leaves, 7 steps):
(3a?+12ab+8b?) Ar‘cTan[M]

a+b
-— 4 +

a’ 8a3\/F(a+b)3/21c

Tan[e + f x] (3a+4b) Tan[e + fx]

+

4af (a+b+bTan[e+fx)2)? 8a? (a+b) f(a+b+bTan[e+fx]?)
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Result (type 3, 1745leaves):
(3a2+8ab+8b?) ArcTan[M‘e*—fo]

a+b

(a+2b+aCos[2e+21“x])E’Sec[eJr-Fx]6 -
(a+b)5/2

(a\/F (3a2+16ab+16b?+3a (a+2b) Cos[2 (e+fx)])Sin|2 (e+FxH)/

((a+b)2 (a+2b+aCos|2 (e+-Fx)])2) /(1024b5/2f (a+bSec[e+fx]2)3) +

3a (a+2b) ArcTan[ Yo Taniesfxl ]

a+b

(a+2b+aCos(2e+2fx])’Sec[e+fx]® |- +
(a+b)5/2

(W (3a®+14a’b+24ab2+16b%+a (3a+4ab+4b?) Cos[2 (e+Fx)]) Sin[2 (e+-Fx)])/

((a+b)2(a+2b+aCos[2(e+fX)]>z) /

1

(2048b5/2-F (a+bSec[e+-Fx]2)3) +
32 (a+bSec[e+1‘x}2>3

(a+2b+aCos[2e+2fx])’>Sec[e+fx]®

(3a°-10a%b+80a*b*+480a%b>+ 640 a b* + 256 b°)

(_ (a+b)?

Cos[2e]
ArcTan [Sec [fx]

2+/a+b \/bCos[4e] -ibSin[4e]
isin[2e]

(-asin[fx] -2bsSin[fx] +

2+/a+b /bCos[4e] -ibSin[4e]

asin[2e+fx])] Cos[2e] /(64a3b2\/a+b f+/bCos[4e] -1bSin[4e] | -

Cos[2e]

i ArcTan [Sec [f x]

2+/a+b \/bCos[4e] -ibSin[4e]

iSin[2e]

(-asin[fx] -2bsin[fx] +

2+va+b \/bCos[4e] -1bSin[4e]

asin[2e+fx])]sin[2e] /(64a3b2\/a+b f+/bCos[4e] -1bSin[4e] )

1

Sec[2e] (768a*b*fxCos[2e] +

128a%b? (a+b)*f (a+2b+aCos[2e+2fx])?
3584 a3 b3 fxCos[2e] +6912a%b*fxCos[2e] +6144ab°> fxCos[2e] +
2048 b8 fxCos[2e] +512a*b?>fxCos[2fx] +2048a°b>fxCos[2Ffx] +
2560 a2 b* f x Cos[2fx] +1024ab° fxCos[2fx] +512a*b>fxCos[de+2Ffx] +
2048 a® b3 fxCos[4e+2fx] +2560a2b* fxCos[4e+2fx] +1024ab>fxCos[de+2Ffx] +
128 a*b>fxCos[2e+4fx] +256a°b>fxCos[2e+4fx] +128a’b*fxCos[2e+4fx] +
128 a*b>fxCos[6e+4fx] +256a>b>fxCos[6e+4fx] +128a’b*fxCos[6e+4fx] -
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9aSin[2e] +12a°bsSin[2e] +684a*b%>Sin[2e] +2880a°b3>Sin[2e] +

5280 a2 b*Sin[2e] + 4608 ab®Sin[2e] + 1536 b® Sin[2e] +9a®Sin[2 fx] -
14a°bSin[2fx] -608a*b%2Sin[2fx] - 2112 a3 b3Sin[2fx] - 2560 a®? b*Sin[2 fXx] -
1024 ab°Sin[2fx] -3a°Sin[4e+2fx] +10a°bSin[4e+2fx] +
304a*b%?Sin[4e+2fx] +1056a>b3Sin[4e+2fx] +1280a%b*Sin[4e+2fx] +
512ab°Sin[4e+2fx] +3a®Sin[2e+4fx] -12a°bSin[2e+4fx] -

204a*b*sin[2e+4fx] -384a’b’Sin[2e+4fx] -192a*b*Sin[2e +4fx])

((a+2b+aCos[2e+21‘:x])3Sec[e+1:x16

(—((GazAr‘cTan[(Sec[Fx] (Cos[2e] -isSin[2e]) (- (a+2b) Sin[fx] +aSin[2e+fx]))/
(2\/a+b \/b(Cos[e]—jSin[e])“)}
(Cos[Ze]—iSin[Ze]))/(\/a+b \/b(Cos[e]—jSin[e])4)]+

(asec[2e] ((-9a*-16a’b+48a’b”>+128ab’+64b*) Sin[2fx] +a (-3a’+2a’b+24a
b>+16b%) Sin[2 (e+2fx)] + (3a*-64a2b?-128ab’-64b*) Sin[de+2Fx]) +
(9a®>+18a*b-64a>b>-256a° b’ - 320ab* - 128b°) Tan[2e]>/

(az (a+2b+aCos|2 (e+Fx”>2)])/ (2048b2 (a+b)*f (a+bSec[e+Fx}2>3)

Problem 373: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
(a+bSec[e+1“x]2)3

Optimal (type 3, 144 leaves, 6 steps):

Vb (15a2+20ab+8b?) ArcTan[ Yo T2nlefxl ]

» a+b

a’ 8 a3 <a+b)5/2f

bTan[e +fx] b(7a+4b)Tan[e+fx]

4a(a+b)f(a+b+bTan[e+fx]2)? 8a2(a+b)’f (a+b+bTan[e+fx]2)

Result (type 3, 627 leaves):
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X (a+2b+aCos[2e+21‘x])3Sec[e+-Fx]6

+
8 a3 (aerSec[eercx]Z)3

((15a2+20ab+8b2) (a+2b+aCos[2e+2Fx])3Sec[e+fx]6 b ArcTan |

Cos[2e] 1 Sin[2e]
Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+/a+b /bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

(64a3\/a+b f+/bCos[4e] -1bSin[4e] )— ibArcTan|

Cos[2e] iSin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

]/ (<a+b)2 <a+bSec[e+.FX}2>3) .

((a+2b+aCos[2e+2-Fx])ZSec[eJr-Fx}6 (9a®bsin[2e] +28ab’Sin[2e] +

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Sin[2e]

(64a3\/a+b f/bCos[4e] -1bSin[4e] )

16 b>Sin[2e] -9a2bSin[2 fx] —6abZSin[2fx]))/
(64a3 (a+b)2-F (aerSec[eJr-Fx]Z)3 (Cos[e] -sinfe])
(Coste] +Sin[e])) +
((a+2b+aCos[2e+2fx]) Sec[e+fx]® (-ab*Sin[2e] -2b’Sin[2e] +abZSin[2fx]))/
(16a3 (a+b) f (aerSec[eercx]z)3
(Cos[e] -Sin[e]) (Cos[e] +Sin[e]))

Problem 374: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e+fx]?
J dx
(

a+bSec[e+1‘:x]2)3

Optimal (type 3, 181 leaves, 8 steps):
b*/2 (35a2+28ab+8b?) Ar‘cTan[M]

b (8a?-11ab-4b?) Cot[e+fx]
2 _ _
al 8 a3 (a+b)7/zf 8 a2 (a+b)3f
bCot[e+fx] b (9a+4b) Cot[e+fx]

4a(a+b)f(a+b+bTanle+fx]2)? g (a+b)?f (a+b+bTanle+fx]2)
Result (type 3, 2089 leaves):

(35a%+28ab+8b?) (a+2b+aCos[2e+21‘:x})3
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Cos[2e]

Sec[e +fx]°® b% ArcTan [Sec [f x]

|

2vVa+b \/bCos[de] -1 bSin[4e]

2+va+b \/bCos[de] -1 bSin[4e]
iSin[2e]

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])] Cos[2e]

/

(64a3\/a+b f/bCos[4e] -ibsSin[de] )

+ [Ji b ArcTan |

Cos[2e] 1Sin[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bsin[fx] +aSin[2e+fx])]Sin[2e]

|/

1

(64a3\/a+b f+bCos[4e] -ibSin[4e] )

((a+b)3 (a+bSec[e+-Fx]2)3) +
512a% (a+b)>f (a+bSecle+fx]?)>

(a+
2b+acCos[2e+2fx])

Csc[e] Csc[e+fx] Sec[2e]

Sec[e+fx]°®

(8a>fxCos[fx] +56a%bfxCos[fx] +
184 a3 b% f x Cos [f x] + 296 a® b f x Cos [f x] +
224 ab*fxCos[fx] +64b>fxCos[fx]-12a°>fxCos[3fx] -
68a*bfxCos[3fx]-132a*b?>fxCos[3fx] -
108 a’ b3 fx Cos[3fx] -32ab*fxCos[3fx] -
8a°fxCos[2e-fx] -56a*bfxCos[2e-fx] -
184 ab?>fxCos[2e-fx] -296a’b>fxCos[2e-fx] -
224ab*fxCos[2e-fx] -64b°>fxCos[2e-fx]-8a°>fxCos[2e+Ffx] -
56a*bfxCos[2e+fx]-184a*>b?fxCos[2e+Ffx] -
296 a2 b3 fxCos[2e+fx] -224ab*fxCos[2e+Ffx] -
64b°fxCos[2e+fx]+8a’>fxCos[4e+fx]+56a*bFfxCos[de+fx]+
184 a3b>fxCos[de+fx] +296a2b>fxCos[de+fx] +
224ab*fxCos[4e+fx] +64b°>fxCos[de+fx]+12a°FfxCos[2e+3Ffx] +
68a*bfxCos[2e+3fx] +132a*>b?>fxCos[2e+3fx] +
108 a’b>fxCos[2e+3fx] +32ab*fxCos[2e+3fx] -
12a°fxCos[4e+3fx] -68a*bfxCos[4e+3Ffx] -132a>b?>fxCos[de+3fx] -
108 a’b>fxCos[4e+3fx] -32ab*fxCos[4e+3fx] +
12a°fxCos[6e+3fx] +68a*bfxCos[6e+3Ffx] +132a>b?>fxCos[6e+3fx]+
108 a’b>fxCos[6e+3fx] +32ab*fxCos[6e+3fx] -4a°fxCos[2e+5Ffx] -
12a*bfxCos[2e+5Ffx] -12a’b?fxCos[2e+5Ffx] -4a’b>fxCos[2e+5Ffx] +
4a°fxCos[4e+5fx] +12a*bfxCos[4e+5Ffx] +12a’b>fxCos[4e+5Fx] +
4a’b>fxCos[4e+5fx] -4a°fxCos[6e+5fx] -12a*bfxCos[6e+5Ffx] -
12a3b?fxCos[6e+5Ffx] —4a’b>fxCos[6e+5Ffx] +4a°fxCos[8e+5Fx] +
12a*bfxCos[8e+5Ffx] +12a’b>fxCos[8e+5Ffx] +4a’b>fxCos[8e+5Ffx] -
32a°Sin[fx] -64a*bsSin[fx] -30a%b>Sin[fx] -120ab*Sin[fx] -
48b>Sin[fx] +32a°Sin[3fx] +64a*bSin[3fx] +26a>b?>Sin[3fx] +
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86a’b3Sin[3fx] +32ab*Sin[3fx] -48a°Sin[2e-fx] -128a*bSin[2e-fx] -
128 a*b?Sin[2e-fx] -30a%b>Sin[2e-fx] -120ab*Sin[2e-fx] -
48b°Sin[2e-fx] +48a°Sin[2e+fx] +128a*bsSin[2e+fx] +

102 a3 b2Sin[2e+fx] -86a2b3>Sin[2e+fx] -136ab*Sin[2e+fx] -
48b°Sin[2e+fx] -32a°Sin[4e+fx] -64a*bSin[4e+fx] +26a°b2Sin[de+fx] +
86a’b>Sin[4e+fx] +136ab*Sin[4e+fx] +48b°Sin[4e+fx] -8a°Sin[2e+3fx] -
26a>b?Sin[2e+3fx] -86a’b3>Sin[2e+3fx] -32ab*Sin[2e+3Ffx] +
32a°Sin[4e+3fx] +64a*bSin[4e+3Ffx] -13a°b?Sin[d4e+3Ffx] -
36a’b3Sin[4e+3fx] -16ab*Sin[4e+3fx] -8a°Sin[6e+3fx] +
13a%b?Sin[6e+3fx] +36a2b>Sin[6e+3fx] +16ab*Sin[6e+3fx] +
8a°Sin[2e+5fx] +13a*>b?Sin[2e+5Ffx] +6a’b>Sin[2e+5Ffx] -
13a’b*Sin[4e+5fx] -6a’b>Sin[4e+5fx] +8a°Sin[6e+5fx])

Problem 375: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[e + fx]*
J dx
(

a+bSec[e+1Cx]2)3

Optimal (type 3, 230leaves, 9 steps):
b*/2 (63 a2 +36ab+8b2) ArcTan| M]

a+b
— - +

a’ 8 a3 (a+b>9/2f

(8a*+32a?b-15ab?-4b%) Cot[e+fx] (8a?-39ab-12b2) Cotle+fx]3

8a% (a+b)*f 24 32 (a+b)3f
b Cot[e+fx]3 b (11a+4b) Cot[e+fx]>

4a(a+b)f (a+b+bTan[e+fx]2)2 ) 8 a2 (a+b)2-F (a+b+bTan[e+fx]?)
Result (type 3, 3340leaves):

(63a%+36ab+8b?) (a+2b+aCos[2e+21‘:x1)SSec[e+1:x]6 b® ArcTan |

Cos[2e] iSinf[2e]

Sec[f x]

2+va+b \/bCos[4e] -1bSin[4e] 2+a+b \/bCos[4e] -1bSin[4e]

/

(-asin[fx] -2bSin[fx] +aSin[2e+fx])] Cos[2e]

(64a3\/a+b f+bCos[4e] -ibSin[4e] )— i b ArcTan|

Cos[2e] iSin[2e]
Sec[f x]

2+/a+b \/bCos[4e] -ibSin[d4e] 2+/a+b VbCos[4e]-ibSin[4e]

/

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

|/

(64a3\/a+b f/bCos[4e] —ibsSin[de] )

|

|
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1

((a+b)4 (a+bSec[e+fx]2)3) +
6144 a3 (a+b)4f (a+bSec[e+1°x]2)3
(a+2b+aCos[2e+2fx])
Csc|
e] Cscle+fx]3Sec]
2e] Sec[e+fx]®
(-36a°fxCos[fx]-336a°bfxCos[fx]-1560a*b*>fxCos[fx] -
3600 a3 b3 f x Cos[f x] - 4260 a2 b* £ x Cos [f x] - 2496 ab® f x Cos [f X] -
576 b® f x Cos [fx] +36a%fxCos[3fx] +240a°bfxCos[3Ffx] +
408 a* b fx Cos[3fx] -48a°b3 fxCos[3Ffx] -732a%b*fxCos[3fx] -
672ab>fxCos[3Ffx] -192b® fxCos[3fx] +36a®fxCos[2e-Fx]+
336a°bfxCos[2e-fx] +1560a*b?>fxCos[2e-fx] +3600a>b>fxCos[2e-fx] +
4260 a%b*fxCos[2e-fx] +2496ab>fxCos[2e-fx]+
576 b® fx Cos[2e-fx] +36a°fxCos[2e+fx] +336a°bfxCos[2e+fx]+
1560 a* b2 fx Cos[2e+fx] +3600a b3 fxCos[2e+fx] +
4260 a’b*fxCos[2e+fx] +2496ab> fxCos[2e+fx] +576b8 fxCos[2e+fx] -
36a°fxCos[4e+fx] -336a°bfxCos[de+fx]-1560a*b>fxCos[de+fx]-
3600 a3 b3 fxCos[de+fx]-4260a%b*fxCos[de+fx]-2496ab’>fxCos[de+fx]-
576 b® fx Cos[4e+fx] -36a°fxCos[2e+3fx]-240a°bfxCos[2e+3fx] -
408 a* b2 fxCos[2e+3Ffx] +48a’b>fxCos[2e+3Ffx] +732a%b*fxCos[2e+3Ffx] +
672ab’fxCos[2e+3fx] +192b®fxCos[2e+3Ffx] +36a°FfxCos[4e+3Ffx]+
240a°bfxCos[4e+3fx] +408a*b?> fxCos[4e+3fx] -48ab>fxCos[4e+3Ffx] -
732a’b*fxCos[d4e+3fx] -672ab’>fxCos[4e+3fx] -192b° fxCos[de+3Fx] -
36a°fxCos[6e+3Ffx] -240a°bfxCos[6e+3fx] -408a*b’>fxCos[6e+3Ffx]+
48 a>b>fxCos[6e+3fx] +732a’b*fxCos[6e+3fx] +672ab>fxCos[6e+3Ffx] +
192b® fxCos[6e+3fx] -12a®fxCos[2e+5fx] -144a°bfxCos[2e+5Fx] -
456 a* b2 fxCos[2e+5Ffx] -624a>b>fxCos[2e+5Ffx] -396a%b*fxCos[2e+5fx] -
96ab’fxCos[2e+5Ffx] +12a%fxCos[4e+5Ffx] +144a°bfxCos[de+5Ffx]+
456 a* b2 fxCos[4e+5Ffx] +624a>b>fxCos[4e+5Ffx] +396a’b*fxCos[d4e+5Ffx]+
96ab>fxCos[4de+5Ffx] -12a°fxCos[6e+5Ffx] -144a°bfxCos[6e+5Ffx] -
456 a* b2 fxCos[6e+5Ffx] -624a>b>fxCos[6e+5Ffx] -396ab*fxCos[6e+5fx] -
96ab°fxCos[6e+5Ffx] +12a%fxCos[8e+5Ffx] +144a°bfxCos[8e+5Ffx] +
456 a* b?> fxCos[8e+5Ffx] +624a°b>fxCos[8e+5Ffx] +396a’b*fxCos[8e+5Fx] +
96ab>fxCos[8e+5fx] -12a%fxCos[4e+7Ffx] -48a>bfxCos[de+7Ffx] -
72a*b?fxCos[4e+7Ffx] -48a’b>fxCos[4e+7Ffx] -12a%b*fxCos[4e+7Fx] +
12a°fxCos[6e+7Ffx] +48a°bfxCos[6e+7Ffx] +72a*b?fxCos[6e+7Ffx] +
48a*b>fxCos[6e+7fx] +12a’b*fxCos[6e+7fx]-12a®fxCos[8e+7fx] -
48a°bfxCos[8e+7fx]-72a*b>fxCos[8e+7fx]-48a>b>fxCos[8e+7fX] -
12a’°b*fxCos[8e+7Ffx] +12a%fxCos[10e+7fx] +48a°bfxCos[10e+7 fx] +
72a*b?fxCos[10e+7fx] +48ab>fxCos[10e+7fx] +12a2b* fxCos[10e+7 fx] -
128 a® Sin[fx] - 440 a° b Sin[fx] - 1152 a* b2 Sin[f x] - 1920 a% b3 Sin[f x] +
228 a2 b*Sin[fx] +1320ab’>Sin[fx] +432b%Sin[fx] +48a%Sin[3fx] +
104 a°bSin[3 fx] + 640 a*b?Sin[3 fx] +1511a>b>Sin[3 fx] - 528 a?b*Sin[3 fx] +
264ab°Sin[3 fx] +144b%Sin[3 fx] -32a®Sin[2e-fx] +384a°bSin[2e-fx] +
2048 a* b?Sin[2e-fx] +3072a>b3Sin[2e-fx] +228a%b*Sin[2e-fx] +
1320ab®Sin[2e-fx] +432b8%Sin[2e-fx] +32a%Sin[2e+fx] -384a°bSin[2e+fx] -
2048 a* b?Sin[2e+fx] -2919a>b3Sin[2e+fx] +642a’b*Sin[2e+fx] +
1416 ab®>Sin[2e+ fx] +432b8Sin[2e +fx] -128a°%Sin[4e+fx] -
440 a°bSin[4e+fx] -1152a*b?Sin[4e+fx] -2073ab3Sin[4e+ fx] -
642 a’b*Sin[4e+fx] -1416ab’>Sin[4e+fx] -432b%Sin[d4e +fx] -
144 a®°Sin[2e+3fx] -672a°bSin[2e+3fx] -960 a*b2Sin[2e+3 fx] +
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153 ab3>Sin[2e+3fx] +528a%b*Sin[2e+3fx] -264ab’°Sin[2e+3fx] -
144b°Sin[2e+3fx] +48a°Sin[4e+3fx] +104a°bSin[de+3fx] +

640 a* b2Sin[4e+3Ffx] +1664ab3Sin[4e+3fx] -66a2b*Sin[de+3fx] -
408 ab°Sin[4e+3fx] -144b°Sin[d4e+3fx] -144a°Sin[6e+3fx] -
672a°bSin[6e+3fx] -960a*b2Sin[6e+3fx] +66a’b*Sin[6e+3fx] +
408 ab’Sin[6e+3fx] +144b%Sin[6e+3fx] +80a®Sin[2e+5Fx] +
480a°bSin[2e+5fx] +832a*b?Sin[2e+5Ffx] +294a’b*Sin[2e+5Fx] +
96ab°Sin[2e+5fx] -48aSin[4e+5fx] -120a°bSin[4e+5Ffx] -

294 a%’b*Sin[4e+5fx] -96ab>Sin[4e+5fx] +80a®Sin[6e+5Ffx] +
480a°bSin[6e+5fx] +832a*b?Sin[6e+5Ffx] -51a*>b3>Sin[6e+5Ffx] -
132 a%b*Sin[6e+5fx] -48ab>Sin[6e+5fx] -48a®Sin[8e+5Ffx] -
120a°bSin[8e+5fx] +51a*b3>Sin[8e+5fx] +132a%b*Sin[8e+5fx] +
48 ab°Sin[8e+5fx] +32a%Sin[4e+7fx] +104a°bSin[de+7fx] +
51a®b3Sin[4e+7fx] +18a%b*Sin[4e+7fx] -51a’b3>Sin[6e+7fx] -
18a’b*sin[6e+7fx] +32a°Sin[8e+7fx] +104a°bSin[8e+7 fx])

Problem 376: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Cot[e+fx]®
(

a+bSecle+fx]?)

Optimal (type 3, 285Ileaves, 10 steps):
b7/2 (99 a% +44ab + 8 b2) ArcTan | b Tanie=fx] |

a+b
- — _

a’ 8 a3 (a+b>1l/2f

(8a*+40a*b+80a2b?-19ab*-4b*) Cot[e+fx]

+

8a% (a+b)°f
(8a®+32a2b-51ab?-12b%) Cot[e+fx]> (8a?-75ab-20b?) Cot[e+fx]°

2422 (a+b)*f 40a? (a+b)>f
bCot[e+fx]°® b (13a+4b) Cot[e+fx]®

4a(a+b)f(a+b+bTan[e+fx]2)? g (a+b)?f (a+b+bTan[e+Ffx]?)

Result (type 3, 976 leaves):
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X (a+2b+aCos[2e+2-Fx])3Sec[e+-Fx}5

- +
8 a3 (a+bSec[e+-Fx]2)3

((11aCos[e} +26bCos[e]) (a+2b+aCos[2e+2fx])3Csc[e] Csc[e+fx]25ec[e+fx]6)/
(120 (a+b)4-F (a+bSec[e+fx]2)3) -

(a+2b+aCos[2e+2fx])3Cot[e] Csc[e+fx]*Sec[e+fx]®

+

40 (a+b)31c (a+bSec[e+1‘x]2)3

b* ArcTan [Sec [f x]

(99a*+44ab+8b%) (a+2b+aCos[2e+2fx])’>Sec[e+fx]® (_(

Cos[2¢e] 1Sin[2e]

2+/a+b \/bCos[4e] -1bSin[4e] 2+/a+b +/bCos[4e] -1ibSin[4de]

/

(-asin[fx] -2bSin[fx] +aSin[2e+-Fx]H Cos[2e]

(64a3\/a+b f/bCos[4e] -1bSin[4e] )

n [J‘l b* ArcTan [

Cos[2e] iSin[2e]
Sec[f x]

2+/a+b \/bCos[4e] -ibSin[4e] 2+ a+b v/bCos[4e] -ibSin[4e]

/

/(<a+b)5 <a+bSec[e+-FX}z>3) .

(-asin[fx] -2bsSin[fx] +aSin[2e+fx])]Sin[2e]

(64a3\/a+b f/bCos[4e] —ibSin[de] )

((a+2b+aCos[2e+2fx])3Csc[e] Csc[e+-Fx]5Sec[e+Fx}GSin[Fx])/
(4@ (a+b)>f (a+bSec[e+fx}2)3) +
a+2b+acCos[2e+2fx] 3Csc[e] Cscle+fx]3
[ )
Sec[e+fx]® (-11asSin[fX] —26bSin[-Fx]))/
(120 (a+b)*f (a+bSec[e+fx]2)3) +
((a+2b+aCos[2e+2fx])3Csc[e] Cscle+fx] Sec[e+fx]®
(23a®Sin[fx] +106abSin[fx] + 173 bzsin[fx]))/
(120 (a+b)>f (a+bSec[e+fx]2)3) +
((a+2b+aCos[2e+2fx]) Sec[2e] Sec[e+fx]®
(ab®sin[2e] +2b®Sin[2e] —abssin[ZFxH)/
(16a3 (a+b)*f (a+bSec[e+fx]2)3) +
a+2b+aCos[2e+2fx])%sec[2e] Sec[e+fx]®
(( )
(-21a%b*sin[2e] -52ab°Sin[2e] -16b°Sin[2e] + 21 a*b* Sin[2 fx] +6ab551n[2fx]))/
(64a3 (a+b)>f (a+bSec[e+fx]2)3)
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Problem 377: Unable to integrate problem.

J\/a+b5ec[e+1‘:x]2 Tan[e + f x]° dx

Optimal (type 3, 111 leaves, 7 steps):

A a+ + 2
\/?Ar'cTanh[ : bsej; £ ] \/aerSec[eJrFx]2
_ N _
f f
(a+2b) (a+bSecle+fx]2)*? (a+bSecle+fx]?)*?

+

3b2f 5b2f

Result (type 8, 27 leaves):

J\/a+b5ec[e+1‘:x]2 Tan[e + f x]° dx

Problem 378: Unable to integrate problem.

J\/a+b5ec[e+1‘:x]2 Tan[e + f x]3 dx

Optimal (type 3, 80leaves, 6 steps):

+/a+bSec[e+f x]?
/a ArcTanh| — ] \/a+bSec[e+fx]2 (a+bSec[e+-Fx]2)3/2
+

f ) f 3bf

Result (type 8, 27 leaves):

J\/a+bSec[e+Fx]2 Tan[e + f x]3 dx

Problem 379: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/aerSec[eH:x]2 Tan[e + f x] dx

Optimal (type 3, 54 leaves, 5 steps):
\/a_Ar‘cTanh{@

Ja ] \/a+bSec[e+1‘:x]2
.
f f

Result (type 3, 307 leaves):
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2
21 (e+fx)

et (exfx) \/4b+ae21<e”:x) (1+e“(e”€x))2 Cos[e + fx] +

l+e

2fx+ilogla+2brae?! (&F0 1 1/3 \/4be2“e*‘c") va (1+e2ilefo)2 ],

{i\/?

]-lLog[a+ae21(e+'Fx) +2be2i(erfx) (/g \/4be2i(e+fx) +a (1+e21(e+fx))2 }]]/

\/4b<e“(e”:x> +a (1+te“(e“cx>)2 ]J \/a+bSec[e+fX]2 ]/

(\/?f\/a+2b+aCos[2e+2fx1 )

Problem 380: Unable to integrate problem.

JCO‘t[e+'FX] \/a+bSec[e+Fx]2 dx

Optimal (type 3, 70leaves, 7 steps):

\/?Ar‘cTanh[ a+bSec[e+f x]? ] mAr‘cTanh[ a+bSec[e+f x]? ]
Va B a+b

f f

Result (type 8, 25leaves):

JCot[eﬂcx} \/a+bSec[e+-Fx]2 dx

Problem 381: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[e+1"x13\/a+b5ec[e+1‘:x]2 dx

Optimal (type 3, 109 leaves, 8 steps):
\/?ArcTanh[lfaerSec e+f x]? }

Va
N
.F
a+b Sec[e+fx]?
(2a+b) ArcTanh| b ] Cot[e+fx]2\/a+b5ec[e+fx]2
2Va+b f 2f

Result (type 3, 527 leaves):
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1

N2 fa+2b+acCos[2e+2fx]

1+(eZiL(e+'FX)
el (e+fXx) 4b+ae2t(erfx) <1+<e“ (e+-Fx))2 Cos[e + fx] _
<*1+€21(e+fx))2

1

Ja+b \/4beu(e+fX> +a (1+e21(e+fx))2

-2i+/a Va+b fx+ (2a+b) Log[1-e?! (eFN]

\EMLog[a+2b+ae21(e+fx)+\/?\/4be2]i(e“cx)+a <1+<e2]i<e“cx)>2 ] +

\/?mLog[a+a62j(e+'Fx) +2ber(e+'Fx) +\/a_\/4b62j(e+fx) +a <1+62]'1(e+-Fx))2 ] _

2aLog[a+b+ae“(e*“> +be2t(efx)  \faib \/4be“(e*‘cx> +a <1+e2“e*‘cx)>2 ] -

b Log[a +b+rae?t (efX) | pe2i(erfx)

Ja+b \/4be21(e*”) +a (1+<e”('3”c"))2 ]] \/a+bSec:[e+1‘:x]2

Problem 382: Unable to integrate problem.

JCot[eﬂcx}s\/a+bSec[e+fx]2 dx

Optimal (type 3, 161 leaves, 9 steps):
ﬁAchanh[@] (832+123b+3b2> Ar‘cTanh[ a+b Sec[e+fx]? }

a a+b
- +

f 8 (a+b)?f

(4a+3Db) Cot[e+-Fx]2\/a+bSec[e+FxJ2 Cot[e+Fx]4x/a+bSec[e+fx}2
8(a+b)'F 4 f

Result (type 8, 27 leaves):

JCot[eﬂcx}s\/a+bSec[e+fx]2 dx

Problem 383: Unable to integrate problem.

J\/a+bSec[e+fx]2 Tan[e + f x]®dx

Optimal (type 3, 219leaves, 10 steps):
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\/a ArcTan|—(aTanlesfxl | (a®>+5a%b+15ab?-5b3) ArcTanh | —/b Tanlesfx1

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
_ n _

f 16b5/2 £

(a-b) (a+5b) Tan[e +fx] Ja+b+bTan[e+Fx}2
16 b2 f

+

(a-5b) Tan[e+¥x]3\/a+b+bTan[e+1‘x]2 Tan[e+-Fx]5\/a+b+bTan[e+1"x}2

+

24bf 6f

Result (type 8, 27 leaves):

J\/a+b5ec[e+1‘:x]2 Tan[e + f x]®dx

Problem 384: Unable to integrate problem.

J\/a+b5ec[e+1‘:x]2 Tan[e + f x]%dx

Optimal (type 3, 165leaves, 9 steps):

__ +/a Tanfe+fx] _ /b Tanfe+fx]
Va ArcTan| —rafaniefxl | (a?+6ab-3b2) ArcTanh| o Tanlefxl |
a+b+bTan[e+f x]? \/ a+b+b Tan[e+f x]?

- +

f b2 f

(a-3b) Tan[e +fx] \/a+b+bTan[e+1°x]2 Tan[e+¥x]3‘\/a+b+bTan[e+-Fx]2
+
8bf 4f

Result (type 8, 27 leaves):

J\/aerSec[eJr-Fx]2 Tan[e + f x]*dx

Problem 385: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j\/a+bSec[e+1cx]2 Tan[e +fx]?dx

Optimal (type 3, 118leaves, 8steps):
\/?ArcTan[—*@M—]

a+b+b Tan[e+f x]?
- +

.F

(a-b) Ar‘cTanh[—\L[—]—b Tan[e+fx
a+b+b Tan[e+f x]2 Tan[e + f Xx] \/a+b+bTan[e+fx]2
4

2+/b f 2f
Result (type 3, 526 leaves):
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1
V2 fv/a+2b+acCos

et (e+Fx) \/4b+ae2i(e“€x> (1+e“<e+fx)>2 Cos[e +f x]
[2e+2fXx]

i _1+621(e+fx) 1
- ( > + —Z\E\meJr

(1+e“<e*‘cx>)2 \/F\/‘]_bebi(ewfx) +a <1+ezﬁ(e+fx))2

j\EWLog[a+2b+ae“(e+”>+\H\/4be“(e+fx>+a (1+e21(e+fx))2 } -

j.\/?\/FLOg[a+a(Esz(e+fX) +2be?t(erfx) +ﬁ\/4b<e“(e*fx) +a (1+<e“<e*fx)>2 ] -

aLog[ 2 \/F(—1+e“(e*{x))—j\/4be2j(e+{x)+a<1+e“(e*fx)>2 f/

((a-b) (1+e22 @) ]+

bLog| |2 \/F(lJre“(e”cx))1J4be“(e"“)+a<1+e“(e*‘cx))2 £/

((a-b) <1+e21<e*”)))]]] \/a+bSec[e+1Cx]2

Problem 386: Unable to integrate problem.

J\/aerSec[eJrFx]2 dx

Optimal (type 3, 79 leaves, 6 steps):
\/?Ar‘cTan[m] \/FAr\cTanh[—\@fol—]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?

+

f f

Result (type 8, 18leaves):
J\/a+b5ec[e+1‘:x]2 dx

Problem 387: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[e+fx12\/a+bSec[e+fx]2 dx

Optimal (type 3, 69 leaves, 6 steps):

/ A T Va Tan[e+fx
c rc E“[ 2
a+b+b Tan[e+f x]2 Cot[e+-Fx} \/a+b+b Ian[e+-Fx}

f f

Result (type 3, 306 leaves):
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21
-+

e]l (e+f x) 4b+ae72]'1 (e+f x) <1+621'1 (e+‘Fx))2 COS[e+'FX1
_1+ezi(e+fx)

-2fx+ilogla+2b+ae?’ ®FX 14/ \/4be“(e*‘cx) +a (1+e“(e*‘cx>)2 ] -

(«:

jLog[aJraeu(mfx) L2 b2t (exfx) /a \/4bezi(e+fx) +a (1+ezi(e+fx))2 }]]/

\/4b<e“(e”:x> +a (1+te“(e“cx>)2 ]J \/a+bSec[e+fX12 ]/

(\/T-F\/a+2b+aCos[2e+2fx} )

Problem 388: Unable to integrate problem.

JCot[e+-Fx}4\/a+bSec[e+-Fx]2 dx

Optimal (type 3, 114 leaves, 7 steps):
\/?Ar‘cTan[m]

a+b+b Tan[e+f x]?

.F

+

(3a+2b) Cot[e+fx] \/a+b+bTan[e+1°x]2 Cot[e+fx]3\/a+b+bTan[e+fx]2
3<a+b>'F 3f

Result (type 8, 27 leaves):

JcOt[eﬁx}“\/a+b5ec[e+fx]2 dx

Problem 389: Unable to integrate problem.

JCot[eJrfx}s\/a+bSec[e+fx]2 dx

Optimal (type 3, 167 leaves, 8 steps):

\/a_Ar‘cTan[ Va Tan[e+fx
arb+b Tan[e+f x)? (15 a2+25ab+8b2) Cot[e + fx] \/a+b+bTan[e+fx]2

f 15 (a+b>2'F

(b-5(a+b)) Cot[e+-Fx}3\/a+b+bTan[e+-Fx}2 Cot[e+-Fx]5\/a+b+bTan[e+fx]2
15 (a+b) f 5f

Result (type 8, 27 leaves):

JCot[e+fx16\/a+bSec[e+fx]2 dx
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Problem 390: Unable to integrate problem.

J(a+bSec[e+fx]2)3/2Tan[e+fx]5dlx

Optimal (type 3, 135leaves, 8steps):

3/2 a+bSecle+fx]?
a Ar‘cTanh[ } a\/a+bSec[e+1°x}2

\a
- P + P +
(a+bSecle+fx]2)** (a+2b) (a+bSecle+fx]?)”? (a+bSecle+fx]2)”?
- +
3¢ 5b2 702 f

Result (type 8, 27 leaves):

J(a+bSec[e+-Fx]2)3/2Tan[e+fx]5dlx

Problem 391: Unable to integrate problem.

J(a+bSec[e+Fx]2)3/2Tan[e+Fx]3dlx

Optimal (type 3, 104 leaves, 7 steps):

a3/2ArcTanh[@] a\/a+bSec[e+fx]2
f ) f )
(a+bSecle+fx]2)*? (a+bSecle+fx]2)>?
3f ' 5bf

Result (type 8, 27 leaves):

J(a+bSec[e+-Fx]2)3/2Tan[e+1°x]3dlx

Problem 392: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bSec[e+-Fx]2)3/2Tan[e+fx] dx

Optimal (type 3, 78leaves, 6 steps):

a+bSecle+fx]?
[ NeS }+a\/a+b5ec[e+fx}2 +(a+bSec[e+'FX]2)3/2

f f 3f

a3/2 ArcTanh

Result (type 3, 343 leaves):
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3 (be“ (30 4 3 (1+e2t (e+fx))2>

+

,/2 el (e+fx) 4b+ace2t(erfx) <1+ezj (e+fx))2 Cos[e+'FX}3
(1+e21(e+fx)>3

[3 i a3/2

2'FX+JiL0g[a+2b+ae“(e”:X> +vVa \/4be2“e”:x) +a (1+e“(e*“>)2 } +

jLog[a+aGZi(e+fx) +2beZi(e+‘Fx) ++/a \/4be2i(e+fx) +a (1+e21(e+fx))2 }]]/

J4b<e“(e*’cx> +a (1+e“(e*fx>)2 ]J (a+bSec[e+fx]2)3/2]/

(B'F (a+2b+aCos[2e+2-Fx}>3/2)

Problem 393: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

jCot[eJrfx} (a+bsece+fx]?)>?dx

Optimal (type 3, 91 leaves, 8steps):

a3/2 Ar‘cTanh[ a+bSec[e+f x]? ] (a + b) 3/2 ArcTanh [ +/a+bSecle+f x]? }

Ja 375 b\/a+bSec[e+1°x]2
- +
f £ f

Result (type 3, 506 leaves):

1

\/Tej‘ (e+f x) \/4b+aezi(e+1‘:x) (1+ezi(e+fx)>2 Cos[e+fx]3
f(a+2b+aCos[2e+2fx])>?

2b 1

20 (erf [-2ia3/2fx+2(a+b)3/2Log[1_@2i<e+fx>]+
1+ @21 (e+fx)

+
\/4be21'1 (e+fx) 4 3 <1+e21'1 (e++'x))2

a3/? Log[a+2b+ae2ﬁ(e*fx) +va \/4be“(e*‘cx) +a <1+e“(e*{x))2 ] +

a3/2 Log[a+ae2il(e+fx) +2bezil(e+‘fx) +A/a \/4be21(e+fx) +a (1+e2i1(e+fx))2 ] _

2a+/a+b Logla+b+ae?t (@ FX) 1 pe2t(@f0 /3. p \/4be21(e*fx) +a (1+ce2jl(e*‘c"))2 |-

2b~/a+b Logla+b+ae! (¢FX) 4 pe2t (@Ffx

m\/4be21(e“€x) +a (1+ezj(e+fx))2 ]] (a+bSec[e+FX12>3/2

Problem 394: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

JCo‘c[ewa}3 (a+bSec[e+-Fx]2)3/2d1X

Optimal (type 3, 114 leaves, 8 steps):

2
a3/2Ar‘cTanh[ a+b Sec[e+f x] }

\/?
- +
.F
+ + 2
(2a-b) Va+b ArcTanh[+= bSe;[s = ] (a+b) Cot[e+fx}2\/a+b5ec[e+fx]2
2f 2f

Result (type 3, 622 leaves):

1

\/?ej‘ (e+f x) \/4b+ae2j(e+fx) (1+eu<e+fx>)2
f(a+2braCos[2e+2fx])>?

(a+b) (1+e2j‘(e+fx>) 1

Cos[e+ fx]3 : -
(-1t @00)2 aTh \Jab et @0 g (14 e?t (eF)2

-2ia*?+/a+b fx+ (2a+ab-b?) Log[1-e*! (®FY ]+

a3/2mLog[a+2b+ae“(e+fx) +\/?J4be2“e*fx> +a (1+e“(e*fx))2 } +

a3/2ﬁla+b Log[a+aezi(e+fx) +2b€21‘1(e+fx) N /a \/4bezi(e+fx) +a (1+ezi(e+fx)>2 ] _

2a? Log[a+b+ae2“e*‘cx) +be2tefx  faib \/4be2j(e*“) +a (1+e2ﬁ(e*“))2 ] -

abLog[a+b+a<e“(e*fX) +be?t e fx)  \Jasb J4be“<e*“) +a <1+<e“(e“°x))2 ] +

b? Log[a+b+acezjL<e+FX> +be?t(efx  Jaip \/4bcezj1 (e+fx) | 3 <1+<e2j1 (e“cx))z ] <a+b

Sec[e+fx}2)3/2

Problem 395: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[eﬂcx}S (a+bSec[e+Fx]2)3/2d1x

Optimal (type 3, 159 leaves, 9 steps):
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a¥2 ArcTanh | a:b S‘?[e”cx]z | (8a*+4ab-b?) ArcTanh| :a*bsec[:*“]z ]
a a+

- +

f 8vVa+b f

(4a-b) Cot[e+Fx]2\/a+bSec[e+fx}2 (a+b) Cot[e+fx}4\/a+b5ec[e+fx]2

8 f 4f

Result (type 3, 684 leaves):

1
2ﬁf(a+2b+a€os

et (e+F%) J4b+ae2i<e+“> (142t ©F0)2 Cosfe+fx)>
[2e+2-Fx])3/2

7((<1+621(e+fx)> (b (1+6‘eZi(e+fx) Jr(941'1(e+1cx)) +a <674(e2i1(e+fx) +Ge4i(e+fx)>)>/

1

Ja+b \/4be21(e+fx)+a(1+e21(e+fx)>2

<—1+<e“ (e++x))4) .

-8ia*?+/a+b fx+ (8a*+4ab-b?) Log[1-e2!(&FO]

4a3/ZMLOg[a+2b+ae“(e*fx) +\/?\/4b<e21(e*fx) +a (1+<e”(e“cx>>2 } +

| 295

4a3/2“/a+b Log[a+ae“(e*fx) L2 b2t (erfx) /a \/4bezj(e+fx) +a <1+en<e+fx)>2 ] _

8 a? Log[a+b+aezj<e+fx) +be2iefx)  \Jaib J4be2j(e+{x) +a <1+e2j (e+FX))2 ] -

4abL0g[a+b+a<e“<e“cx> +be2t (et \/aip \/4be“(e+‘cx) +a <1+e“(e*{x)>2 ] +

b? Log[a+b+ae“<e*“> +be2tefx  Jaip \/4bezj(e*‘cx) +a <1+ezj(e*‘cx)>2 ] (a+b

Sec[e+1‘:x12)3/2

Problem 396: Unable to integrate problem.

J(a+bSec[e+fx]2)3/2Tan[e+Fx]6dlx

Optimal (type 3, 290 leaves, 11 steps):
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a3/2 Ar‘cTan[m] (3a*+20a°b+90a2b?-60ab*-5b* Ar‘cTanh[—\@M—}

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?

f 128 b5/2 f

(3a%+17a2b-55ab?-5b3) Tan[e+ fx] \/a+b+bTan[e+fx]?

+

128 b? f

(3a?-50ab-5b?) Tan[eﬂcx]3\/a+b+bTan[e+-Fx]2
192b f

+

(9a+b) Tan[e+-Fx]5\/a+b+bTan[e+1Cx]2 bTan[e+fx}7\/a+b+bTan[e+fx}2
+
48 8 f

Result (type 8, 27 leaves):

J(a+bSec[e+Fx]2)3/2Tan[e+Fx]6dlx

Problem 397: Unable to integrate problem.

J(a+bSec[e+-Fx]2)3/2Tan[e+-Fx]4d1x

Optimal (type 3, 214 leaves, 10 steps):
a3/2Ar‘cTan[m—} (a7b> (a2+10ab+b2) ArcTanh[ v/b_Tan[e+fx

\/ a+b+b Tan[e+f x]2 \/ a+b+b Tan[e+f x]2
f 16b3/2

(a2-8ab-b?) Tan[e + fx] \/a+b+bTan[e+-Fx]2
16b f

+

(7a+b) Tan[e+1cx]3\/a+b+bTan[e+fx]2 bTan[e+fx]5\/a+b+bTan[e+Fx}2
+
24 6f

Result (type 8, 27 leaves):

J(a+bSec[e+-Fx]2)3/2Tan[e+fx]4d1x

Problem 398: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bSec[e+Fx]2)3/2Tan[e+Fx]2dlx

Optimal (type 3, 166 leaves, 9 steps):
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a3/2ArcTan[m] (Bazfsabsz)Ar‘cTanh[M—]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
- + +
f 8/b f
(5a+b) Tan[e + fx] \/a+b+bTan[e+1‘:x]2 bTan[e+fx]3\/a+b+bTan[e+1cx]2
+
8f 4f

Result (type 3, 702 leaves):

1
2\/7-F(a+2b+aCos

(ei (e+f x) 4b+ae—21'1 (e+f x) <1+(EZI'L (e+fx)>2 Cos[e+-Fx]3
(2 (e+fx)])3/2

_ 1 ]-1(71+e21'1(e+1cx)> (Sa<1+e211(e+fx)>27b(176621(e+fx)+e41’1(e+fx)))+
<1+e2j(e+fx))4

1

\m\/4be“ (e+fx) 4 3 <1+e21'1(e+~Fx))2

-8a%24/b fx+

4Jia3/2\/FLog[a+2b+ae““3*“) +\/§\/4be21(e*fx) +a (1+e“(e*‘cx))2 ] -

4ia3/2ﬂlb Log{a_‘_ani(eﬁ:X) +2beZi(e+fX) +4/a \/4beli(e+fx) +a (1+e2]i_(e+fx)>2 } _

/
/

3a’Log[ |4 \/F(-1+e2i<e+“>)-j\/4be2i<e+fX>+a(1+e2i<e+fX>)2 f

((3a*>-6ab-b%) (1+e**(eF0))] 4

6abLog[ 4 \/F<—1+eu(e“cx))—Ji\/4beu(e*fx)+a(1+ezj(e*‘cx))2 f

((3a®-6ab-b?) (1+e** e*’c")))] +

(
b2 Log[ 4 W <71+e2j1(e+~Fx)) i 4be21'1(e+fx) +a (1+e2j1(e+~Fx))2 f

/

((3a2-6ab-b?) (1+e“<e+”>))]]] (a+bsecle+fx]?)*?

Problem 399: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+b$ec[e+1°x]2)3/2dlx

Optimal (type 3, 118leaves, 7 steps):
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_ +/a Tanfe+fx]
a3/2 Ar‘cTan[ a Tan[e+fx }
A/ a+b+b Tan[e+f x]?

.F

_ /b Tanfe+fx]
/b (3a+b) ArcTanh | b Tanje+fx
a+b+b Tan[e+f x]? bTan[e + f x] \/a+b+bTan[e+-Fx}2
+

2f 2f

+

Result (type 3, 527 leaves):

1

\/?e]'l (e+f x) \/4b+ae2j(e+fx) (1+e21(e+fx)>2
f(a+2b+aCos[2e+2fx])>?

; j_b(_1+(62]l(e+fx)> 1
Cos[e+fx]° |- ¥
(1+<e“<e”:x)>2 \/4beu(e+fx)+a (1+ezj(e+fx))2

{2a3/21:x—ia3/2 Log[a+2b+ae?® (¢FX) 1 +/a \/4b<e“(e“cx> +a (1+e”<e*‘cx))2 |+

J-la3/2 Log[aJranjl(ewa) +2be21‘1(e+fx) + ,/a J4b621(e+fx) +a (1+62j1(e+fx))2 } _

/

33\/FLOg[ 72\/7( 1+e2t! e+fx)>f+21\/4bezi(e+fx)+a (1+e2j(e+{x))2 f

(b(3a+b) (142t &P ] -

/

b*2 Log[ |-2/b (- 1+eiE*‘“’”)F+2i\/4be“<e*“>+a(1+e21(e*“>)2f

(b (3a+b) (1+ezj(eﬂcx))”] (a+bSec[e+fx]2)3/2

Problem 400: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

2
3/ dx

JCo’c[emcx}2 (a+bsec[e+fx]?)
Optimal (type 3, 111 leaves, 8steps):
33/2 ArcTan{m]

a+b+b Tan[e+f x]?

.F

bh3/2 ArcTanh[M}
JarbibTan e fx]2 (a + b) Cot[e + fx] \/a +b+bTan[e +fx]?2

f f

Result (type 3, 4101leaves):
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2 el erfx) \/4b+ae“<e+fx) <1+e”(e”€x>)2 Cos[e+fx]?

21 (a+b ) . .
B < > i Jia3/2Log[a+2b+ae“(e”:X>+‘/a 4b621(e+fx)+a(1+e21(e+1:x)>2]_
—1+@2i (e+f x)

i a3/2 Log[a+ae2j1(e+fx) +2be21‘1(e+fx) . /a \/4be2j1(e+fx) +a <1+e21'1(e+fx)>2 ] _

2 a3/2-Fx+b3/2Log[ f

/

[\/F (71+e21(e+fx)> ]-l\/4be21'1(e+fx) +a (1+621(e+fx)>2

/

/('F <a+2b+aCos[2e+2Fx}>3/2>

(bZ (1+ e2]’1 (e+f x) ) >]

\/4be2j1(e+~Fx) +a <1+e2j1(e+~Fx))2 ]]

<a+bSec[e+1:x12)3/2

Problem 401: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[eH‘x}“ (a+bsecle+fx]?)>?dx

Optimal (type 3, 112leaves, 7 steps):

a3/2 ArcTan[M}
Jarbib Tan erfx)? (3 a- b) Cot[e + f x] \/a +b+bTan[e+ fx]2
N

f 3f

(a+b) Cot[e+-Fx]3\/a+b+bTan[e+~Fx]2
3f

Result (type 3, 354 leaves):
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/2 el (e+fXx) \/4b+ae“<e*“) <1+ezil(e+'Fx))2

81 (bezj (e+fx) | g (1_e2i(e+~Fx) +e4i(e+fx)))
Cos[e+fx]3 +
(_1+e2j1(e+~Fx))3

[3a3/2 2'FX—J'1LOg[a+2b+ae2j‘(e”:X) +vVa \/4be21(e+fx) +a (1+e2j‘(e”:x>)2 } +

jLog[a+a(eZi(e+fX) +zb(e21'1(6+‘fzx) + /a \/4b621(e+fx) +a (1+e2j1(e+1:x))2 }J]/

\/4be21(e+fx) +a (1+e“(e*fx>)2 ]J (a+bSec[e+fx]2)3/2]/

(3'F (a+2b+aCos[2e+2-Fx})3/2)

Problem 402: Unable to integrate problem.

JCo‘c[eH:x}6 (a+bsecle+fx]?)>?dx

Optimal (type 3, 165leaves, 8steps):

a3/2 ArcTan[M
atbebTan[e+fx]2 (15 a?+10ab-2 bz) Cot[e + f x] \/a +b+bTan[e+ fx]2

- - +

f 15 (a+b) f

(5a-b) Cot[e+1‘:x]3\/a+b+bTan[e+1Cx]2 (a+b) Co‘c[eJr-Fx]S\/a+b+bTan[e+1‘x]2

15 f 5f
Result (type 8, 27 leaves):

JCot[eH"x}6 (a+bSec[e+Fx]2)3/2d1x

Problem 403: Unable to integrate problem.

Tan[e + fx]°

dx

\/a+bSec[e+fx]2

Optimal (type 3, 89leaves, 6 steps):
ArcTanh { A/ a+bSec[e+fx]? ]

NS (a+2b) \/a+bSec[e+1‘:x]2 (a+bSecle+fx]2)>?

- - +

Va f b2 3b2f

Result (type 8, 27 leaves):
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Tan[e + fx]°

dx

\/a+bSec[e+1Cx]2

Problem 404: Unable to integrate problem.

Tan[e +fx]3

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 56 leaves, 5steps):

arbSecle+fx]?

NeS } \/a+bSec[e+1cx}2
+
Vva f bf

Result (type 8, 27 leaves):

ArcTanh |

Tan[e + fx]3

dx

\/a+bSec[e+fx]2

Problem 405: Unable to integrate problem.

Tan[e + f X]

dx

\/a+bSec[e+1=x]2

Optimal (type 3, 33 leaves, 4 steps):

ArcTanh]| arbsecientxz. S?”CX : ]
a

Va f
Result (type 8, 25leaves):

J Tan[e + f x]
dx
\/a+bSec[e+fx]2

Problem 406: Unable to integrate problem.

Cot[e + f x]

dx

\/a+bSec[e+fx]2

Optimal (type 3, 70leaves, 7 steps):

APCTanh[;{mbSe\z/c:fo 2 } Ar‘cTanh[;{mbSec e+fx]? }
a a+b

Va f Va+b f
Result (type 8, 25leaves):
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Cot[e + fXx]

dx

\/a+bSec[e+1Cx]2

Problem 407: Unable to integrate problem.

Cot[e+fx]3

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 116 leaves, 8steps):

Ar‘cTanh[@] (2a+3b) ArcTanh [ a+bse:fs+“]z ] Cot[e+fx}2\/a+b5ec[e+fx]2
_ . _
Ja f 2 (a+b)¥%f 2(axb)f

Result (type 8, 27 leaves):

Cot[e+fx]3

dx

\/a+bSec[e+1Cx]2

Problem 408: Unable to integrate problem.

Cot[e+fx]>

dx

\/a+bSec[e+1‘:x]2
Optimal (type 3, 166 leaves, 9 steps):

ArcTanh | a+b sece+fx)? | (8a*+20ab+15b%) ArcTanh]| asbsecfe+fx]? ]

Va ~ a+b
Va f 8 (a+b)*?f

(4a+7b) Cot[e+fx]2\/a+b5ec[e+fx}2 Cot[e+-Fx]4\/a+bSec[e+1=x}2

8 (a+b)*f 4(a+b)f

Result (type 8, 27 leaves):

Cot[e+fx]°>

dx

\/a+bSec[e+fx]2

Problem 409: Unable to integrate problem.
J Tan[e + fx]®
dx
\/a+bSec e+fx]?

Optimal (type 3, 173 leaves, 9steps):
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_ a Tanfe+fx] _ /b Tanfe+fx]
ArcTan| —*2 Tan[e+f x | (3a*+1@ab+15b%) ArcTanh]| b Tan[e+fx ]
a+b+b Tan[e+f x]? A/ a+b+b Tan[e+f x]2

— + —

Ja f 8bS/2 f

(3a+7b) Tan[e + fx] \/a+b+bTan[e+-Fx]2 Tan[e+fx]3x/a+b+bTan[e+fx]2

+

8b%f 4bf

Result (type 8, 27 leaves):

Tan[e +fx]®

dx

\/a+bSec[e+-Fx]2

Problem 410: Unable to integrate problem.

Tan[e + fx]*

dx

\/a+bSec:[e+-Fx]2

Optimal (type 3, 120leaves, 8 steps):
Ar‘cTan[ \/a Tan[e+fx ]

a+b+b Tan[e+f x]?

Va f

(a +3 b) Ar‘cTanh[M—
a+b+b Tan[e+f x]2 Tan[e + f X] \/a+b+bTan[e+1cx]2
i

2032 f 2bf

Result (type 8, 27 leaves):

Tan[e + f x]*

dx

\/a+bSEC[E+'FX]2

Problem 411: Unable to integrate problem.

Tan[e + f x]?

dx

\/a+bSec[e+fx]2

Optimal (type 3, 80leaves, 7 steps):
Ar‘cTan[ v a Tan[e+fx } Ar‘cTanh{ \/b Tan[e+fx ]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
- +

Va f Vb f
Result (type 8, 27 leaves):

Tan[e + f x]?

dx

\/a+bSec[e+1‘:x]2
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Problem 412: Unable to integrate problem.

J dx
\/a+bSec e+fx]?

Optimal (type 3, 39leaves, 3 steps):
Ar‘cTan[ W a Tan[e+fx ]

a+b+b Tan[e+f x]?

Va f
Result (type 8, 18leaves):

1
J dx
\/a+bSec[e+fx]2

Problem 413: Unable to integrate problem.

Cot[e + f x]?

dx

\/a+bSec[e+fx]2

Optimal (type 3, 74 leaves, 6 steps):

Ar‘cTan[ Va Tan[e+fx
arbib Tan[e+f x] 2 Cot[e + fx] \/aererTan[eJr-Fx}2

Va f (a+b) f
Result (type 8, 27 leaves):

Cot[e + f x]?

dx

\/a+bSec[e+fx]2

Problem 414: Unable to integrate problem.

Cot[e +fx]*

dx

\/a+bSec[e+fx]2

Optimal (type 3, 119leaves, 7 steps):
Ar‘cTan{ \/a Tan[e+fx ]

a+b+b Tan[e+f x]?

Va f

(3a+5b) Cot[e+fx] \/a+b+bTan[e+1‘:x]2 Cot[e+1¢x]3\/a+b+bTan[e+1cx]2

3(a+b)*f 3(a+b)f

Result (type 8, 27 leaves):
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Cot[e + fx]*4

dx

\/a+bSec[e+1‘:x]2

Problem 415: Unable to integrate problem.

Cot[e+fx]®

dx

\/a+bSec[e+1Cx]2

Optimal (type 3, 172 leaves, 8steps):
Ar‘cTan[ Va Tan[e+fx

arbib Tan e f x)? (15a%+40ab+33b?) Cotle+fx] \/a+b+bTan[e+-Fx]2
- - +
Ja f 15 (a+b)> f
(5a+9b) Co‘c[e+-Fx]3\/a+b+bTan[e+-Fx]2 Co‘c[e+-Fx}5\/a+b+bTan[e+fx}2
15 (a+b)*f 5(a+b)f

Result (type 8, 27 leaves):

Cot[e+fx]®

dx

\/a+bSec[e+1Cx]2

Problem 416: Unable to integrate problem.

dx
3/2

J Tan[e + fx]°
(

a+bSec[e+fx]?)

Optimal (type 3, 88 leaves, 6 steps):

ArcTanh [ a+b Seca[e+'Fx]2 ] (a . b) 2
- +

a3/2-F

\/a+b5ec[e+fx}2
+
b2 f

abzf\/a+b5ec[e+fx}2

Result (type 8, 27 leaves):
J Tan[e + fx]°
(

a+bSecle+fx]?)

dx
3/2

Problem 417: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + fx]3
J( dx

a+bSecle+fx]2)>?

Optimal (type 3, 63 leaves, 5 steps):
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ArcTanh[ a+bSecle+fx]? }
Va a+b
3/2
avf ab1‘:Ja+bSec[e+1‘:x]2
Result (type 6, 1695 leaves):
1 3 . , asSinfe+fx]?. | 3 .
3 (a+b) AppellF1(2, —, —, 3, Sin[e+fx]?, ———————| Sin[e+fx]’? Tan[e + f x] /
2 2 a+b

4~/2 f <a+bSec[e+-Fx}2)3/2 (a+b—aSin[e+-Fx]2)3/2

1 3 . , aSinfe+fx]?
6 (a+b) AppellF1[2, —, —, 3, Sin[e+fx]?, —————— | +
2 a+b
1 5 . , aSinfe+fx]?
3aAppellF1[3, =, =, 4, Sin[e+fx]?, ———————| +
2 2 a+b
3 3 . , asinfe+fx)?2 . 5
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?, ——————|| Sin[e+ fx]
2 2 a+b
1 3 . , asinfe+fx]2. | s
9a (a+b) AppellF1[2, —, =, 3, Sin[e+fx]?, —————— ] Sin[e+fXx] /
2 2 a+b

1 3 _ ,
6 (a+b) AppellF1[2, —, —, 3, Sin[e+fx]?,

[4\/7 (a+b—aSin[e+1‘:x]2)5/2
2 2

1 5 . , asin[e+fx]?2
3aAppellF1[3, =, =, 4, Sin[e+fx]?, ————————] +

aSin[e+fx]2}
a>MerTAl 7,
2 2 a+b

a+b

aSin[e+fx]?
AT +

]J Sin[e+fx}2J

/

13 ' ,
6 (a+b) AppellFi|2, S5 3, Sin[e + fx]?2,

3 3 _ ,
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?,
2 2 a+b

aSin[e+fx]?, _. 3
—] Sin[e + f x]

3 . )
, —» 3, Sin[e+fx]*,

(9 (a+b) AppellF1 2,
a+b

N |

[4\/? (a+b—aSin[e+-Fx]2)3/2

1 5 . )
3aAppe11F1[3, -, —, 4, Sin[e + fx]°,
2 2

aSin[e +fx]?
—]

aSin[e +fx]?
—] +

a+b a+b
3 3 . , asinfe+fx]? . 5
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?, ————— || Sin[e + fx] +
2 2 a+b
. 3 1 5 . , aSinfe+fx]?
3 (a+b)Sin[e+fx] 2afAppellFl[3, —, =, 4, Sinfe+fx]?, ———|
a+b 2 a+b

aSin[e+fx]?

w

2

2
3 .
—, —, 4, Sin[e + fx]*,
2 2

2
Cos[e+fx] Sin[e+fx] + — fAppellFi|3,
3

/{4\/715 (a+b—aSin[e+1cx]2)3’/2

a+b

Cos[e+fXx] Sin[e+fx]] Tan[e + f x]

1 3 . , aSinfe+fx]?
6 (a+b) AppellF1[2, —, —, 3, Sin[e+fx]?, ———————— | +
2 2 a+b
5 . , aSinfe+fx]?
3aAppellF1[3, =, =, 4, Sin[e+fx]?, ——————] +

2 a+b

3 3 . , asinfe+fx]?2 . 5
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?, ———— || Sin[e+ fx] -

2 2 a+b
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1 3 . , aSinfe+fx]2. 3
3 (a+b) AppellFi[2, S5 3, Sinfe+fx]?, ———————| Sin[e + fx]

a+b
1 5 . , aSinfe+fx]?
2f |3aAppellF1[3, =, =, 4, Sin[e+fx]?, ——————| + (a+b)
2 2 a+b
3 3 . , asinfe+fx]?2 .
AppellF1([3, =, =, 4, Sin[e+fx]?, — || Cos[e+fx] Sin[e+fx] +
2 2 a+b
1 5 . , aSinfe+fx]?
6 (a+b) 2afAppellFl[3, =, =, 4, Sin[e+fx]?, ————————] Cos[e + fx]
a+b 2 2

a+b

. 2 3 3 . , aSinfe+fx]?

Sinfe+fx] + — fAppellF1[3, =, =, 4, Sin[e+fx]?, ——— |
3 2 a+b

Cos[e+fx]Sin[e+fx]| +Sin[e+fx]%?|3a

1 7

15a f AppellFi[4, —, —,
4(a+b 2 2
. , aSinfe+fx]?
5, Sin[e + fx]%, —}

3
Cos[e+fx] Sin[e+fx] + = f AppellF1|
a+b 4

3 5 . , asSinfe+fx]? .
4, —, —, 5, Sin[e+fx]7, —}Cos[eﬁ:x} Sinfe+fx] | +
2 2 a+b
1 3 5 . , aSinfe+fx]?
(a+b) 9afAppellFl[4, =, =, 5, Sinfe+fx]?, ————|
4 (a+b) 2 2 a+b

9 3
Cos[e+fx] Sin[e+fx] + = fAppellF1[4, =, =, 5, Sinfe+fx]?,
4 2

/

Now

aSin[e+-Fx]2}

Cos[e+fx] Sin[e + fx] Tan[e + f x]

a+b
1
4\/2-F(a+b—aSin[e+1‘:x12)3/2 (6(a+b)Appe11F1[2, =, =, 3,Sin[e+fx]2%,
2 2
aSinf[e+fx]? 1 5 . , aSinfe+fx]?
————————| + |3aAppellF1[3, —, =, 4, Sinfe+fx]?, —— | +
a+b 2 2

a+b

3 3 . , asSinfe+fx]?
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?, ——— ]

)Sin[e+fx]2
2 2 a+b

!

Sin[e + f x] Tan[e+-Fx]2)/

1 3 . , aSinfe+fx]?
3 (a+b) AppellFl[Z, —, —, 3, Sin[e+fx]%, —b]
2 a-+

[4\/? (aerfaSin[emcx]z)”2

. , aSinfe+fx]?
, 3, Sinfe+fx)2, ———————| +

[6 (a+b) AppellFi|2,
a+b

3

N W

, 4, Sin[e + fx]?,

N NR

1 aSin[e +fx]?
3aAppellF1[3, —, —]
2

N
a+b

3 3 . , aSinfe+fx]?
(a+b) AppellF1[3, =, =, 4, Sin[e+fx]?, ————— |
2 2

]Sin[e+fx}2)
a+b

|

Problem 418: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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J Tan[e + f x] dx
(

a+bSecle+fx]2)*?

Optimal (type 3, 57 leaves, 5 steps):

ArcTanh [ Jatbsecientxl?. S?CLEHC x)* ]
a

- +
aS/Z.F

1

a-F\/a+bSec[e+fx]2

Result (type 3, 425leaves):
(a+2b+aCos[2e+2fx])*?sec(e+fx]?

+

8bf\/a+2b+aCos[2 (e+fx)] (a+bsecle+fx]2)>?

[(Ei (e+f x) \/4b+ae2j(e+fx) (1+‘eZi(e+fx)>2

JVa (a+4b) (1+(e2j‘(e*‘cx))

b (4b621'1(e+fx) +a (1+(EZJ'1(E+‘FX))2)

(a+2b+aCos[2e+2fx])>? +

4ifx-2logla+2b+ae?! @0 4/a \/4b<e“(e*fx) +a (1+e“<e*‘cx>)2 | -

2Log[a+ae“(e*f") +2beZi(e+fX) 4 /a \/4be21'1(e+'Fx) +a <1+e2i(e+fx)>2 ]]/

\/4be“(e*‘c")+a(1+e“(e*”))2 Sec[e + fx]?3

/(Sx/fa”%c (a+bSec[e+fx]2)3/2)

Problem 419: Unable to integrate problem.

Cot[e + fx]
J dx
(

a+bSecle+fx]2)*?

Optimal (type 3, 100leaves, 8 steps):

2 2
ArcTanh [ a+b5i/ci[e+fx] } ArcTanh [ a+b Sec[ErFx] } b
a a+

a3/2.F <a+b)3/2_F

a(a+b) 1:\/a+bSec[e+1‘x]2

Result (type 8, 25leaves):
Cot[e + fx]
J dx
(

a+bSecle+fx]?)>?
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Problem 420: Unable to integrate problem.

dx

J Cot[e+fx]3
(

a+bSecle+fx]2)*?

Optimal (type 3, 153 leaves, 9 steps):
ArcTanh [ M] <2 a+s b) Ar‘cTanh[ a+b Sec [e+f x]? ]

\/? a+b

— + —

aS/Z.F 2<a+b>5/2+-

(a-2b)b Cot[e+fx]?2

2a <a+b)2-F\/a+bSec[e+1‘:x]2 2 (a+b) 1c\/a+bSec[e+1Cx]2

Result (type 8, 27 leaves):
J Cot[e+fx]3
(

]2>3/2

dx
a+bSec[e+fx

Problem 421: Unable to integrate problem.

dx
3/2

J Cot[e+fx]°
(

a+bSecle+fx]?)
Optimal (type 3, 213 leaves, 10 steps):

2
Ar‘cTanh[ a+b Sec[e+f x] }
a

a3/2 f
(8a2+283b+35b2)ArcTanh[@} b (4a+11ab-8b?)
+ +
8(a+b)7/2f 8a<a+b)3-F\/a+bSec[e+1cx]2
(4a+9b) Cot[e+fx]? Cot[e+fx]*

8 (a+b)2f\/a+b5ec[e+fx]2 4 (a+b) 1c\/a+bSec[e+1=x]2

Result (type 8, 27 leaves):
J Cotl[e+fx]®
(

a+bSec[e+fx]?)

dx
3/2

Problem 422: Unable to integrate problem.

dx

J Tan[e + f x]°®
(

a+bsecle+fx]?)*?

Optimal (type 3, 172 leaves, 9 steps):
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Ar‘cTan[—\Lf—]—a Tan[e+f ] (3a+5b) Ar‘cTanh[JL‘—]—b Tan[e+f x ]

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
33/2'F 2b5/2.[:
(a+b) Tan[e+fx]> (3a+2b) Tan[e + fx] \/a+b+bTan[e+1:x]Z

+

2
ab1‘:\/a+b+bTan[e+1°x}2 2abf

Result (type 8, 27 leaves):
j Tan[e + fx]°®
(

a+bSecle+fx]?)*?

dx

Problem 423: Unable to integrate problem.

dx

J Tan[e + fx]*
(

a+bSec[e+1‘:x]2)3/2

Optimal (type 3, 116 leaves, 8 steps):
Ar‘cTan[ /a Tan[e+fx ] Ar'cTanh[ Vb Tan[e+fx }

\/ a+b+b Tan[e+f x]2 \/ a+b+b Tan[e+f x]2 (a+b> Tan[e + f x]
+ _
aB/Z f b3/2 f

ab1c\/a+b+bTan[e+1‘:x}2

Result (type 8, 27 leaves):
J Tan[e + f x]*
(

a+bSecle+fx]?)>?

dx

Problem 424: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + f x]?2
J( dx

a+bSec[e+1‘:x]2)3/2

Optimal (type 3, 71leaves, 5steps):

Ar‘cTan[ Va Tan[e+fx }

a+b+b Tan[e+f x]? Tan[e + f X]
- +
a3/?2 f

a1c\/a+b+bTan[e+1cx]2

Result (type 3, 764 leaves):
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ej(e*‘c">\/4b+ae“<e*”) (1+<e“(e*‘cx))2 (a+2b+aCos[2e+2-Fx])3/2

|

[—31’1a3/2\/4be“(e*‘cx)+a <1+ezﬂ(e+fx)>2 _4i /a b\/4bezil(e+fx) +a <1+ezil(e+'Fx))2 N

3]'la3/2e2j1(e+1cx) \/4be2j1(e+fx) +a <1+e21'1(e+'Fx)>2 .

41i+/a b<e“<e*fx)\/4b<e21<e“cx>+a (1+e“(e*fx>)2 +4a’fx+4abfx+

8aZe2l (e+FX) £y 24abe?t (e FX) £y 16 b2 2t (&+FX) £y ;42 et i (e+FX) £y
4ab(€4i<e+fx) 'FX—Zj. (a+b) (4b(ezj<e+fx) +a (1+@2].L<e+fx>>2)

Log[e?'® la+2b+ae?! (*F¥ 1 +/a \/4b<e“(e“°x) +a (1+<92]‘L<e“cx>>2 ]] +

21 (a+b) (4bezji(e+fx) +a (1+ezj(e+fx))2)

Log[e’“e a+ael(efx)  ope2i(erfx) | /a J4beu(e+fx> +a <1+ezﬁ(e+fx)>2 ]}]

Sec[e+fx]3 /(8\/?a3/2 (a+b) (4be“(e*‘cx> +a (1+e“(e*“))2)3/2

f (a+b5ec[e+fx]2)3/2)] N

(a+2b+aCos[2e+2fx])*?Sec[e+fx]2Tan[e+fx]

8 (a+b) f\/a+2b+aCos[2 (e+fx)]| (a+bsecle+fx]2)>?

Problem 425: Unable to integrate problem.

1
J dx
(a+bSecle+fx]2)>?

Optimal (type 3, 77 leaves, 4 steps):
Ar‘cTan[ \/a Tan[e+fx ]

a+b+bTan[e+f x]? bTan[e + f X]

33/2 f

a(a+b) -F\/aererTan[eJr-Fx}2

Result (type 8, 18leaves):

1
J dx
(a+bSecle+fx]2)>?
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Problem 426: Unable to integrate problem.

dx

J Cot[e +f x]?
(

a+bSecle+fx]2)*?

Optimal (type 3, 119leaves, 7 steps):

ArcTan| _\@Lﬂ(l_}
a+b+b Tan[e+f x]? b Cot[e + f x]

a¥? f a(a+b)F\/a+b+bTan[e+-Fx]2

(a-b) Cot[e+fx] \/a+b+bTan[e+1‘:x}2
ala+b)*f

Result (type 8, 27 leaves):
j Cot[e +f x]?
(

a+bSecle+fx]?)

dx
3/2

Problem 427: Unable to integrate problem.

Cot[e+fx]?
J( dx

a+bSec[e+fx]2)*?

Optimal (type 3, 174 leaves, 8 steps):

Ar‘cTan[ a Tan[e+fx ]
a+b+b Tan[e+f x]2 bCot[e+fx]3

aB/Z f

+

a(a+b) 1‘:\/a+b+bTan[e+1‘:x}2

(3a-b) (a+3b) Cot[e+fx] \/aererTan[eJr-Fx]2

3a(a+b)3-F

(a-3b) Cot[e+fx]3\/a+b+bTan[e+fx]2

3a (a+b)21‘:

Result (type 8, 27 leaves):
J Cot[e+fx]*4
(

]2>3/2

dx
a+bSec[e+fx

Problem 428: Unable to integrate problem.

dx
3/2

J Cot[e+fx]®
(

a+bSec[e+fx]?)

Optimal (type 3, 241 leaves, 9 steps):
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Ar‘cTan[ Va Tan[e+fx }

a+b+b Tan[e+f x]? bCot[e+fx]°

a2 f a(a+b)-F\/a+b+bTan[e+1‘:x]2

(15a+55a%b+73ab?-15b’) Cot[e + f x] \/a+b+bTan[e+-Fx]2
15a (a+b)*f

+

(5a2+14ab-15b?) Co‘c[e+-Fx13‘\/a+b+bTan[e+1:x12

15a(a+b)3-F

(a-5b) Cot[e+Fx]5\/a+b+bTan[e+fx]2
5a(a+b)?f

Result (type 8, 27 leaves):

dx

3/2

J Cot[e+fx]®
(

a+bSec[e+fx]?)

Problem 429: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

j Tan[e + fx]°
(

a+bSecle+fx]?)>?

Optimal (type 3, 97 leaves, 6 steps):

ArcTanh A/ a+bSec[e+f x]? 2 1 1
[ \g ] (a+b) a2 b2
- 5/2 f B 2 2)3/2 '
a 3ab F(a+bSec[e+-Fx} ) -F\/a+bSec[e+FX}2

Result (type 6, 1699 leaves):

. , aSinfe+fx]?, | s 6
, 4, Sinfe+fx]?, ————————] sin[e+fx]°Tan[e + fx]

2 a+b

3

/

[ (a+b) AppellFi|3, 1
2

(Bﬁf <a+bSec[e+-Fx]2>5/2 (a+b—aSin[e+-Fx]2)5/2

1 5 . , asinfe+fx]?2
8 (a+b) AppellF1([3, —, —, 4, Sin[e+fx]?, —————— | +
2 2 a+b
1 7 , aSinfe+fx]?
5aAppellfFi[4, =, —, 5, Sin[e+fx]?, ——————| +
2 2 a+b

3 5 . , asinfe+fx)?2 . 5
(a+b) AppellFi[4, =, =, 5, Sin[e+fx]?, —————— || Sin[e+ fx]
2 2 a+b
1 5 . , asinfe+fx]?. | ,;
5a (a+b) AppellF1[3, —, =, 4, Sin[e+fx]?, — | Sin[e + fx] /
2 2 a+b

1 5
[3\/2 (a+b—aSin[e+1‘:x]2)7/2 8 (a+b) AppellF1([3, —, —, 4, Sin[e+fx]?,
2 2
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7

1 . , asinfe+fx]?2
| + |5aAppellF1[4, =, —, 5, Sin[e+fx]?, ———
2

aSin[e+fx]? ]

+
a+b 2 a+b
aSin[e +fx]?
—] +

3 5
(a+b) AppellF1[4, =, =, 5, Sin[e+fx]?, ] Sin[e + fx]?
2 2

/

15 , ,
8 (a+b) AppellFi[3, > 5 4, Sin[e+fx]2,

a+b

aSin[e+fx]?, _. s
————————| sinfe+fx]

(5 (a+b) AppellF1i[3,

N |-

5 . 5
, —, 4, Sin[e+fx]*,
2 a+b

[3\/? (a+b—aSin[e+-Fx]2)5/2

~N

1
5aAppellFl[4, =, —, 5, Sin[e+fx]?,
2

aSin[e+Fx}2]
2 a+b

+

aSin[e +fx]?
—] +

a+b

aSin[e+fx]?
—] +

Sin[e+fx]2J

3 5 ) R
(a+b) AppellFi[4, =, =, 5, Sin[e+fx]?,
272

a+b

| =

aSin[e+-Fx}2]

((a+b) Sin[e +fx]°® 15afAppellF1[4, =, —, 5, Sin[e + fx]?,

4(a+b a+b

aSin[e+fx]?

]

, =, 5,Sin[e+fx]2,

NOW
NV

3
Cos[e+fx] Sin[e+fx] + = f AppellFi|4,
4 a+b

Cos[e+fx] Sin[e+fx] | Tan[e + f x]

/[3\/?-F (a+b—aSin[e+-Fx]2)5/2

1 5 . , asinfe+fx]?
8 (a+b) AppellF1(3, —, —, 4, Sin[e+fx]?, ——————— | +
2 2 a+b
1 7 . , aSinfe+fx]?
5aAppellFi[4, =, —, 5, Sin[e+fx]?, ———————] +
2 2 a+b
3 5 . , asinfe+fx]? . 5
(a+b) AppellFi[4, =, =, 5, Sin[e+fx]?, ——————— || Sin[e + fx] -
2 2 a+b

5 aSin[e+Fx}2]

1
((a+b) AppellF1|3, I 4, Sinfe + fx]2, X Sin[e + fx]°
a+
aSin[e+-Fx}2}

2
1
- b
5 +(a+)

2f (5aAppellF1[4, , —, 5, Sin[e+fx]2,
2

a+b

aSin[e+fx}2}

3 5
Appe11F1[4, =, =, 5,Sin[e+fx]2, Cos[e+fx]Sin[e+fx] +
2 2

a+b

1 7 , 5
15a-FAppellF1[4, —, —, 5, Sin[e+fx]%,

aSin[e+-Fx}2]
4 (a+b) 22 a+b

8 (a+b)

3 3 5
Cos[e+fx] Sin[e+fx] + = fAppellF1[4, =, =, 5, Sin[e + fx]?,
4 2 2

aSin[e +fx]?

| Cosfe+fx]Sin[e+fx]| +Sin[e+fx]?

a+b

aSinfe +fx]?
—] Cos[e + fXx]

1 9
5a|————28afAppellF1[5, ~, —, 6, Sin[e+fx]?,
5 (a+b) 2

N |

a+b

. 4 3 7 . , asinfe+fx)?2
Sinfe+fx] + — fAppellF1[5, =, —, 6, Sin[e+fx]?, —————————] Cos|
5 2 2 a+b
) 1 3 7 _ ,
e+fx]Sinfe+fx]|+ (a+b) 4afAppellF1[5, =, —, 6, Sin[e + fx]?,
a+b 2 2
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aSin[e+fx]? . 12 5 5
——————— ] Cos[e+fx] Sin[e+fx] + — fAppellF1[5, =, =, 6,
a+b 5 272

aSin[e+fx]? J
- - Tan[e + f X] /

1 5
[3\/2 f (a+b—aSin[e+-Fx}2)5/2 (8 (a+b) AppellF1[3, =, =, 4, Sin[e+fx]?,
2 2

Sinf[e +fx]2, | Cos[e+fx]Sinfe+fx]

a+b

. , aSinfe+fx]?
, 5, Sinfe+fx)2, ——————— |+
a+b

aSin[e+fx]?

3

|+ (5aAppe11F1[4,

N R
N[N

a+b

3 2
(a+b) AppellFi|4, asinferfx]”

Nl W

5 . )
, —» 5, Sin[e+fXx]°,
2

}J Sinfe + f x]?
a+b

2
]+
aSin[e+fx]? /

1 5
((a+b) AppellF1[3, =, =, 4, Sin[e +fx]?, | sinfe+fx]3Tan[e +fx]?
2 2

a+b
[3\/7 (a+b—aSin[e+1‘:x]2)5/2

. , asinfe+fx]?
, 4, Sin[e+fx]4, ———————

|+

)

{8 (a+b) AppellFi|3,

N w

a+b

. , asSinfe+fx]?
, 5, Sin[e+fx]2, ———— 2

} +

aSin[e+fx]?

NN N R

1
[5 aAppellFi[4, —,
2 a+b

3 5 _ ,
(a+b) AppellFi[4, =, =, 5, Sin[e+fx]?,
2 2

]J Sin[e+fx}2)
a+b

|

Problem 430: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Tan[e + fx]3
(a+bSecle+fx]2)>?

Optimal (type 3, 89leaves, 6 steps):

a+bSecle+fx]?
ArcTanh [ NS } a+b 1

a”/2 f 3abf (a+bSec[e+Fx}2)3/2 aZ-F\/a+bSec[e+fx]2

Result (type 3, 613 leaves):
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—(((a+3b+aCos[2 (e+Fx)]) (a+2b+aCos[2e+2ij)S/ZSec[eﬂcx]“)/
(48b2f (a+2b+aCos|2 (e+fx)])3/2 (a+bSec[e+-Fx]2)5/2)) +
((a+b+ (a-2b) Cos[2 (e+fx)]) (a+2b+aCos[2e+2fx])S/ZSec[eM‘:x]“)/
(96b21= (a+2b+aCos|2 (e+fx)])3/2 (a+bSec[e+-Fx]2)5/2) -
1
962 a*2f (a+bSec[e+fx]2)>?

el (e+fx) \/4b+ae“(e*‘cx) (1+cezj‘(e”:x>)2 (a+2b+aC05[2e+21‘:x])5/2

{_((\/? (1+ezj'1 (e+‘FX)) (—96 b3 g2 (e+fx) | 53 (1+e“(e*fx))2—32ab2 <1+ezj(e+'Fx))2_

6a’b (1+e?! (070 4 gt <e+fx>>)>/(b2 (4bce“l @f0 1a (1+e! (EHCX))Z)Z)) "

241 fx-12Llogla+2b+ae?’ ®FX 11/ \/4be2i(e*‘c"> +a (1+<e“<e*”>)2 |-

12 Log[a+a62ﬁ(e+fx) +2ber(e+fx) +\/;\/4b621'1(e+1cx) +a <1+e2ﬁ(e+fx)>2 ]]/

\/4be21(e+fx) +a (1+e2j1(e+fx)>2

JSEC[E+'FX]5

Problem 431: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + f x]
J dx
(

a+bsecle+fx]?)*?

Optimal (type 3, 83 leaves, 6 steps):

Ar‘cTanhP:’”b Sicﬁ[e”cx]z ] 1 1
a

- + +

a2 f 3af (aerSec[eercx]z)S/2 aZ-F\/a+bSec[e+Fx}2

Result (type 3, 613 leaves):
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—(((a+3b+aCos[2 (e+Fx)]) (a+2b+aCos[2e+2ij)S/ZSec[eﬂcx]“)/
(48b2f (a+2b+aCos|2 (e+fx)])3/2 (a+bSec[e+-Fx]2)5/2)) +
((a+b+ (a-2b) Cos[2 (e+fx)]) (a+2b+aCos[2e+2fx])S/ZSec[eM‘:x]“)/
(3262 F (a+2b+aCos[2 (e+fx)])*?

1
962 a*2f (a+bSec[e+fx]2)>?

(a+bSec[e+-Fx]2)5/2) +

el () \/4b+ae“<e+”> (1+e2*(®F9)2 (ar2b+aCos[2e+2fx])%?

{_((\/? (1+ezj'1 (e+‘FX)) (—96 b3 g2 (e+fx) | 53 (1+eu(e+fx)>2_32ab2 (1+ezj(e+fx))2_

6a’b (1+e?! (070 4 gt <e+fx>>)>/(b2 (4bce“l @f0 1a (1+e! (EHCX))Z)Z)) "

241 fx-12Llogla+2b+ae?’ ®FX 11/ \/4be2i(e*“> +a (1+<e“<e*”>)2 |-

12 Log[a+a62ﬁ(e+fx) +2be2j(e+fx) +\/;\/4b62j(e+fx) +a <1+e2ﬁ(e+fx)>2 ]]/

\/4be21(e+fx) +a (1+e21(e+fx)>2

JSec[e+fx]5

Problem 432: Unable to integrate problem.

Cot[e + fx]
J dx
(a+bSecle+fx]2)>?

Optimal (type 3, 137 leaves, 9 steps):
Ar‘cTanh[ a+bSecle+fx]? } Ar‘cTanh{;{amSec[e#x]z }

a a+b

a5/2.f: <a+b)5/2_F

b b(2a+b)

3a(a+b) f(a+bSec[e+fx}2>3/2 a2 (a+b)2f\/a+b5ec[e+fx]2

Result (type 8, 25leaves):
Cot[e + fx]
J dx
(

a+bSecle+fx]2)>?

Problem 433: Unable to integrate problem.

Cot[e+fx]3
J dx
(a+bSec[e+-Fx]2)5/2
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Optimal (type 3, 200 leaves, 10 steps):
ArcTanh [ A/ a+bSec[e+fx 2 ]

— \g +
aS/Z.F
(2a+7b) ArcTanh]| a*bsea‘fs*”]z ] (3a-2b)b
2(a+b)7/2f 6a(a+b)2~F<a+bSec[e+'FX]2)3/2
Cotle+fx]2 b (a®-6ab-2b?)

2 (a+b)f(a+b5ec[e+fx}2)3/2 2a2 (a+b)3f\/a+b5ec[e+fx]2

Result (type 8, 27 leaves):
j Cot[e+fx]3
(

a+bSecle+fx]?)*?

dx

Problem 434: Unable to integrate problem.

dx

J Cotl[e+fx]>
(

a+bSecle+fx]2)>?

Optimal (type 3, 268 leaves, 11 steps):
Ar‘cTanh[m} (8a%+36ab+63b?) Ar‘cTanh[m}

\a a+b

- +

aS/Z.F 8 (a+b)9/2-F

b (12a2+39ab-8b?) (4a+11b) Cotle+fx]?

+ —

24 a (a+b)3f (a+bSec[e+-Fx]2)3/2 8 (a+b)2-F <a+bSec[e+-Fx}2>3/2

Cotle+fx]* b(4a®+15a%b-32ab?-8b?

N
4(a+b) f <a+bSec[e+fx12)3/2 8 a2 (a+b)4-F\/a+bSec[e+1‘:x]2

Result (type 8, 27 leaves):
J Cot[e+fx]>
(

a+bSecle+fx]?)

dx
5/2

Problem 435: Unable to integrate problem.

Tan[e + fx]®
J dx
(

a+bSecle+fx]2)>?

Optimal (type 3, 157 leaves, 9 steps):
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_ /a Tanfe+fx] _ /b Tanfe+fx]
Ar‘cTan[ a Tan[e+fx } Ar‘cTanh[ b Tan[e+fx

a+b+b Tan[e+f x]? a+b+b Tan[e+f x]?
_ n _
a5/2.{: bS/Z.F
3 L LT f
(a+b) Tan[e+fx] ) Tanle+ fx]

+

3abf (a+b+bTan[e+-Fx}2)3/2 -F\/a+b+bTan[e+fx]2

Result (type 8, 27 leaves):
J Tan[e + fx]®
(

a+bSec[e+1‘:x]2)5/2

dx

Problem 436: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tan[e + f x]*
j dx
(

a+bSecle+fx]2)*?

Optimal (type 3, 120leaves, 7 steps):

Ar‘cTan[ \/a Tan[e+fx ]
asbeb Tan[e-f x]2 (a +b) Tan[e + f x] (a—Bb) Tan[e + f X]

4
a’/2f 3ab‘F<a+b+bTan[e+‘FX]2>3/2 3a2bf\/a+b+bTan[e+-Fx]2

Result (type 3, 1414 leaves):
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il (eFx J4b+ae“<e+”> (1+e2' )2 (ai2b+aCos[2e+2Fx])"?

_25 a7/2 - 58 a5/2 b-32 a3/2 b2 ~15 a7/2 eZJi (e+fx) _ 108 a5/2 b(ezfl (e+fx) _ 192 a3/2 b2 ezi (e+fx) _

96“/3 b3 eZJi(e+'Fx) +15 a7/2 eAJi(e+fx) + 108 a5/2be4ﬁ(e+'Fx) +192 a3/2 b2 e4]i(e+'Fx) +
96A/a b3 e41‘1 (e+f x) + 25 a7/2 eG]i (e+f x) +58 a5/2 besi (e+f x) +32 a3/2 b2 eGJ’L (e+fx) _ 24 i a2
. . 3/2 . . . 3/2
(4b<e2“e*fx)+a(1+e21<e*fx>>2) fx—481ab(4be21(e*fx)+a(1+e“(e*fx))2) fx-

24 i b2 (4beu(e+fx> +a (1+e“(e*f”)z)S/zfx—lZaz (4be2j(e+fx) ta (1+e“ (e+fx))2)3/2

Log[te’zjle a+2b+ae?t et /g \/4b<e“<e*fx)+a<1+<e“<e“cx>>2 }—

24ab (4be“ (%) 13 (14+e2! <e+fx>)2)3/2

Log[ce’zjle a+2b+ae?t et /g \/4b<en<e*fx)+a<1+eu<e+fx>>2 }—

12 b2 (4b<e“ (e+fx) | 4 (1+<e2j1 (e+fx))2)3/2

LOg[eiue a+2b+ae?t(®f 1 4/a \/4be2i(e*fx)+a<1+e21<e+fx>>2 }Jr

. . 3/2
12 a2 (4b(eZ]l(e+'f:X) +a (1+e21(e+fx))2)

Log[eijle a+ae2]i(e+'Fx) +2be21‘1(e+fx) . /a \/4be2j1(e+fx) +a <1+e21'1(e+'Fx)>2 }Jr

24ab (4b<e2j (e+fx) | 4 (1+<e“ (e+Fx))2>3/2

Log[e—ZJie a+ae2]i(e+-Fx) +2be21‘1(e+fx) . /a \/4be2j1(e+~Fx) +a <1+e21i(e+-Fx)>2 }Jr

12 b2 (4bezi(e+fx) +a (1+ezj<e++x>)2)3/2

Log[e’“e a+geli(efx)  ope2i(efx) /3 \/4be2j(e+Fx) +3 <1+e21'1(e+1cx)>2 }

Sec[e + fx]° /(96\/7a5/2 (a+b)2(4b<e”(e“cx)+a(1+e“<e*‘cx))2)2
F(a+bSec[e+fx]2)5/2)+

((2a+3b+aCos[2 (e+fx)]) (a+2b+aCos[2e+2Fx])*?
Sec[e+Fx14Tan[e+Fx1)/

(48 (a+b)*f (a+2b+aCos|2 (e+fx>])3/2 (a+bSec[e+fx}2)5/2)f

((b+(3a+2b) Cos[2 (e+fx)]) (a+2b+aCos[2e+2fx])°>?
Sec[e+Fx}4Tan[e+Fx1)/

(32 (a+b)*f (a+2b+aCos|2 (e+fx>])3/2 <a+bSec[e+fx}2>5/2)
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Problem 437: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
5/2

J Tan[e + fx]?
(

a+bSec[e+fx]?)

Optimal (type 3, 119leaves, 7 steps):

Ar‘cTan[ Va Tan[e+fx }

arbibTan[e f x]2 Tan[e + f x] (2a+3b) Tan[e + fx]
- + +

a®/? f 3af <a+b+bTan[e+fx]2)3/2 3 a2 (a+b) F\/a+b+bTan[e+-Fx]2

Result (type 3, 1414 leaves):

i et (e+F%) \/4b+ae“(e*”> (1+<e“(e“cx>)2 (a+2b+aCos[2e+21‘x])5/2

[25 a7/2 - 58 a5/2 b-32 a3/2 b2 _15 a7/2 eZJi (e+f x) - 108 a5/2 b(ezfl (e+fx) _

192 a3/2 b2 erL (e+fx) _ 96 /a b3 er (e+f x) +15 a7/2 e41‘1 (e+f x) + 108 a5/2 b (e4i1 (e+f x) +

192 a3/2 bz e4J‘L (e+f x) + 96 /a b3 e41’1 (e+f x) + 25 a7/2 eGJ’l (e+f x) +58 a5/2 b eGJ’l (e+f x) 4

) . . 3/2
32 33/2p2 61 (e+fX) _ 241 52 (4b(e211 (e+fx) | 4 <1+ezl (e+fx)>2) fx_

48iab (4bet (FX L a (1. et ()2 gy

3/2 3/2

24 i b2 (4be2j1(e+fx) +a (1+e21(e+fx))2) fx-12 a2 (4be2j(e+fx) +a (1+ezj (e+Fx))2)

Log[e—zjie

a+2b+ae?liefx) /3 \/4bezue+fx) +a (1+e21(e+fx)>2 ]] _

243b (4be?t (©TX) 4 a (142t (eFx)2)7 "

Log[e2*®

a+2b+ani(e+fx) 4 /a \/4be21(e+fx) +a (1+621(e+fx)>2 ]] _

1262 (4b 2t (€0 g (142t (e )2) 72

Log[e—zie

a+2brael(efx) /3 \/4be21(e+fx) +a (1+ezj<e+fx>>2 ]] +

12 32 (4be2f1 (e+fx) | 4 <1+ez]1 (e++x))2)3/2

Log[efzjle [a+ae“(e*’cx) L2 b2t (erfx) | /a J4be2j(e+fx> +a <1+e21'1(e+fx)>2 ]} .

2436 (4be?t (eTX) 4a (142t ef0)2)7"

Log[efzie {a+ae2j(e+fx) +2be2i(e+fx) + /a \/4be2j(e+1cx) +a <1+e21(e+fx)>2 ]} 4

12b2 (4b621'1(e+fx) +a (1+(EZJ'1 (e+‘FX))2)3/2
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Log[e—Zjle [a+ae2i1(e+fx) +2b(ez]i(e+fx) + /a \/4be2j1(e+'Fx) +a <1+e2]i(e+fx)>2 ]}]

Sec[e+fx]°

/(967 %2 (ab)? [aberi 099 1 (14 gt e:F)2)’

f (a+bSec[e+fx]2)5/2)J +

((2a+3b+aCos{2 (e+fx)]) (a+2b+aCos[2e+2Fx])°>?
Sec[e+fx]*
Tan[e+fx])/(48
(a+b)2
£
(a+2b+aCos[2 (e+fx)])*?
(a+bSec[e+fx]2)5/2) -
((b+ (3a+2b) Cos[2 (e+fx)]) (a+2b+aCos[2e+2fx])°>?
Sec[e + f x]

Tan[e + f x] )/
(

( <a+b> a+2b+aCos[2(e+1‘x>])3/2
(a+bSec[e+fx]2)5/2)

Problem 438: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J dx
(a+bSecle+fx]2)>?

Optimal (type 3, 125leaves, 6 steps):
Ar‘cTan[ a Tan[e+fx

a+b+bTan[e+f x]?

a5/2 f

b Tan[e + f x] b(5a+3b)Tan[e+-Fx}

3a(a+b)f (a+b+bTan[e+-Fx]2)3/2 3 a2 (aer)Z'FJaer+bTan[e+-Fx]2

Result (type 6, 1927 leaves):
>
2

1 3 , aSinfe+fx]? 4 s
3(a+b) AppellFl[;, -2, —, g, Sin[e+fx]%, —]Cos[e+fx] Sinf[e + f x]

/

a+b

42 f <a+bSec[e+-Fx]2>5/2 (a+b—aSin[e+-Fx]2)5/2
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1 5 3 . , aSinfe+fx]?
3 (a+b) AppellF1[ =, -2, =, =, Sinfe+fx]?, ————————| +
2 2 2 a+b
3 7 5 . , aSinfe+fx]?
5aAppellFl[~, -2, —, =, Sin[e+fx]?, ——| -
2 2 2 a+b
3 5 5 . , aSinfe+fx]? . 5
4 (a+b) AppellF1|—, -1, =, —, Sin[e+fx]?, ———————] | Sin[e+fX]
2 2 2 a+b

1 5 . , asinfe+fx]?2
15 a (a+b) AppellFl[—, -2, —, —, Sin[e+fx]*, ——
2

2

]

N | W

a+b

Cos[e+fx]°Sin[e+fx]?

/[4\/? (a+bfasin[e+1:x]2)7/2

1 3 , aSinfe+fx]?
3 (a+b) AppellFl[—, -2, =, =, Sin[e+fx)?, ————
2 2

|+

a+b

aSin[e+-Fx]2]

, —, Sin[e+fx]?,

N N

3
[5 aAppellFl] =, -2,
2 a+b

. , aSinfe+fx]? . ;
, Sinfe+fx]?, ———————| | sin[e + fx]

a+b

1 5 3 . X
3 (a+b) AppellF1[ =, -2, =, =, Sin[e+fx]?,
2 202

4 (a+b) AppellF1|

+

N jw NN

5
> -1, —,
2

Nw

1 5 3 . , asSinfe+fx]? 5
3 (a+b) AppellFl[g, -2, =, =, Sin[e+fx]?, ———————] Cos[e + fX]

2 2 a+b

[4\/? (a+b-asinfe+fx]?)*?

aSin[e+fx]2} aSin[e+fx]2}
N g iET A L

]] Sin[e + fx]?

a+b

3 7 5 . ,
5aAppellFl[ =, -2, —, =, Sinfe+fx]?,
2 2 2 a+b

3 . , aSinfe+fx]?
4 (a+b) AppellFi[ =, -1, , Sin[e+fx]2, ———— 2 -
2

N w

5
e
2

a+b

5 3 . , asSinfe+fx]?
y =2, —y —, Sin[e+fx]%, ————
2 2 a+b

/{\/7 <a+b—aSin[e+-Fx]2)5/2

(3 (a+b) AppellF1]|

N |

| Cosfe+fx]?

Sin[e+fx]?

1 5 3 . , asinfe+fx]?
3 (a+b) AppellF1[—, -2, =, =, Sinfe+fx]?, ————| +
2 2 2 a+b
3 7 5 , aSinfe+fx]?
5aAppe11F1[—, -2, —, —, SinJe+fx]*, —] -
2 2 2 a+b
3 5 5 . , asinfe+fx]?2 . 5
4 (a+b) AppellF1|[ =, -1, =, =, Sin[e+fx]?, ——————— ]| Sin[e + fx] +
2 2 2 a+b
. 1 3 7 s
3 (a+b) Cos[e+fx]*Sin[e+fx] 5afAppellFl[ =, -2, —, =,
3(a+b 2 272

. , asinfe+fx]?2 ) 4
Sinfe+fx]?, — | Cos[e+fx] Sin[e+fx] - — f
a+b 3
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3 5 . , aSinfe+fx]?
AppellFl[=, -1, =, =, Sin[e+fx]?, ———————
2 2

| Cos[e+fx]Sinfe+fx]

/

Now

a+b

3. X
, —, Sin[e+fx]%,

4-/2 f (a+b—aSin[e+1‘:x]2)5/2 (3 (a+b) AppellFl[l, -2,
2 2

N w

aSin[e+fx]? 3 5 . , asinf[e+fx]?
———————| + |[5aAppellF1| =, -2, —, =, Sin[e+fx]?, ———
2 2 a+b

aSin[e+fx]?

N [N

} _

a+b

, Sinfe + fx]2,

3 5
4 (a+b) AppellFl[;, -1, >’

N w

]] Sinfe + f x]?2
a+b

1 5 3 . , asSinfe+fx]? .
3 (a+b) AppellF1[—, -2, =, =, Sin[e+fx]?, ———————] Cos[e + fx]
2 272 a+b

. 3 7 aSin[e+fx]?
Sin[e+fx] |2F 5aAppellF1[f, -2, — —]
2 2

, Sin[e + fx]2,

N U

3
a+b

3 5 . , aSinfe+fx]?
4 (a+b) AppellFl[;, -1, ;, , Sinfe+ fx]?, ———|

Nw

a+b

3 7
Cos[e+fx]Sin[e+fx] +3 (a+b) 5afAppellFl|—, -2, —,

3(a+b 2 2
5 . , aSinfe+fx]?
—, SinJe + fx]°, —]
2

4
Cos[e+fx] Sin[e+fx] - —f
a+b 3

3 5 5 . , aSinfe+fx]? .
AppellFl[ =, -1, =, =, Sin[e+fx]?, — ] Cos[e+fx] Sin[e+fx] | +
2 2 2 a+b
, " 1 5 9 7 . ,
Sin[e+fx]° |5a 721a-FAppellF1[f, -2, —, —, Sin[e+fx]°%,
5 (a+b) 2 272

aSin[e+fx]? . 12 5 7
———————| Cos[e+fx] Sin[e+fx] - — fAppellF1| ~, -1,
5

a+b 2 2’
7 . , asinfe+fx]? .
—, Sin[e+fx]?, ——————— ] Cos[e+fx]Sin[e+fx]| -4 (a+b)
2 a+b
5 7 7 . , aSinfe+fx]?
3afAppellF1[~, -1, —, —, Sin[e+fx]?, ———————] Cos[e + fx]
a+b 2 2 2

a+b
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2

. 3 4 aSin[e+fx]?

Sinfe+fx] - |6 (a+b)’fCot[e+fx] Cscle+Ffx]*|-1+ —
a+b

. Va Sinfe+fx .

\EAr‘cSm[ - ]Sln[e+-Fx] a?sinfe+fx]4

+ +

i +Fx12)2

Vaib |1 asintesfx® 3(a*b)2(*1*asmafbx )

a+b

aSin[e+fx]? / 3(1 aSin[e+fx]?
a el S N B
) a+b

(a+b) (_1+ aSinf[e+f x]?
a+b

Il

1 5 3
3 (a+b) AppellFl[;, -2, =, o,

4-/2 f (aerfaSin[emcx}Z)S/2
2 2

. , aSinfe+fx]?
Sin[e+fx]%, —} "
a+b

s 2
, Sj_n[e+-FX12, M] _4 <a+b>

)

3
[5 aAppellFl| =, -2,
2

N[N
N un

a+b

5 , aSinfe+fx]?
=, Sinfe+fx]?, —————]
2 a+b

)

3
AppellF1[ =, -1, ] Sinf[e +fx]?
2

ZJ

N |

Problem 439: Unable to integrate problem.

dx

J Cot[e +f x]?
(

a+bSecle+fx]2)>?

Optimal (type 3, 174 leaves, 8 steps):
Ar‘cTan[ Va Tan[e+fx }

- a+b+b Tan[e+f x]? - b Cot[e + f x] -
ENER 3a(a+b)f(a+b+bTanfe+fx]?)*?
b (7a+3b) Cot[e+fx] (a-3b) (3a+b) Cotle+fx] \/a+b+bTan[e+-Fx]2

3a2(a+b)21‘:\/a+b+bTan[e+-Fx]2 3a2(a+b)3-F

Result (type 8, 27 leaves):
J Cotl[e+fx]?
(

]2>5/2

dx
a+bSec[e+fx
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Problem 440: Unable to integrate problem.

dx
5/2

J Cot[e +fx]*
(

a+bSec[e+fx]?)

Optimal (type 3, 236 leaves, 9 steps):
Ar‘cTan{ \/a Tan[e+fx ]

a+b+b Tan[e+f x]?

aS/Z.F

bCot[e+fx]3 b(3a+b)Cot[e+-Fx]3

- +

3a <a+b> f <a+b+bTan[e+fX]2)3/2 a2 (a+b)2-F\/a+b+bTan[e+fx]2

(a-b) (3a*+14ab+3b?) Cotle+fx] \/a+b+bTan[e+fx}2

3 a2 (a+b)4f

(a?2-10ab-3Db?) Cot[e+-|cx}3\/a+b+bTan[e+-Fx]2

3a2 (a+b)>f

Result (type 8, 27 leaves):
j Cot[e +fx]*
(

a+bSecle+fx]?)*?

dx

Problem 441: Unable to integrate problem.

dx

J Cot[e+fx]®
(

a+bSec[e+fx]2)*?

Optimal (type 3, 315leaves, 10 steps):
Ar‘cTan[ Va Tan[e+fx }

a+b+b Tan[e+f x]? bCot[e+fx]°
a’/2 f 3a(a+b)f(a+b+bTanle+fx]2)*?
b(11a+3b) Cotle+fx]® 1

3a2(aer)z-F\/a+b+bTan[e+1‘x]2 152 (a+b)”f

(15a*+70a’b+128a*b* - 70 ab’ - 15b*) Cot[e + f ] \/a+b+bTan[e+fo2 +

(5a°+19a?b-65ab?-15b3) Co‘c[e+-Fx13\/a+b+bTan[e+1‘:x12

15 a2 (a+b)4-F

(a2-20ab-5b?) Cot[eJr-Fx]-r’\/a+b+bTan[e+w‘x]2

5 a2 (a+b)3f

Result (type 8, 27 leaves):
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dx

J Cot[e+fx]®
(

a+bSecle+fx]2)>?

Problem 442: Result more than twice size of optimal antiderivative.

J(a+b$ec[e+1:x]2)'° (dTanfe+fx])"dx

Optimal (type 6, 105leaves, 4 steps):

[1+m 3+m bTan[e + fx]?

AppellF1 ,1, -p, ——, -Tan[e+fx]2,
2

df (1+m)

]

a+b

bTan[e+fx]2)P
(dTan[e+fx])"" (a+b+bTan[e+fx]2)P 1+#

a+b

Result (type 6, 2929 leaves):

1+m 3+m bTan[e + fx]?

s -p, 1, s , ~Tan[e + fx]2]
2

a+b

Cos[e+fx] (a+2b+aCos[2 (e+fx)])” (Secle+fx]?)”
3+m bTan[e + f x]?

1+m
(a+b) (3+m) AppellF1|——, -p, 1, s , ~Tan[e+ fx]2] +
2 2 a+b

[ (a+b) (3+m) AppellF1|

(a+bsecle+fx]?)Psin[e+fx] Tan[e+fx]" (dTan[e+Fx])"

(F (1+m)

3+m 5+m bTan[e + fx]? 5
2 |[bpAppellFl|—, 1-p, 1, , - , ~Tan[e + fx]?] -
2 2

a+b

3+m 5+m bTan[e + f x]? ,
—, -p, 2, S , ~Tanle + fx]?|

a+b

(a+b) AppellF1]| Tan[e + fx]?

1+m 3+m bTan[e + f x]?
[(a+b) m(3+m) AppellF1|——, -p, 1, , - , ~Tan[e +fx]?]
2 2 a+b

Cos[e+fx] (a+2b+aCos[2 (e+fx)])” (Sec[e+fx}2)1*psin[e+fx} Tan[e+fx}1*m]/

1+m 3+m bTan[e + fx]? 5
(1+m) | (a+b) (3+m) AppellF1[——, -p, 1, , - , ~Tan[e+fx]2] +
2 2 a+b
3+m 5+m bTan[e + f x]? 5
2 |bpAppellF1[—, 1-p, 1, , - , —Tan[e + f x] ]—(a+b)
2 2 a+b
3+m 5+m bTan[e + f x]? 5 5
AppellFl| ——, -p, 2, , - , -Tan[e+fx]?]| Tan[e + f X] +
2 2 a+b
1+m 3+m bTan[e + fx]? ,
(a+b) (3+m) AppellF1|——, -p, 1, , - " , -Tanfe + fx]?]
2 2 a+

a+2b+acCos|[2 (e+fx)|)? (secie+fx]2) P Tan[e+Ffx]"
( [2 )])

/

2
+m a+b) (3+m) AppellF1|——, -p, 1, y - , —Tan[e+fx]°| +
1 1+m 3+m bTan[e + f x] )
2 2 a+b
3+m 5+m bTan[e + f x]? ,
2 |bpAppellF1[—, 1-p, 1, , - , ~Tan[e + f x] ]—(a+b)
2 2 a+b
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3+m 5+m bTan[e + f x]? 5 5
AppellFl| ——, -p, 2, , - , -Tan[e+fx]2|| Tan[e + fx] -
2 2 a+b
1+m 3+m bTan[e + fx]? 5
(a+b) (3+m) AppellFl[ —, -p, 1, , - , -Tan[e + fx]?]
2 a+b

(a+2b+aCos[2 <e+fx)])p (secle+fx]?)Psin[e+fx]*Tan[e+fx]"

/

1+m 3+m bTan[e + fx]? 5
(1+m) [(a+b) (3+m) AppellFl[—, -p, 1, , - , ~Tan[e+fx]2] +
2 2 a+b
3+m 5+m bTan[e+fx]?2 5
2 |bpAppellFl|—, 1-p, 1, , - , -Tan[e+fx]?] - (a+b)
2 2 a+b
3+m 5+m bTan[e + f x]? 5 5
AppellFl| ——, -p, 2, , - , -Tan[e+fx]2|| Tan[e + f x] -
2 a+b
1+m 3+m bTan[e+fx]?2 5
2a (a+b) (3+m) pAppellF1[——, -p, 1, , - , -Tan[e + fx]?]
2 2 a+b

Cos[e+fx] (a+2b+aCos|2 (e+fx)])’1+p (Sec[e+fx]?)P

3+m bTan[e + f x]? 5
> -p, 1, y - , —Tan[e + f x] ]+
a+b

Sinfe+fx] Sin|[2 (e+fx)] Tan[e+ fx]"

1+m

(a+b) (3+m) AppellF1|

[<1+m)

5+m bTan[e+fx]?2 5
,1-p,1, , - , -Tan[e+fx]?] - (a+b)
2 a+b

3+m
2 {b p AppellF1l| —

3+m 5+m bTan[e + fx]? 5
AppellFl| ——, -p, 2, , - , ~Tanle + fx]?|
2 2 a+b

Tan[e+fx]?|| +

1+m 3+m bTan[e+fx]2 5
) -p, 1, , - " , ~Tan[e + fx]?]
a-+

(2 (a+b) (3+m) pAppellFl]

Cos[e+fx] (a+2b+aCos[2 (e+Fx)]|)? (Sece+Fx]?)PSinle+fx] Tan[e+fx]1*mJ/

1+m 3+m bTan[e + fx]? 5
— -p, 1, , - , ~Tan[e+fx]2] +
2

a+b

(a+b) (3+m) AppellF1|

[(1+m)

3+m 5+m bTan[e+fx]?2 5
[—,1-p,1, , - , -Tan[e+fx]?] - (a+b)
2

a+b

2 {b p AppellF1

3+m 5+m bTan[e + f x]? ,
AppellFl[—, -p, 2, y — , —Tan[e + f x] ]
2 2 a+b

Tan[e+ fx]?|| +

[(a+b) (3+m) Cos[e+fx] (a+2b+aCos[2 (e+fx)])P (Sec[e+Fx]?)P

Sin[e+fx] Tan[e+fx]"
3+m bTan[e + fx]?

1 1+m
[—Zb (1+m) pAppellF1[1+——,1-p, 1,1+ , B
(a+b) (3+m) 2 2 a+b

1+m

~Tan[e + fx]?| Sec[e+fx]?Tan[e+ fx] - 2 (1+m) AppellF1[1+

3+m 2

3+m  bTan[e+fx]? , X
2,1+ y - , —Tan[e + f x] ]Sec[e+-Fx] Tan[e + f x]
2 a+b
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1+m 3+m bTan[e + fx]? 5
(1+m) | (a+b) (3+m) AppellF1[——, -p, 1, , - , ~Tan[e+fx]2] +
2 2 a+b
3+m 5+m bTan[e+fx]?2 5
2 |bpAppellFl|—, 1-p, 1, , - , -Tan[e+fx]?] - (a+b)
2 2 a+b
3+m 5+m bTan[e + fx]? 5 ,
AppellFl[i,—p, 2, y — , —Tan[e + f x] ] Tan[e + f X] -
2 2 a+b
1+m 3+m bTan[e + fx]? 5
(a+b) (3+m) AppellF1|——, -p, 1, , - , -Tan[e +fx]?]
2 a+b

Cos[e+fx] (a+2b+aCos[2 (e+fx)])” (Secle+fx]?)PSin[e+fx] Tan[e+fx]"

3+m 5+m bTan[e + fx]?

[4 (prppellFl[ ,1-p, 1, s , ~Tan[e+fx]?] -
2 a+b
3+m 5+m bTan[e +fx]2 5
(a+b) AppellF1[——, -p, 2, , - , ~Tan[e + fx]?]
2 a+b
) 1+m
Sec[e+fx]?Tan[e+fx] + (a+b) (3+m) ||2b (1+m) pAppellF1|1+ ,1-p,
3+m bTan[e+fx]?2 5 5
1, 1+ , - , ~Tan[e + fx]?]| Sec[e+ fx]2Tan[e + f x] /
2 a+b
1+m 3+m
((a+b) (3+m)) - 2 (1+m) AppellF1[1+ , =P, 2, 1+ s
3+m 2 2

bTan[e+fx]?2 ) 2 2
-——————, -Tan[e + fx] ]Sec[e+fx] Tan[e+fXx]| +2Tan[e + f X]

a+b

1 3+m 5+m bTan[e + fx]?
bp |- 2 (3+m) AppellF1[1 + ,1-p, 2,1+ , - s
5+m 2 2 a+b

~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - |2b (3+m) (1-p) AppellF1|

3+m 5+m bTan[e + fx]? 5 5
1+ ——,2-p, 1,1+ , - , ~Tan[e +fx]?] Sec[e +fx]
2 2 a+b
Tan[e + f X] /(<a+b> (5+m)) |- (a+b) [2b(3+m)pAppellF1[
3+m 5+m bTan[e + fx]? 5 5
1+ ,1-p, 2,1+ , - , ~Tan[e + fx]?| Sec[e + fx]
2 a+b
3+m
Tan[e + f x] /((a+b) (5+m)) - 4 (3+m) AppellF1|[1 + s —P> 3,
5+m
5+m bTan[e + f x]? 5 ,
1+ , - , -Tan[e+fx]?]| Sec[e+fx]2Tan[e +fx] /
2 a+b
1+m 3+m bTan[e + fx]? ,
(1+m) [ (a+b) (3+m) AppellF1[——, -p, 1, , - , ~Tan[e+fx]2] +
2 a+b

3+m 5+m bTan[e + f x]?
2 |bpAppellFl[——, 1-p, 1, , - s
2 a+b
3+m 5+m
~Tan[e+fx]?| - (a+b) AppellF1[~——, -p, 2, —,

bTan[e + fx]?

, -Tan[e+fx]?]| | Tan[e + £ x]2

a+b
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Problem 446: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[ewa} (a+bsec[e+fx]?)Pdx

Optimal (type 5, 114 leaves, 5steps):

a+bSec[e+fx}2]

- ( [Hyper‘geometr‘icZFl (1, 1+p, 2+p, (a+bsec[e+fx]?) 1+p]/

a+b
1

(2 (a+b)f(1+p)) +m

bSec[e + fx]?

Hypergeometric2F1[1, 1+p, 2+p, 1+ | (a+bsec[e+fx]2)"P

a

Result (type 6, 2055 leaves):

[(a+2b+aCos[2 (e+fx)])PCotle+fx] (Sec[e+Ffx]?)P (a+bSec[e~+Ffx]?)P

B

(a+b) Cot[e+fx]2)P (a+b) Cot[e+fx]?
Hypergeometric2F1[-p, -p, 1-p, -

/

1+

] _

bTan[e + fx]? 21 e 5
————————, -Tan[e+fx]?] Sin[e + fx]
a+b

bTan[e + f x]?

(2 (a+b) AppellFi[1, -p, 1, 2, -

[2 (a+b) AppellFi[1, -p, 1, 2, - , ~Tan[e+fx]2] +

a+b

bTan[e + fx]?

(prppellFl[Z, 1-p,1, 3, - , -Tan[e+fx]?] -

a+b

bTan[e+ fx]? 5 5
(a+b) AppellF1([2, -p, 2,3, -————————, -Tan[e+fx]?|| Tan[e + fX]

|/

a+b

2f |-ap(a+2b+aCos|2 <e+fx)])’1+p (Secfe+fx]2)Psin[2 (e+fx)]

1
[1
p

[2 (a+b) AppellFi[1, -p, 1, 2, -

(a+b) Cot[e+Ffx]2\P (a+b) Cot[e+fx]?
+ Hyper‘geometr‘icZFl[—p, -p, 1-p, -

/

} -

bTan[e+fx]?2 01 e 5
———, -Tan[e + f Xx] }Sln[ewa]

a+b

bTan[e + f x]? 5
2 (a+b) AppellF1[1, -p, 1,2, -————————, -Tan[e+ fx]?] +

a+b

bTan[e+fx]?2 5
bpAppellFi[2,1-p, 1,3, -————————, -Tan[e+ fx]?] -

a+b

bTan[e + fx]?
(a+b) AppellF1[2, -p, 2,3, - ——————

s —Tan[e+fx]2}) Tan[e+fx]2| | +

a+b
p(a+2b+aCos[2 (e+fx)])" (Secle+Ffx]?)PTan[e+fx]

1 (a+b) Cotle+fx]2)P (a+b) Cotle+fx]2
[_[1+ Hypergeometric2F1[-p, -p, 1-p, - ] -

b b

P
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bTan[e +fx]?2

{2 (a+b) AppellFi[1, -p, 1, 2, - , ~Tan[e + fx]?]| Sinfe + f x]?

/

a+b

bTan[e + fx]? 5
————— , -Tan[e + fx] ]+

[2 (a+b) AppellFi[1, -p, 1, 2, -
a+b

bTan[e+fx]?2

[prppellFl[Z, 1-p, 1,3, - , ~Tan[e+fx]?] -

a+b

bTan[e + fx]?

(a+b) AppellF1[2, -p, 2, 3, - s —Tan[e+fx]2}) Tan[e + f x]?

a+b
a+2b+acCos|2 (e+fx P (Secle+fx]2)P l2 a+b) Cot[e+fx]
b

-1-p

(a+b) Cot[e+fx]?
Cscle+fx]?

b

1+

(a+b) Cot[e+fx]2

Hypergeometric2F1[-p, -p, 1-p, -

} +

b
(a+b) Cot[e+Fx]2|P (a+b) Cot[e+fx]2)P
21+ Cscle+fXx] 1+ -
b b
(a+b) Cot[e+fx]?
Hyper‘geometr‘icZFl[—p, -p, 1-p, - } Sec[e+fx] -
b

bTan[e+fx]?2 5
4 (a+b) AppellF1[1, -p, 1,2, -——————, -Tan[e + fx]?| Cos[e + f x]

a+b

. bTan[e + fx]?
Sin[e + f x] i e I

/ {2 (a+b) AppellFi[1, -p, 1, 2, -
a+b

bTan[e + f x]? 5
prppellFl[Z, 1-p, 1,3, -————, -Tan[e + fx] ] -

a+b

bTan[e + fx]? ) 5
(a+b) AppellF1[2, -p, 2,3, -———————, -Tan[e+ fx]?] | Tan[e + fx]

a+b

bTan[e + f x]?
bpAppellfF1[2,1-p, 1,3, - — ",
a+b a+b

[2 (a+b) sinfe+fx]?

~Tan[e + fx]?| Sec[e+fx]?Tan[e+fx] - AppellF1[2, -p, 2, 3,

bTan[e + fx]? 5 5
-————————, -Tan[e+fx]?]| Sec[e+fx]*Tan[e + f x] /

a+b

bTan[e + fx]? ,
2 (a+b) AppellF1[1, -p, 1,2, -————————, -Tan[e+ fx]?] +

a+b

bTan[e+fx]2 5
bpAppellFi[2,1-p, 1,3, -——————, -Tan[e+ fx]?] -

a+b

bTan[e + fx]?

(a+b) AppellF1[2, -p, 2, 3, - , ~Tan[e+fx]2|| Tan[e + fx]?

a+b

bTan[e + f x]?

2 (a+b) AppellfF1[1, -p, 1, 2, - , -Tan[e + fx]?| Sin[e + fx]?

a+b

bTan[e + f x]? 5
2 |bpAppellF1(2,1-p, 1,3, -———————, -Tan[e + fx]?| -

a+b

| 331

+

, -Tan[e +fx]?] +

+
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bTan[e + fx]? 5
(a+b) AppellF1[2, -p, 2,3, -———————, -Tan[e + fx]?|

a+b

Sec[e+fx]?Tan[e+fx] +2 (a+b) bpAppellF1[2,1-p, 1, 3,

a+b

bTan[e + fx]? 5 5
-————, -Tan[e + fx] } Sec[e+fx]“Tan[e + f x] —AppellFl[Z,

a+b
bTan[e + fx]? 5 5
-p, 2,3, -—————, -Tan[e+fx]?| Sec[e+fx]2Tan[e+fx] | +
a+b
) 4 bTan[e+ fx]? 5
Tan[e+fx]? |bp |- —AppellF1[3,1-p, 2,4, -—————, -Tan[e + fx]?]
3 a+b
1
Sec[e+fx]?Tan[e+fx] - ————4b (1-p) AppellF1[3, 2-p, 1,
3(a+b)
bTan[e + fx]? 5 5
4, -—————, -Tan[e+fx]?] Sec[e+fx]?Tan[e + fx] | -
a+b
1 bTan[e + f x]?
(a+b) ————A4bpAppellF1[3,1-p, 2,4, - —,
3 (a+b) a+b

8
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - — AppellF1[3, -p, 3, 4,
3

1%

bTan[e+fx]2 , 5
-———————, -Tan[e+ fx]?| Sec[e+ fx]?Tan[e + fx]

a+b

bTan[e + fx]? 5
2 (a+b) AppellF1[1, -p, 1,2, -————————, -Tan[e+fx]?| +

a+b

bTan[e + fx]? 5
bpAppellF1[2,1-p, 1,3, -———————, -Tan[e+fx]?| - (a+b)

a+b

bTan[e + fx]?

AppellF1[2, -p, 2, 3, - , -Tan[e+fx]2|| Tan[e + f x]?

!

Problem 447: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a+b

JCOt[e+'FX}3 (a+bsecle+fx]?)Pdx

Optimal (type 5, 157 leaves, 6 steps):

Cot[e+fx]? (a+bSec[e+1‘:x]2)1+ID

+

2(a+b)-F
2
((a+bbp) Hypergeometric2F1[1, 1+p, 2+p, a+bSec[eb+fx} ] (a+bSec[e+Fx]2)1*p]/
a+
(2 (ab)2F (14p)) -
2af (1+p)

i bSec[e+fx]? 2\ 1ep
Hypergeometric2F1[1, 1+p, 2+p, 1+ —————————| (a+bSec[e+fx]?)

a
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Result (type 6, 2951 leaves):

a+b+bTan[e+fx]?%)\P

[2“"Cot[e+fx]3 (a+bsecle+fx]?)? (1+Tan[e+fx]?)P

1+Tan[e+fx]?

bTan[e + f x]?

(([2 (a+b) AppellFi[1, -p, 1, 2, - , -Tan[e + fx]2| Tan[e + f x]?

/

, ~Tan[e+fx]?] +

a+b

2 bTan[e +fx]?2
(1+Tan[e+fx]?) |-2 (a+b) AppellF1[1, -p, 1,2, - ————
a+b

bTan[e+ fx]? 5
-bpAppellF1[2,1-p, 1,3, -————————, -Tan[e+fx]?] + (a+b)
a+b
bTan[e + fx]?

AppellF1[2, -p, 2, 3, - , -Tan[e+fx]2]| Tan[e + fx]?

J+
a+b

(a+b) Cotle+fx]2
b

1 -p
Cot[e+fx]?

(-1+p)p

1+

(a+b) Cot[e+1cx}2]
b
(a+b) Cot[e +f x]?
b

pHyper'geometr'iCZFl[l—p, -p, 2-p, -

(-1+p) Hypergeometric2F1[-p, -p, 1-p, - | Tan[e + fx]?

|/

P 4.p [@a+b+bTan[e+fx]?)P

2PpsSecle+fx]?Tan[e+fx] (1+Tanl[e+fx]?)

1+Tan[e+fx]?

bTan[e+ fx]? 5 5
————————, -Tan[e+fx]?] Tan[e + f x]

/

[ [(2 (a+b) AppellFi[1, -p, 1, 2, -
a+b

[(1+Tan[e+fx]2)

bTan[e+fx]?2 5
-2 (a+b) AppellF1[1, -p, 1,2, -———————, -Tan[e+ fx]?| +

a+b

bTan[e + fx]? 5
-bpAppellF1(2,1-p, 1,3, -———————, -Tan[e+ fx]?| + (a+b)

a+b

bTan[e+fx]?2

AppellFi[2, -p, 2, 3, - , ~Tan[e+fx]?]| | Tan[e + fx]2

] .

a+b

(a+b) Cotle+fx]2|P

b

Cot[e+fx]?
(-1+p)p

1+

(a+b) Cot[e+fx]2}
b
(a+b) Cot[e+fx]?
b

p Hypergeometric2F1[1-p, -p, 2-p, -

(-1+p) Hypergeometric2F1[-p, -p, 1-p, - | Tan[e + £x]2| | +

a+b+bTanfe+fx]2) 1P

27'Pp (1+Tan[e+fx]?)P
1+Tan[e+fx]?

2bSec[e+fx]2Tan[e+fx] 2Sec[e+fx]?Tan[e+fx] <a+b+bTan[e+fx]2)

1+Tan[e+fx]?2 (1+Tan[e+1‘:x}2>2
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bTan[e +fx]?2
-||2 (a+b) AppellFi[1, -p, 1,2, -—
a+b

[(1+Tan[e+-Fx]2)
[—2 (a+b) AppellFi[1, -p, 1, 2, -

[—prppellFl[Z, 1-p,1, 3, -
a+b

AppellF1[2, -p, 2, 3, -
a+b
(a+b) Cot[e+fx]?

b

1
1+

Cot[e+fx]?
(—1+p) p

bTan[e+fx]?2
bTan[e + f x]?

bTan[e + f x]?

(a+b) Cotle+fx]?

, -Tan[e +fx]?| Tan[e + £ x]?

, -Tan[e+ f

a+b

, —Tan[e + fXx

, ~Tan[e + fx]?]

-P

p Hypergeometric2F1 [1 -p, -P5 2-p, -

} _

b

(a+b) Cot[e+fx]?

<_1+p) Hyper‘geometriczFl[—p, -p,1-p, -

a+b+bTan[e+fx]?)P

2P (1+Tanle+ fx]?)° [

1+Tan[e+fx]2
(a+b) Cot[e+fx]?
b

-p

Cot[e+fx]%2 |1+

[(—1+p>p

1+

(a+b) Cot[e+fx]2

b

P

[—2 (1-p) pCscle+fx]

b

(a+b) Cot[e+fx]?
b

(a+b) Cotle+fx]2
b

(a+b) Cot[e+fx]?
b

]

17p1 7pJ2’p) -

p

1+

1- p, -
2 (-1+p) Hypergeometric2F1[-p, -p, 1-p, -

Secle+fx]?Tan[e+fx]| +

bTan[e + f x]?
4 (a+b) AppellF1[1, -p, 1,2, - —
a+b

Sec[e+fx]?Tan[e+fx]3

[-2 (a+b) AppellFi[1, -p, 1, 2, -
a+b

[prppellFl[Z, 1-p, 1,3, -
a+b

bTan[e + fx]?

Sec[e+fx] -

}J Sec[e+fx]?Tan[e+fx] -

(a+b) Cot[e+fx]?

/

X]2]+
]2} + (a+b)

Tan[e + f x]?

| Tanfe + £x]2

- Hypergeometric2F1|

- Hypergeometric2Fl [— P> -P,

b

-Tanfe + fx]?]

/[(1+Tan[e+1‘x}2)2

bTan[e +f

x]2
, —Tan[e + f X]

]

2]+

, -Tan[e+fx]2] + (a+b)



Mathematica 11.3 Integration Test Results for 4.5.7 (d trig)~m (a+b (c sec)”n)”p.nb | 335

bTan[e+ fx]?

AppellF1[2, -p, 2, 3, - , -Tanfe+fx]2|| Tan[e + fx]?|| -

a+b

bTan[e+fx]?2 5
4 (a+b) AppellF1[1, -p, 1,2, -——————, -Tan[e + fx]?]

a+b

Sec[e+fx]2Tan[e +fx]

/[(1+Tan[e+fx]2>

bTan[e + f x]? 5
-2 (a+b) AppellF1[1, -p, 1,2, -————————, -Tan[e + fx]?] +

a+b

bTan[e + fx]? 5
-bpAppellF1[2,1-p, 1,3, -—————, -Tan[e+fx]?| + (a+Db)

a+b

bTan[e+ fx]?

AppellF1[2, -p, 2, 3, - , -Tan[e+fx]?| | Tan[e + fx]?

a+b

bTan[e + fx]?
bpAppellF1[2,1-p, 1,3, -—————, -Tan[e+
a+b a+b

{2 (a+b) Tan[e+fx]?

5 5 bTan[e + fx]?
fx]?| secle+fx]?Tan[e+fx] - AppellF1[2, -p, 2,3, - —

a+b
/((1+Tan[e+fx]2)

bTan[e + f x]?

~Tan[e+fx]?]| Sec[e+fx]2Tan[e +fx]

[2 (a+b) AppellFi[1, -p, 1, 2, - , ~Tan[e+fx]2| +

a+b

bTan[e + fx]? 5
-bpAppellF1[2,1-p, 1,3, -——————, -Tan[e+fx]?| + (a+b)

a+b

bTan[e + f x]?

AppellF1[2, -p, 2, 3, - , -Tan[e+fx]?|| Tan[e + fx]?| | +

a+b
(a+b) Cot[e+fx]?
b

-1-p

1
Cscle+fx]?

————2 (a+b) Cot[e+fx]>
b (—1+p>

1+

(a+b) COt[e+‘FX]2}
b
(a+b) Cot[e+fx]2
b

p Hypergeometric2F1[1-p, -p, 2-p, -

(-1+p) Hypergeometric2F1[-p, -p, 1-p, - | Tan[e + fx]2| -

(a+b) Cotfe+fx]?
b

2Cot[e+fx]
(—1+p) p

1+

-p
J Cscle+fx]?

(a+b) Cot[e+fx]2}
b
(a+b) Cot[e+fx]?
b

p Hypergeometric2F1 [1 -p, -Pp, 2-p, -

(-1+p) Hypergeometric2F1[-p, -p, 1-p, - | Tanfe + £x12| +

bTan[e + fx]? 5 5
2 (a+b) AppellFi(1, -p, 1,2, -—————————, -Tan[e+ fx]?] Tan[e + f x]

a+b
bTan[e + fx]?

[2 [-prppellFl[z, 1-p,1, 3, - , ~Tan[e+ fx]2| +

a+b
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bTan[e + fx]? 5
(a+b) AppellF1[2, -p, 2,3, -———————, -Tan[e + fx]?|

a+b

Secle+fx]*Tan[e+fx] -2 (a+b)

bpAppellF1[2,1-p, 1, 3,
a+b
bTan[e + fx]? 5 5
-————, -Tan[e + fx] } Sec[e+fx]“Tan[e + f x] —AppellFl[Z,
a+b
bTan[e + fx]? 5 5
-p, 2,3, -—————, -Tan[e+fx]?| Sec[e+fx]2Tan[e+fx] | +
a+b

) bTan[e + fx]?
Tan[e + f x] 0

3

4
-bp |- —AppellF1[3, 1-p, 2, 4, -
3 a+b

1
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - ————4b (1-p) AppellF1|[3,
3 (a+b)
bTan[e +fx]?2

2-p, 1,4, - . , -Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] | +
a+
1 bTan[e +f x]?
(a+b) | ————4bpAppellF1(3,1-p, 2,4, - —,
3(a+b) a+b

8

~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - — AppellF1[3, -p, 3, 4,
3

bTan[e+fx]2 ]]/

, ~Tan[e +fx]?| Secle+fx]2Tan[e + fx]
a+b

bTan[e + fx]?

)

((1+Tan[e+-Fx]2) (—2 (a+b) AppellF1[1, -p, 1, 2, - "
a+

bTan[e + fx]?

3

~Tanfe+fx]?| + [prppellFl[z, 1-p,1,3, -
a+b

1]

Problem 448: Result more than twice size of optimal antiderivative.

~Tan[e+fx]?| + (a+b) AppellF1[2, -p, 2, 3,
bTan[e + f x]?

, -Tan[e+fx]?]| | Tan[e +fx]?

a+b

J(a+bSec[e+Fx]2)pTan[e+-Fx}4d1x

Optimal (type 6, 88 leaves, 4 steps):
1 5 7 , bTan[e+fx]?
——AppellF1[~, 1, -p, —, -Tan[e+fx]?, - —— |
5f 2 2 a+b

bTan[e+fx]2)7P
Tan[e+fx]® (a+b+bTan[e+fx]?)° 1+#
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Problem 449: Result more than twice size of optimal antiderivative.

J(a+bSec[e+fx]2)pTan[e+Fx}2dlx

Optimal (type 6, 88 leaves, 4 steps):
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Problem 452: Result more than twice size of optimal antiderivative.
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2 2 a+b
3
Sec[e+fx]?Tan[e+fx] +3 (a+b) 2bpAppellFl[=, 1-p, 1,
3 (a+b) 2
5 bTan[e+fx]?2 5 5 2
— -—————————, -Tan[e + f X] }Sec[ewa] Tan[e+-Fx]—prpellF1[
2 a+b 3
3 5 bTan[e + fx]? 5 5
-, -p, 2, -, -——————, -Tan[e + £ x] ]Sec[eﬂcx} Tan[e+fx] | +
2 2 a+b

bTan[e + fx]?

2Tan[e + f x]?2 , ~Tan[e +fx]?]

6 5 7
bp —prpellFl[f, 1-p,2, —,
5 2 2

a+b
1 5
Sec[e+fx}2Tan[e+fx]—46b<1—p)AppellF1[—,2—p,1,
5 (a+b) 2
7 bTan[e+fx]2 ) )
-y —-————————, -Tan[e + fx] ]Sec[e+fx} Tan[e + fx]| -
2 a+b
1 5 7 bTan[e+fx]?2
(a+b) | —————6bpAppellF1[=,1-p, 2, =, -— ——,
5 (a+b) 2 2 a+b

5 ) 12 5
-Tan[e + f X] ] Sec[e+fx]“Tan[e+fx] - prpellFl[f, -p, 3,
5 2
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7 bTan[e + fx]?

~, -, -Tan[e + fx]?]| Sec[e+ fx]?Tan[e + fx]

1%

2 a+b
1 3 bTan[e + fx]? 5
3 (a+b)AppellF1[—, -p, 1, =, -————————, -Tan[e+ fx]?| +
2 2 a+b
3 5 bTan[e+fx]?2 5
2 |bpAppellF1[=,1-p, 1, =, -——————, -Tan[e+ fx]?] - (a+Db)
2 2 a+b
3 5 bTan[e + f x]? 5 ) 2
AppellFl[—, -p, 2, —, -——————, -Tan[e + fx] ] Tan[e + f x] -

2 2 a+b

P . 1 1 bTan[e + f x]?
-6 Hyper‘geometr‘lc2F1[f—, -p, = f—]
2

[ bTan[e + fx]?
14—
2 a+b

a+b

1
Sec[e+fx]?Tan[e+fx] -3Sec[e+fx]?Tan[e + f x] (Hyper‘geometr‘icZFl [-=,
2

-Ps 7
2 a+b
. 3 1 bTan[e + fx]?2
—Hyper‘geometr‘1c2F1[——, 2
2 2 a+b

1 bTan[e + fx]? bTan[e+fx]2)\P
——]— 1+ —m— -3Csc[e+fx] Sec[e+fXx]

pJ

a+b
bTan[e + fx]?

a+b

}+[1+

Problem 458: Result is not expressed in closed-form.

dx

J Tan[e + fx]°

a+bSec[e+fx]3

Optimal (type 3, 219leaves, 11 steps):

1/3_5 41/3
(a2/3 L2 b2/3> Ar‘cTan[b 2a'/3? Cos[e+fx }
V3 b1

\Eal/B b4/3 f - 33l/3p4/3 £

(a?2 -2b%3) Log|b?/3 - al/3 b3 Cos e + f x] + a?/? Cos[e + f x]?]
6a1/3 b4/3.f:
Log[b+aCos[e+fx]?| sec[e+fx]

+

3af bf

(a??-2b2/3) Log[b'/? + a'/? Cos[e + f ] |
N

Result (type 7, 251 leaves):

[BbLog[Sec[1 (e+fx”2] - RootSum[-8a+12anl-6anl?+anl®-bul’g,
3abf 2

o+ 6x)]"] +aabiogli- st Tan[ (e )]

N | R

(—4 a’Log[1-#1+Tan|

N |

(e+'FXH2]ttl+

/

N |

2a2Log[1—111+Tan[l <e+fx)]2] #1-8ablog[1l-#l+Tan|
2

e+-FxH2] 1112

—

abLog[l—rr,1+Tan[1 (e+-FxH2} #1? - b% Log[1 -1 + Tan |

1
2 2

(4a-4am1+ani?-bni®) &) +3aSecle+fx]
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Il
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Problem 459: Result is not expressed in closed-form.

Tan[e + fx]3
J dx

a+bSec[e+fx]3

Optimal (type 3, 166 leaves, 9 steps):

ArcTan[%‘ﬂL} Log[b'/3 +al/3 Cos[e + f x] |
\/?al/?: b2/3 f B 33173 p2/3 £ i
Log[b2/3—a1/3 bl/3 Cos[e + f x] +a2/3Cos[e+-Fx]2} Log[b+aCos[e+Fx]3}
6 al/3b2/3 f : 3af

Result (type 7, 242leaves):

1C[73Log[5ec[l (e+fx”2} +RootSum[-a-b+3anl-3brl-3anl?-3bul?+anl®-bul’g,
3a 2

(—a Log[-#1+ Tan|

N |

(e+fx”2} -bLog[-#1+Tan|

N |

(e+fx)]"] -

4alog[-m1+Tan[~ (e+fx)]’] Hl—ZbLog[fiilJrTan[l (e+fx)]"] 1+
2

N |

[
aLog[7H1+Tan[§ (e+fx”2] lebeog[fttlJrTan[% (e+fx>]2} 1112)/

(a-b-2au1-2bul+ani®-bni?) &|

Problem 461: Result is not expressed in closed-form.
J Cot[e+ fx]

a+bSec[e+fx]3

dx

Optimal (type 3, 295 leaves, 11 steps):

2/3 bY/2-2a1/% Cos[e+f x|
b?/3 ArcTan| 73 bl ] Log[1l-Cos[e+fx]]
+

+

A3 al/3 <34/3 4 32/3p2/3 +b4/3) f 2 (a +b) f
Log[l+Cos[e+fx]] (a*3+b?3) b3 Log[bY?+a'/3Cosle~+fx]| X
2 (a-b)f 3al/? (a?-b?) f
(a%3 + b?/3) b2 Log[b** - a'/3b'/3 Cos[e + f x] +a%? Cos[e+fx]2] b?Log[b+acCos[e+fx]?]
6al/3 (az—bz)f 3a (az—bz)f

Result (type 7, 290 leaves):
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1
3a(a-b) (a+b)f

(e+'FX)H erzLog[Sec[l (e+fx)]2] +a(a-b) Log[Sin[= (e+Ffx)]]| -

(3 [a (a+b) Log[Cos| A

N |
N |

bRootSum[-8a+12anl-6an1?+anl®-bul&, |-4a%Log[l-#l+Tan| (e+fx”2} +

N R

4ablog|[l-#1+Tan| (e+fx>]2} +2a’Llog[1-#1+Tan| (e+fx)}2} ul -

RN R
N | R

2ablog[1-#1+Tan|~ (e+fx>]2} HlJrabLog[l—iztlJrTan[1 (e+fx)]2] 12 -
2 2

t>2Log[1—1:t1+Tan[1 (e+£x)]’] 1112)/ (4a-4am1+ani®-bni?) &]
2

Problem 462: Result is not expressed in closed-form.

Cot[e+fx]3
J dx

a+bSec[e+fx]3

Optimal (type 3, 393 leaves, 11 steps):

1/3_59 41/3
b%/3 (a2 - 3 a2/ b*/3 + 2 b2) Ar‘cTan[gf—Lb 2a” Cos[erf x ]

V3 b3 - 1 -
NERTE (az—bz)zf 4(a+b)f(17Cos[e+Fx])
1 (2a+5b) Log[1-Cos[e+fx]]
4 (a-b) f (1+Cos[e+fx]) 4(a+b)2f

(2a-5b) Log[1+Cos[e+fx]] b*3 (a2+3a%3b*3+2b?) Log[b'/?+al’?Cos[e+fx]|

- +

4(a-b)*f 3al3 (a2-b2)% f

b4/3 (a2 +3a%3b*3+ 2b%) Log[b?/? - al/3bl/3 Cos[e + f x] +a2/? Cos[e + f x]?]

6al/3 (az—bz)zf

b? (2a2+b?) Log|[b+aCos[e+fx]?]
3a (aszz)zf

Result (type 7, 336 leaves):
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3Csc[§ (e+fx”2
. a+b :

1
24

12 (-2a+5b) Log[Cos[ > (e+fx)]] = (2a+5b) Log[sin[2 (e+fx)]]

(a—b)2 (a+b)2

8 b2 (3 (2a%+b?) Log[Sec[1 (e+fx”2} +(-a+b)

a (az—bz)2 2

8a2Log[1—1:£1+Tan[l (e+Fx”2] -4

RootSum|[-8a+12aul-6anl?+anl®-bul’g,
2

1 <e+fx>]2}tﬁl+

(e+Fx)]’] mz)/

abLog[l—i:tlJrTan[1 <e+fx)]2] -6a’log|[l-#1+Tan|
2

2
2a2Log[1—tt1+Tan[1 (e+fx)]2} tt12+b2Log[1—111+Tan[1
2 2

3sec[l (e+fx)]?
(4a-4an1+an1?-bul?) &) - 5 | )]

a-b
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Summary of Integration Test Results

471 integration problems

A - 145 optimal antiderivatives

B - 55 more than twice size of optimal antiderivatives
C - 165 unnecessarily complex antiderivatives

D - 105 unable tointegrate problems

E - 1integration timeouts



